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Preface

Science is facts; just as houses are made of stones,
so is science made of facts; but

a pile of stones is not a house and a
collection of facts is not necessarily science.

Henri Poincaré (1854-1912)

Developing new topics is always divided into (at least) two phases. In the first
phase relatively isolated research results are derived and at a certain stage
papers are published with the findings. Only a small group of people typi-
cally constitutes the core of such a first phase. After a while, more people
become attracted (if the topic is worth it) and the number of publications is
starting to grow. Given that the first phase is successful, at a certain point
the second phase of organizing and standardizing the material should start.
This allows to use a unique notation and to make the theory accessible to a
broader group of people. The two authors of this monograph work together
since 1996 on what is now called ordered median problems and felt that after
7 years of publishing single results in research papers (and attracting other
researchers to the topic), a book could be the right instrument to start phase
two for ordered median problems. In this monograph we review already pub-
lished results about ordered median problems, put them into perspective and
also add new results. Moreover, this book can be used as an overview of the
three main directions of location theory (continuous, network and discrete)
for readers with a certain quantitative (mathematical) background. It is not
explicitly a textbook which can directly be used in courses. However, parts of
this monograph have been used with success in classroom by the authors.

To make things short, we had three main reasons to start this book project:

1. We wanted to present a unified theory for location problems, while keeping
typical properties of classical location approaches.

2. We wanted to organize the published material on ordered median problems
and put it into perspective to make the results easier accessible to the
interested reader.

3. For the fun of working on ordered median problems.

From the above it is clear, that mainly researchers and advanced students
will benefit from this book. In order to use this book also as a reference
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book we kept the structure as simple as possible. This means that we have
separated the book into four main parts. Part 1 introduces the ordered median
problem in general and gives some principal results. Parts 2-4 are devoted to
continuous, network and discrete ordered median problems, respectively.

Part I: The

Ordered Median

Function

Part II:

Continuous OMP

Part III: OMP on

Networks

Part IV: Discrete

OMP

The above diagram shows that there are at least four itineraries approach-
ing the material of the book. The standard one goes from the beginning to
the end, but also a combination of Part I with any of the remaining parts is
possible.

We would like to thank the Mathematisches Forschungsinstitut Oberwol-
fach for granting us two stays in the "Research in Pairs" program, which gave
us the opportunity to work really intensive on some critical parts of the book.
In addition, we would also like to thank the Spanish Ministry of Science and
Technology and the German DAAD which gave us some financial support to
have the necessary meetings. We also thank Werner A. Müller from Springer
for sharing our opinion that this book would be interesting for the scientific
community.

We would like to thank all people who have helped to develop some of
the material included in this book: Natashia Boland, Patricia Domínguez-
Marín, Francisco R. Fernández, Pierre Hansen, Yolanda Hinojosa, Jörg Kalc-
sics, Paula Lagares, Alfredo Marín, Nenad Mladenovic, Pier L. Papini, Dion-
isio Pérez, Antonio Rodríguez-Chía, Arie Tamir, Sebastian Velten, Ansgar
Weißler.

For editorial support our thanks goes to Nadine Cwikla, Karin Hunsicker,
Barbara Karg, Eva Nickel-Klimm, M. Paz Rivera, Maite Sierra and Roland
Zimmer.

Finally, we thank everybody we forgot to mention in the preceding list.
We hereby allow them to exclude us in their next acknowledgement.

On our book web page (http://www.orl.uni-saarland.de/omp/ ) you can
find interesting links, software, news and the possibility to send us some feed-
back.

Saarbrücken, February 2005 Stefan Nickel
Sevilla, February 2005 Justo Puerto
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Part I

Location Theory and the Ordered Median
Function



1

Mathematical Properties of the Ordered
Median Function

1.1 Introduction

When talking about solving a location problem in practice at least the follow-
ing phases have to be considered:

• Definition of the problem
• Identification of side constraints
• Choice of the right objective function(s)
• Data collection
• Data analysis (data mining)
• Optimization (actual resolution)
• Visualization of the results
• Discussion if the problem is solved or if the phases have to be started

again.

Typically researchers in location theory have been concentrating very much
on the resolution (optimization phase) of a given problem. The type of the
problem and to some extent also the side constraints were motivated by clas-
sical papers in location theory (see [206, 209]). The idea of having a facility
placed at a location which is in average good for each client, led to the median
objective function (also called Weber or Fermat-Weber objective), see [209].
Finding a location which is even for the most remote client as good as possi-
ble, brought up the idea of the center objective (see [163]). The insight, that
both points of view might be too extreme, led to the cent-dian approach (see
[87]). In addition, researchers always distinguished between continuous, net-
work and discrete location problems. Therefore, the main scope of researchers
can be seen as picking a problem from the table in Figure 1.1 by selecting a
row and a column, maybe adding some additional constraints to it, and then
finding good solution procedures.
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Fig. 1.1. A simplified classification of most of the classical location problems

Although modern location theory1 is now more than 90 years old the
focus of the researchers has been problem oriented. In this direction enor-
mous advances have been achieved since the first analytical approaches. To-
day sophisticated tools from computer science, computational geometry and
combinatorial optimization are applied. However, several years ago a group
of researchers realized that although there is a vast literature of papers and
books in location theory, a common theory is still missing (There are some
exceptions, as for instance [184].) We found the question interesting and even
more challenging. Thus, we started in 1996 to work on a unified framework.
This monograph summarizes results we published in the last years in several
papers. We want to present to the reader a neat picture of our ideas. Our aim
is to have a common way for expressing most of the relevant location objec-
tives with a single methodology for all the three major branches of locational
analysis: continuous, network and discrete location problems. Or, looking at
the table in Figure 1.1, we do not want to unify location problems with respect
to the decision space, but with respect to the way the objective function is
stated.

We will start in the next section with an illustrative example which will
make our ideas transparent without going deep into the mathematics. After
that, we give a rigorous mathematical foundation of the concept.

1.2 Motivating Example

Consider the following situation: Three decision makers (Mr. Optimistic, Mr.
Pessimistic and Mrs. Realistic) are in a meeting to decide about a new service
1 By modern location theory, we mean location theory with an economical back-

ground.
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facility of a governmental institution. The purpose of the service facility is
totally unclear but it is agreed on that its major clients live in five places
(P1, . . . , P5) in the city. The three decision makers have offers for four different
locations from the local real estate Mr. Greedy. The task of the decision makers
is now to decide which of the four locations should be used to build the new
service facility. The price of the four locations is pretty much the same and
the area of each of the four locations is sufficient for the planned building.
In a first step a consulting company (with the name WeKnow) was hired
to estimate the cost for serving the customers at the five major places from
each of the four locations under consideration. The outcome is shown in the
following table:

New1 New2 New3 New4
P1 5 2 5 13
P2 6 20 4 2
P3 12 10 9 2
P4 2 2 13 1
P5 5 9 2 3

Now the discussion is focussing on how to evaluate the different alterna-
tives. Mr. Optimistic came well prepared to the meeting. He found a book by
a person called Weber ([206]) in which it is explained that a good way is to
take the location where the sum of costs is minimized.

The outcome is New4 with an objective value of 21.
Mr. Pessimistic argues that people might not accept the new service in case

some of them have to spend too much time in reaching the new institution. He
also had a look at some books about locational decisions and in his opinion the
maximal cost for a customer to reach the new institution has to be minimized.

The outcome is New1 with an objective value of 12.
Mr. Optimistic, however, does not gives up so easily. He says: "Both evalu-

ations are in some sense too extreme. Recently, a friend of mine told me about
the Cent-Dian approach which in my understanding is a compromise between
our two criteria". We simply have to take the sum (or median) objective (f),
the center objective (g) and estimate an α between 0 and 1. The objective
function is then calculated as αf + (1 − α)g. Mr. Pessimistic agrees that this
is in principle a good idea. But having still doubts he asks

• How do we estimate this α?
• How much can we change the α before the solution becomes different?

Mr. Optimistic is a little confused about these questions and also does not
remember easy answers in the books he read.

Suddenly, Mrs. Realistic steps in and argues: "The ideas I heard up to now
sound quite good. But in my opinion we have to be a little bit more involved
with the customers’ needs. Isn’t it the case that we could neglect the two
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closest customer groups?. They will be fine of anyway. Moreover, when looking
at the table, I recognized that whatever solution we will take one group will
be always quite far away. We can do nothing about it, but the center objective
is determined by only this far away group. Couldn’t we just have an objective
function which allows to leave out the k1 closest customers as well as the k2

furthest customers." Both, Mr. Optimistic and Mr. Pessimistic, nod in full
agreement. Then Mr. Pessimistic asks the key question: "How would such an
objective function look like?" Even Mr. Optimistic has to confess that he did
not come across this objective. However, he claims that it might be the case,
that the objective function Mrs. Realistic was talking about is nothing else
than a Cent-Dian function.

Mrs. Realistic responds that this might very well be the case but that
she is not a mathematician and she even wouldn’t know the correct α to be
chosen. She adds that this should be the job of some mathematicians and that
the book of Weber is now more than 90 years old and therefore the existence
of some unified framework to answer these questions should be useful.

Mr. Pessimistic adds that he anyhow would prefer to keep his original
objective and asks if it is also possible that each decision maker keeps his
favorite objective under such a common framework.

The three of them decided in the end to stop the planning process for the
new institution, since nobody knew what it was good for. Instead they took the
money allocated originally to this project and gave it to two mathematicians
(associated with the company NP) to work "hard" and to develop answers to
their questions.

The core tasks coming out of this story:

• Find a relatively easy way of choosing an objective function.
• Are there alternatives which can be excluded independently of the specific

type of objective function?

Of course, the story could have ended in another way leaving similar ques-
tions open: The discussion continues and Mrs. Realistic asks if they really
should restrict themselves to the alternatives which Mr. Greedy provided.
She suggests to use the streets (as a network) and compute there the optimal
location in terms of distance. Then the neighborhood of this location should
be checked for appropriate ground. Mr. Pessimistic adds that he knows that
some streets are about to be changed and some new ones are built. Therefore
he would be in favor of using a planar model which approximates the distances
typical for the city and then proceed with finding an optimal location. After
that he would like to follow the same plan as Mrs. Realistic.

1.3 The Ordered Median Function

In this section we formally introduce a family of functions which fulfils all
the requirements discussed in Section 1.2. The structure of these functions
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involves a nonlinearity in the form of an ordering operation. It is clear that
this step introduces a degree of complication into the function. Nevertheless,
it is a fair price to be paid in order to handle the requirements shown in
the previous section. We will review some of the interesting properties of
these functions in a first step to understand their behavior. Then, we give an
axiomatic characterization of this objective function.

We start defining the ordered median function (OMf). This function is
a weighted average of ordered elements. For any x ∈ RM denote x≤ =
(x(1), . . . , x(M)) where x(1) ≤ x(2) ≤ . . . x(M). We consider the function:

sortM : RM −→ RM

x −→ x≤.
(1.1)

Let 〈·, ·〉 denote the usual scalar product in RM .

Definition 1.1 The function fλ : RM −→ R is an ordered median function,
for short fλ ∈ OMf(M), if fλ(x) = 〈λ, sortM (x)〉 for some λ = (λ1, . . . , λM ) ∈
RM .

It is clear that ordered median functions are nonlinear functions. Whereas
the nonlinearity is induced by the sorting. One of the consequences of this
sorting is that the pseudo-linear representation given in Definition 1.1 is point-
wise defined. Nevertheless, one can easily identify its linearity domains (see
chapters 2 or 3). The identification of these regions provides us a subdivision
of the framework space where in each of its cells the function is linear. Ob-
viously, the topology of these regions depends on the framework space and
on the lambda vector. A detailed discussion is deferred to the corresponding
chapters. Different choices of lambda lead also to different functions within
the same family. We start showing that the most used objective functions in
location theory, namely median, center, centdian or k-centrum are among the
functions covered by the ordered median functions.

Some operators related to the ordered median function have been devel-
oped by other authors independently. This is the case of the ordered weighted
operators (OWA) studied by Yager [214] to aggregate semantic preferences
in the context of artificial intelligence; as well as SAND functions (isotone
and sublinear functions) introduced by Francis, Lowe and Tamir [78] to study
aggregation errors in multifacility location models.

We start with some simple properties and remarks concerning ordered me-
dian functions. Most of them are natural questions that appear when a family
of functions is considered. Partial answers are summarized in the following
proposition.

Proposition 1.1 Let fλ(x), fµ(x) ∈ OMf(M).

1. fλ(x) is a continuous function.
2. fλ(x) is a symmetric function, i.e. for any x ∈ RM fλ(x) = fλ(sortM (x)).
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Table 1.1. Different instances of ordered median functions.

λ fλ(x) Meaning

(1/M, . . . , 1/M)
1

M

M∑
i=1

xi mean average of x

(0, . . . , 0, 1) max
1≤i≤M

xi
maximum

component of x

(1, 0, . . . , 0, 0) min
1≤i≤M

xi
minimum

component of x

(α, . . . , α, α, 1) α

M∑
i=1

xi + (1− α) max
1≤i≤M

xi α-centdian, α ∈ [0, 1]

(0, . . . , 0, 1, k. . ., 1)

M∑
i=M−k+1

x(i) k-centrum of x

(1, k. . ., 1, 0, . . . , 0)

k∑
i=1

x(i) anti-k-centrum of x

(−1, 0, . . . , 0, 1) max
1≤i≤M

xi − min
1≤i≤M

xi range of x

(α, 0, . . . , 0, 1− α)
α min

1≤i≤M
xi+

(1− α) max
1≤i≤M

xi

Hurwicz criterion
α ∈ [0, 1]

(0, . . . , 0, 1, . . . , 1, 0, . . . , 0)

M−k2∑
i=k1+1

x(i) (k1, k2)-trimmed mean

λ1 � λ2 � . . . � λM

M∑
i=1

λix(i)
lex-min of x in any

bounded region

...
...

...

3. fλ(x) is a convex function iff 0 ≤ λ1 ≤ . . . ≤ λM .
4. Let α ∈ R. fα(x) ∈ OMf(1) iff fα(x) = αx.
5. If c1 and c2 are constants, then the function c1fλ(x)+c2fµ(x) ∈ OMf(M).
6. If fλ(x) ∈ OMf(M) and fα(u) ∈ OMf(1), then the composite function is

an ordered median function of x on RM .
7. If {fλn(x)} is a set of ordered median functions that pointwise converges

to a function f , then f ∈ OMf(M).
8. If {fλn(x)} is a set of ordered median functions, all bounded above in each

point x of RM , then the pointwise maximum (or sup) function defined at
each point x is not in general an OMf (see Example 1.1).

9. Let p < M − 1 and xp = (x1, . . . , xp), x\p = (xp+1, . . . , xM ). If fλ(x) ∈
OMf(M) then fλp(xp) + fλ\p(x\p) � fλ(x) (see Example 1.2).
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Proof.
The proof of (1) and (3) can be found in [179]. The proofs of items (2) and
(4) to (6) are straightforward and therefore are omitted.
To prove (7) we proceed in the following way. Let f(x) be the limit function.
Since, fλn(x) = 〈λn, sortM (x)〉 then at x it must exist λ such that lim

n→∞λn =

λ. Hence, at the point x we have: f(x) = 〈λ, sortM (x)〉. Now, since the above
limit in λn does not depend on x then we get that f(y) = 〈λ, sortM (y)〉, for
all y.

Finally, counterexamples for the assertions (8) and (9) are given in the
examples 1.1 and 1.2. �

Example 1.1
Let us consider the following three lambda vectors: λ1 = (−1, 0, 0, 1), λ2 =
(0, 0, 1, 0), λ3 = (1, 1, 0, 0); and for any x ∈ R4 let

fmax(x) = max
i=1,2,3

{fλi(x)}.

The following table shows the evaluation of the functions fλi and fmax at
different points.

x fλ1(x) fλ2(x) fλ3(x) fmax(x)

(1,2,3,4) 3 3 3 3

(0,1,2,4) 4 2 1 4

(0,0,1,2) 2 1 0 2

(1,3,3,3.5) 2.5 3 4 4

For the first three points the unique representation of the function fmax as an
OMf(4) is obtained with λmax = (3, 0,−4, 3). However, for the fourth point
x̂ = (1, 3, 3, 3.5) we have

〈λmax, sortM (x̂)〉 = 1.5 < fmax(x̂) = 4.

Example 1.2
Let us take x = (4, 1, 3) and p = 1. With these choices x1 = 4 and x\1 =
(1, 3). The following table shows the possible relationships between fλ(x) and
fλ1(x1) + fλ\1(x\1).

λ fλ(x) λ1 fλ1(x1) λ\p fλ\1(x\1) symbol

(1,1,1) 8 1 4 (1,1) 4 =

(1,2,3) 19 1 4 (2,3) 11 >

(4,1,2) 15 4 16 (1,2) 8 <
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In order to continue the analysis of the ordered median function we need
to introduce some notation that will be used in the following. We will consider
in RM

0+ a particular simplex denoted by S≤M which is defined as

S≤M =
{

(λ1, . . . , λM ) : 0 ≤ λ1 ≤ . . . ≤ λM ,

M∑
i=1

λi = 1
}

. (1.2)

Together with this simplex, we introduce two cones Λ≤M and Λr1,...,rk

Λ≤M = {(λ1, . . . , λM ) : 0 ≤ λ1 ≤ . . . ≤ λM} (1.3)

Λr1,...,rk
=
{

λ ∈ RM
+ : λ = (λ1, . . . , λk) ∈ RM

+ , λi = (λi
1, . . . , λ

i
ri

) ∈ Rri
+ ,

maxj λi
j ≤ minj λi+1

j for any i = 1, . . . , k − 1
}

1 ≤ k ≤ M, (1.4)

ΛM = RM
+ .

Notice that with this notation the extreme cases are ΛM (which corresponds
to k = 1) and Λ1,...,1 which is the set Λ≤M .

In addition, let P(1 . . . M) be the set of all the permutations of the first
M natural numbers, i.e.

P(1 . . . M) = {σ : σ is a permutation of 1, . . . , M}. (1.5)

We write σ = (σ(1), . . . , σ(M)) or sometimes and if this is possible without
causing confusion simply σ = σ(1), . . . , σ(M) or σ = (1), . . . , (M).

The next result, that we include for the sake of completeness, is well-known
and its proof can be found in the book by Hardy et al. [98].

Lemma 1.1 Let x = (x1, . . . , xM ) and y = (y1, . . . , yM ) be two vectors in
RM . Suppose that x ≤ y, then

x≤ = (x(1), . . . , x(M)) ≤ y≤ = (y(1), . . . , y(M)) .

To get more insight into the structure of ordered median functions we state
some other properties concerning sorted vectors.

Theorem 1.1 Let x = (x1, . . . , xr) ∈ Rr and y = (y1, . . . , ys) ∈ Rs be two
vectors of real numbers with r ≤ s. Let σx ∈ P(1 . . . r) and σy ∈ P(1 . . . s)
such that

xσx(1) ≤ · · · ≤ xσx(r), (1.6)

and
yσy(1) ≤ · · · ≤ yσy(s). (1.7)

Then, if
xk ≥ yk, ∀ k = 1, . . . , r, (1.8)

we have that
xσx(k) ≥ yσy(k), ∀ k = 1, . . . , r.
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Proof.
Consider k ∈ {1, . . . , r}. We use the fact that because σx and σy are permu-
tations, the set {σx(1), . . . , σx(k)} consists of k distinct elements and the set
{σy(1), . . . , σy(k − 1)} consists of k − 1 distinct elements, where for k = 1
the latter set is simply taken to be the empty set. Thus, there must exist
m ∈ {1, . . . , k} such that σx(m) �∈ {σy(1), . . . , σy(k − 1)}. (If k = 0 simply
take m = 1.) Now by (1.7), it must be that yσy(k) ≤ yσx(m). Furthermore, by
(1.8), we have yσx(m) ≤ xσx(m) and by (1.6) we have xσx(m) ≤ xσx(k). Hence
yσy(k) ≤ xσx(k), as required. �

The following lemma shows that if two sorted vectors are given, and a
permutation can be found to ensure one vector is (componentwise) not greater
than the other, then the former vector in its original sorted state must also
be not greater (componentwise) than the latter.

Lemma 1.2 Suppose w, ŵ ∈ RM satisfy

w1 ≤ w2 ≤ · · · ≤ wM , (1.9)

ŵ1 ≤ ŵ2 ≤ · · · ≤ ŵM , (1.10)

and
ŵσ(i) ≤ wi, ∀ i = 1, . . . , M (1.11)

for some σ ∈ P(1 . . . M). Then

ŵi ≤ wi, ∀ i = 1, . . . , M. (1.12)

Proof.
We are using Theorem 1.1. Set w′i = ŵσ(i) for all i = 1, . . . , M , and take
r = s = M , p = (w1, . . . , wM ), q = (w′1, . . . , w

′
M ), σx to be the identity

permutation and σy = σ−1, the inverse permutation of σ. Note that in this
case wσx(i) = wi for all i = 1, . . . , M , and furthermore

w′σy(i) = w′σ−1(i) = ŵσ(σ−1(i)) = ŵi, ∀ i = 1, . . . , M. (1.13)

It is obvious from (1.9) that the elements of p form an increasing sequence
under the permutation σx. It is also clear from (1.10) and (1.13) that the
elements of q form an increasing sequence under the permutation σy. Thus,
the first two conditions of Theorem 1.1 are met. From (1.11) and the definition
of w′, we have that wi ≥ w′i for all i = 1, . . . , M and the final condition of
Theorem 1.1 is met. From Theorem 1.1 we thus deduce that wσx(i) ≥ w′σy(i)

for all i = 1, . . . , M . Now for all i = 1, . . . , M we have that wσx(i) = wi and
w′σy(i) = ŵi, so ŵi ≤ wi as required. �

The next lemma shows the following: Take a sorted vector w of r real
numbers that is componentwise not greater than r elements chosen from an-
other sorted vector w′ of s ≥ r real numbers. Then the first r entries of w′ are
componentwise greater or equal than w.
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Lemma 1.3 Let w = (w1, . . . , ws) be a vector of s ≥ 1 real numbers with

w1 ≤ · · · ≤ ws.

Let r ∈ {1, . . . , s} and let S ∈ Rr be a vector with elements no less, compo-
nentwise, than r of the elements of w, say w′ = (w′1, . . . , w

′
r) where for all

j = 1, . . . , r there exists a unique i(j) ∈ {1, . . . , s} such that w′j ≥ wi(j), with

w′1 ≤ · · · ≤ w′r.

Then
w′j ≥ wj , ∀ j = 1, . . . , r.

Proof.
The claim follows from Theorem 1.1, as follows. Take r and s as given. Take
yj = wi(j) for all j = 1, . . . , r and define yr+1, . . . , ys to be the components
from the vector w which do not have index in {i(j) : j = 1, . . . , r}. Note there
is a one-to-one correspondence between the elements of w and y, i.e. y is a
permutation of w. Take xj = w′j for all j = 1, . . . , r, so xj = w′j ≥ wi(j) = yj

for all j = 1, . . . , r. Also take σx to be the identity permutation, and note that
σy can be taken so that that yσy(i) = wi for all i = 1, . . . , s, by the definition
of w and since q is a permutation of w. Now by Theorem 1.1 it must be that
for all j = 1, . . . , r, xσx(j) ≥ yσy(j) = wj , and so xj = w′j ≥ wj , as required.�

To understand the nature of the OMf we need a precise characterization.
Exactly this will be done in the following two results using the concepts of
symmetry and sublinearity.

Theorem 1.2 A function f defined over RM
+ is continuous, symmetric and

linear over Λ≤M if and only if f ∈ OMf(M).

Proof.
Since f is linear over Λ≤M , there exists λ = (λ1, . . . , λM ) such that for any
x ∈ Λ≤M f(x) = 〈λ, x〉. Now, let us consider any y �∈ Λ≤M . There exists a
permutation σ ∈ P(1 . . . M) such that yσ ∈ Λ≤M . By the symmetry property
it holds f(y) = f(yσ). Moreover, for yσ we have f(yσ) = 〈λ, yσ〉. Hence, we
get that for any x ∈ RM

f(x) = 〈λ, x≤〉.
Finally, the converse is trivially true. �

There are particular instances of the λ vector that make their analysis
interesting. One of them is the convex case. The convex ordered median func-
tion corresponds to the case where 0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λM . For this
case, we can obtain a characterization without the explicit knowledge of a
linearity region. Let λ = (λ1, . . . , λM ) with 0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λM ; and
λπ = (λπ(1), . . . , λπ(M)) being π ∈ P(1 . . . M).
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Theorem 1.3 A function f defined over RM is the support function of the
set Sλ = conv{λπ : π ∈ P(1...M)} if and only if f is the convex ordered
median function

fλ(x) =
M∑
i=1

λix(i). (1.14)

Proof.
Let us assume that f is the support function of Sλ. Then, we have that

f(x) = sup
s∈Sλ

〈s, x〉 = max
π∈P(1...M)

〈λπ, x〉 = max
π∈P(1...M)

〈λ, xπ〉 =
M∑
i=1

λix(i).

Conversely, it suffices to apply Theorem 368 in Hardy, Littlewood and Polya
[98] to the expression in (1.14). �

This result allows us to give global bounds on the ordered median function
which do not depend on the weight λ.

Proposition 1.2

1. f(1,0,...,0)(x) ≤ fλ(x) ≤ f(0,...,0,1)(x) ∀ x ∈ X, ∀ λ ∈ S≤M .

2. f(1/M,...,1/M)(x) ≤ fλ(x) ≤ f(0,...,0,1)(x) ∀ x ∈ X, ∀ λ ∈ S≤M .

Proof.
We only prove (2.) since the proof of (1.) is similar.
It is well-known that S≤M is the convex hull of

{eM , 1/2(eM + eM−1), . . . , 1/M

M∑
i=1

ei}

where ei is the vector with 1 in the i-th component and 0 everywhere else (see
e.g. Claessens et al. [41]). For each x ∈ X the function λ → fλ(x) is linear in
λ. Thus, we have that the minimum has to be achieved on the extreme points
of S≤M , i.e.

min
λ∈S

≤
M

fλ(x) = min
{

x(M), 1/2
(
x(M) + x(M−1)

)
, . . . , 1/M

M∑
i=1

x(i)

}
thus

min
λ∈S

≤
M

fλ(x) =
1
M

M∑
i=1

x(i).

Analogously for the maximum we obtain that
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max
λ∈S

≤
M

fλ(x) = x(M).

�

It is important to remark that these bounds are tight. For instance, for (2.)
the lower bound is realized with λ̄ = (1/M, . . . , 1/M) and the upper bound
with λ̂ = (0, . . . , 0, 1), since both λ̄ and λ̂ are in S≤M .

Before continuing, it is worth introducing another concept that will help
us in the following. For any vector x ∈ RM and k = 1, ...,M , define rk(x) to
be the sum of the k largest components of x, i.e.,

rk(x) =
M∑

t=M−k+1

x(t). (1.15)

This function is usually called in the literature k-centrum and plays a very
important role in the analysis of the ordered median function. The reason
is easily understood because of the representation in (1.16). For any λ =
(λ1, . . . , λM ) ∈ Λ≤M we observe that

fλ(x) =
M∑

k=1

(λk − λk−1)rM−k+1(x). (1.16)

(For convenience we set λ0 = 0.)
Convexity is an important property within the scope of continuous opti-

mization. Thus, it is crucial to know the conditions that ensure this prop-
erty. In the context of discrete optimization convexity cannot even be defined.
Nevertheless, in this case submodularity plays a similar role. (The interested
reader is referred to the Chapter by McCormick in the Handbook Discrete
Optimization [130].) In the following, we also prove a submodularity property
of the convex ordered median function.

Let x = (xi), y = (yi), be vectors in RM . Define the meet of x, y to be the
vector x

∧
y = (min{xi, yi}), and the join of x, y by x

∨
y = (max{xi, yi}).

The meet and join operations define a lattice on RM .

Theorem 1.4 (Submodularity Theorem [173]) Given λ = (λ1, ..., λM ),
satisfying 0 ≤ λ1 ≤ λ2 ≤ ... ≤ λM . For any x ∈ RM define the function
fλ(x) =

∑M
i=1 λix(i). Then, fλ(x) is submodular over the lattice defined by

the above meet and join operations, i.e., for any pair of vectors x, y in RM ,

fλ(x
∨

y) + fλ(x
∧

y) ≤ fλ(x) + fλ(y).

Proof.
To prove the above theorem it is sufficient to prove that for any k = 1, ...,M ,

rk(x
∨

y) + rk(x
∧

y) ≤ rk(x) + rk(y). (1.17)
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Given a pair of vectors x and y in RM , let c = x
∧

y and d = x
∨

y. To prove
the submodularity inequality for rk(x), it will suffice to prove that for any
subset C ′ of k components of c, and any subset D′ of k components of d,
there exist a subset X ′ of k components of x and a subset Y ′ of k components
of y, such that the sum of the 2k elements in C ′ ∪D′ is smaller than or equal
to the sum of the 2k elements in X ′ ∪ Y ′. Formally, we prove the following
claim:
Claim: Let I and J be two subsets of {1, 2, ..,M}, with |I| = |J | = k. There
exist two subsets I ′ and J ′ of {1, 2, ...,M}, with |I ′| = |J ′| = k, such that∑

i∈I

ci +
∑
j∈J

dj ≤
∑
s∈I′

xs +
∑
t∈J ′

yt.

Proof of Claim: Without loss of generality suppose that xi �= yi for all
i = 1, ...,M . Let Ix = {i ∈ I : ci = xi}, Iy = {i ∈ I : ci = yi}, Jx = {j ∈
J : dj = xj}, and Jy = {j ∈ J : dj = yj}. Since xi �= yi for i = 1, ...,M ,
we obtain |Ix| + |Iy| = |Jx| + |Jy| = k, Ix and Jx are mutually disjoint, and
Iy and Jy are mutually disjoint. Therefore, if |Ix| + |Jx| = k, (which in turn
implies that |Iy|+ |Jy| = k), the claim holds with equality for I ′ = Ix∪Jx, and
J ′ = Iy ∪ Jy. Hence, suppose without loss of generality that |Ix| + |Jx| > k,
and |Iy| + |Jy| < k. Define I ′′ = Ix ∪ Jx, and J ′′ = Iy ∪ Jy. Let K = I ′′ ∩ J ′′.
|I ′′| > k, and |J ′′| < k. We have∑

i∈I

ci +
∑
j∈J

dj =
∑
i∈K

(xi + yi) +
∑

s∈I′′−K

xs +
∑

t∈J ′′−K

yt. (1.18)

On each side of the last equation we sum exactly k components from c,
(“minimum elements"), and k components from d, (“maximum elements").
Moreover, the set of components {xs : s ∈ I ′′ − K} ∪ {yt : t ∈ J ′′ − K}
contains exactly k − |K| minimum elements and exactly k − |K| maximum
elements. In particular, the set {xs : s ∈ I ′′ − K} contains at most k − |K|
maximum elements. Therefore, the set {xs : s ∈ I ′′ − K} contains at least
q = |I ′′| − |K| − (k − |K|) = |I ′′| − k minimum elements. Let I∗ ⊂ I ′′ − K,
|I∗| = q, denote the index set of such a subset of minimum elements. We
therefore have,

xi ≤ yi, i ∈ I∗. (1.19)
Note that from the construction I∗ and J ′′ are mutually disjoint. Finally
define I ′ = I ′′ − I∗ and J ′ = J ′′ ∪ I∗, and use (1.18) and (1.19) to observe
that the claim is satisfied for this choice of sets. �

1.4 Towards Location Problems

After having presented some general properties of the ordered median func-
tions we will now describe the use of this concept in the location context since
this is the major focus of this book.
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In location problems we usually are given a set A = {a1, . . . , aM} of clients
and we are looking for the locations of a set X = {x1, . . . , xN} of new facil-
ities. The quality of a solution is evaluated by a function on the relation
between A and X, typically written as c(A,X) = (c(a1, X), . . . , c(aM , X))
or simply c(A,X) = (c1(X), . . . , cM (X)). c(A,X) may express time, distance,
cost, personal preferences,... Assuming that the quality of the service provided
decreases with an increase of c(ai, X), the objective function to be optimized
depends on the cost vector c(A,X). Thus, from the server point of view, a
monotonicity principle has to be required because the larger the components
of the cost vector, the lower the quality of the service provided (the reader
may note that this monotonicity principle is reversed when the new facilities
are obnoxious or represent any risk for the users).

On the other hand, looking at the problem from the clients’ point of view,
it is clear that the quality of the service obtained for the group (the entire
set A) does not depend on the name given to the clients in the set A. That is
to say, the service is the same if the cost vector only changes the order of its
components. Thus, seeing the problem from this perspective, the symmetry
principle (see Milnor [138]) must hold (recall that the symmetry principle
for an objective function f states that the value given by f to a point u does
not depend on the order of the components of u). Therefore, for each cost
vector cσ(A,X) whose components are a permutation of the components of
c(A,X), f(c(A,X)) = f(cσ(A,X)). These two principles have been already
used in the literature of location theory and their assumption is accepted
(see e.g. Buhl [29], Carrizosa et al. [33], Carrizosa et. al [32] or Puerto and
Fernández [169]).

We have proved that the ordered median function is compatible with these
principles. By identifying x with c(A,X) we can apply the concept of ordered
median functions to location problems. It means that the independent variable
of the general definition given in 1.1 is replaced by the cost relation among
the clients and the new facilities. The components of c(A,X) are related by
means of the lambda vector so that different choices will generate different
location models (see Table 1.1).

Of course, the main difficulty is not simply to state the general problem,
but to provide structural properties and solution procedures for the respective
decision spaces (continuous, network and discrete). Exactly, this will be the
content of the remaining three parts of this book. Before starting these detailed
parts, we want to give three illustrative examples showing the relation to
classical problems in location theory.

Example 1.3
(Three points Fermat problem.) This is one of the classical problems in
metric geometry and it dates back to the XVII century. Its formulation is dis-
armingly simple, but is really rich and still catches the attention of researchers
from different areas.
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According to Kuhn [126] the original formulation of this problem is credit-
ed to Pierre de Fermat (1601-1665), a French mathematician, who addressed
the problem with the following challenge: “let he who does not approve my
method attempt the solution of the following problem: given three points in the
plane, find a fourth point such that the sum of its distances to the three given
points is a minimum”.

Denote by x = (x1, x2) the point realizing the minimum of the Fermat
problem; and assume that the coordinates of the three given points are a =
(a1, a2), b = (b1, b2), c = (c1, c2). If we take the vector λ = (1, 1, 1), the Fermat
problem consists of finding the minimum of the following ordered median
function (which is in fact the classical median function):

fλ((d(x, a), d(x, b), d(x, c))) = d(x, a) + d(x, b) + d(x, c),

where for instance d(x, a) =
√

(x1 − a1)2 + (x2 − a2)2 is the Euclidean dis-
tance from x to a.

A

B

C

Torricelli Point

Fig. 1.2. The Torricelli point

The first geometrical solution is credited to Torricelli (1608-1647), the
reader can see in Figure 1.3 the construction of the so called Torricelli point.
Later in this book we will see how the same solution can be obtained using
the theory of the ordered median function.

Example 1.4
In the next example we look at a realistic planning problem in the city of
Kaiserslautern. We are given a part of the city map (see Figure 1.3) and we
have to find a location for a take away restaurant. The model which was
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Fig. 1.3. A part of the city map of Kaiserslautern

agreed on is to use the length of the streets of the city map as measure for
the distance. In addition the demand of a street is always aggregated into the
next crossing. These crossings can be seen as nodes of a graph and the streets
are then the corresponding edges (see Figure 1.4).

Therefore A consists of the nodes of the graph and X = (x) is the location
of the take away restaurant. We want to allow x to be either in a node of the
graph or at any point on an edge (street). The vector c(A, x) is given by the
all-pair shortest path matrix (see Table 1.2).

For measuring distances among edges we simply assume that the distance
to a node along an incident edge growths linear.

Moreover, it is said to be important that we do not have customers served
bad. Therefore we choose a model in which we will only take into account
the furthest 3 customers. All others then are remaining within a reasonable
distance.

This means that we choose λ = (0, . . . , 0, 1, 1, 1).
As a result we get, that the optimal location would be in Node 6 with an

objective value of 246. If we would have decided only to take into account the
two furthest customers, we would have gotten two optimal locations: One on
the edge [6, 7], a quarter of the edge length away from Node 6 and another
one on the edge [6, 9] only a fraction of 0.113 away from Node 6. The objective
value is 172. We will see later in the book how the solution procedure works.



1.4 Towards Location Problems 19

v1

1 v2

1

v3

2
v4

2

v5

2

v6

2

v7

1 v8

1

v9

2
v10

2

v11

2

v12

2
v13

1

38

11

12

11

20

12 30

20

37

21

10

31 18

21
22

23

13 28

16 22

Fig. 1.4. The network model for the KL-city street map

Table 1.2. Distance matrix of Example 1.4.

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13

v1 0 38 50 70 11 48 58 80 32 45 73 79 101
v2 38 0 12 32 48 11 21 42 42 55 39 42 64
v3 50 12 0 20 59 22 12 30 53 58 30 33 53
v4 70 32 20 0 79 42 32 20 73 78 50 42 43
v5 11 48 59 79 0 37 47 89 21 34 62 68 90
v6 48 11 22 42 37 0 10 52 31 44 28 31 53
v7 58 21 12 32 47 10 0 42 41 46 18 21 43
v8 80 42 30 20 89 52 42 0 79 66 38 22 23
v9 32 42 53 73 21 31 41 79 0 13 41 57 79
v10 45 55 58 78 34 44 46 66 13 0 28 44 66
v11 73 39 30 50 62 28 18 38 41 28 0 16 38
v12 79 42 33 42 68 31 21 22 57 44 16 0 22
v13 101 64 53 43 90 53 43 23 79 66 38 22 0

Example 1.5
We are coming back to the discussion between Mr. Optimistic, Mr. Pessimistic
and Mrs. Realistic. The situation has changed since the local government
decided to have two of these service facilities (this happened since they could
not justify one). The rest of the data remains the same and is reprinted below:
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New1 New2 New3 New4

P1 5 2 5 13
P2 6 20 4 2
P3 12 10 9 2
P4 2 2 13 1
P5 5 9 2 3

So, the task now is to select two out of the four possible locations. It is
further assumed (by Mrs. Realistic) that a client always goes to the closest of
the two service facilities (since one gets the same service in both locations).
It is Mr. Pessimistic’s turn and therefore he insists on only taking the largest
costs into account. This can be modeled in the ordered median framework by
setting

λ = (0, 0, 0, 0, 1) .

Moreover, c(Pi, {Newk, Newl}) = min{c(Pi, Newk), c(Pi, Newl)}. We are
therefore looking for a solution of the so called 2-Center problem. The possible
solutions are {New1, New2}, {New1, New3}, {New1, New4},
{New2, New3}, {New2, New4}, {New3, New4}.

The computation works as follows:

c(A, {New1, New2}) = (2, 6, 10, 2, 5)

and

〈λ, c(A, {New1, New2})≤〉 = 〈(0, 0, 0, 0, 1), (2, 2, 5, 6, 10)〉 = 10 .

The remaining five possibilities are computed analogously:

• c(A, {New1, New3}) = (5, 4, 9, 2, 2) and the maximum is 9.
• c(A, {New1, New4}) = (5, 2, 2, 1, 3) and the maximum is 5.
• c(A, {New2, New3}) = (2, 4, 9, 2, 2) and the maximum is 9.
• c(A, {New2, New4}) = (2, 2, 2, 1, 3) and the maximum is 3.
• c(A, {New3, New4}) = (5, 2, 2, 1, 2) and the maximum is 5.

As a result Mr. Pessimistic voted for the solution {New2, New4}.



Part II

The Continuous Ordered Median Location
Problem



2

The Continuous Ordered Median Problem

After introducing the OMf in Chapter 1, we now investigate location problems
with the OMf in a continuous setting. First, we define the continuous ordered
median problem (OMP). Then we take a closer look at different tools needed
to work with the continuous OMP: gauges, ordered regions, elementary convex
sets and bisectors.

2.1 Problem Statement

Since the early sixties much research has been done in the field of continu-
ous location theory and a number of different models have been developed.
Nowadays, continuous location has achieved an important degree of maturity.
Witnesses of it are the large number of papers and research books published
within this field. In addition, this development has been also recognized by
the mathematical community since the AMS code 90B85 is reserved for this
area of research. Continuous location problems appear very often in economic
models of distribution or logistics, in statistics when one tries to find an esti-
mator from a data set or in pure optimization problems where one looks for
the optimizer of a certain function. For a comprehensive overview the reader
is referred to [163] or [61].

Most of these problems share some structural properties beyond the com-
mon framework represented by the existence of a certain demand to be covered
and a number of suppliers that are willing to satisfy that demand. However,
despite the many coincidences found in different location problems, as far
as we know an overall analysis of these common elements has never been
addressed. Location theory experienced its development in a case oriented
manner: Location analysts looked closer at a particular problem for which
they developed results and solution procedures. This approach has provided
significant advances in this field. Nevertheless, there seems to be a lack of
a common knowledge, and some basic tools applicable to a large amount of
problems and situations.
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Our goal is to overcome this lack of not having a unified theory studying
location problems with the ordered median function. In the following we will
formally introduce the continuous OMP which provides a common framework
for the classical continuous location problems and allows an algebraic approach
to them. Moreover, this approach leads to completely new objective functions
for location problems. It is worth noting that this approach emphasizes the
role of the clients seen as a collectivity. From this point of view the quality
of the service provided by a new facility to be located does not depend on
the specific names given by the modeler to the demand points. Different ways
to assign names to the demand points should not change the quality of the
service, i.e. a symmetry principle must hold. This principle being important in
location problems is inherent to this model. In fact, this model is much more
than a simple generalization of some classical models because any location
problem whose objective function is a monotone, symmetric norm of the vector
of distances reduces to it (see [167], [169]). A discussion of some principles
fundamental for location problems was considered in Chapter 1.

In order to formally introduce the problem we must identify the elements
that constitute the model. In the continuous context the sets A and X intro-
duced in Chapter 1 have the following meaning. A is a set of M points in Rn

(often R2) and X is a set of N points in Rn usually the location of the new
facilities. In this chapter we will mainly deal with the case X = {x1} = {x}.
Moreover, c(A,X) will be expressed in terms of weighted distance measures
from A to X.

To be more specific, we assign to each ai, i = 1, . . . , M a respective weight
wi. The distance measure is given by a Minkowski functional defined on a
compact, convex set B containing the origin in its interior. Those functions
are called gauges and are written as

γB(x) = inf{r > 0 : x ∈ rB}. (2.1)

Consequently, the weighted distance measure from ai to x is written wiγB(x−
ai). Sometimes, it is necessary to allow each ai ∈ A to define its own distance
measure. In this case we assign each ai a compact, convex set Bi to define
wiγBi

(x − ai). To simplify notation we will omit the reference to the cor-
responding unit ball whenever this is possible without causing confusion. In
those cases, rather than γBi

we simply write γi. Also for the sake of brevity
we will write di(x) = wiγBi

(x − ai).
With these ingredients we can formulate the continuous OMP . For a given

λ = (λ1, . . . , λM ), the general OMP can be written as

inf
X

fλ(d(A,X)) := 〈λ, sortM (d(A,X))〉, (2.2)

where d(A,X) = (d(a1, X), . . . , d(aM , X)), and d(ai, X) = inf
y∈X

γB(y−ai). For

the sake of simplicity, we will write the OMf(M), fλ(d(A,X)), in the context of
location problems simply as fλ(X). We will denote the set of optimal solutions
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of Problem (2.2) as M(fλ, A). When no explicit reference to the set A is
necessary we simply write M(fλ). It is worth noting that M(fλ, A) might be
empty. For instance, this is the case if λi < 0 for all i = 1, . . . , M .

The reader may note that the OMP is somehow similar to the well-known
Weber Problem, although it is more general because it includes as particular
instances a number of other location problems; although also new useful ob-
jective functions can easily be modeled. Assume, for example, that we are not
only interested in minimizing the distance to the most remote client (center
objective function), but instead we would like to minimize the average dis-
tance to the 5 most remote clients (or any other number). This can easily be
modeled by setting λM−4, . . . , λM = 1 and all other lambdas equal to zero.
This k-centra problem is a different way of combining average and worst-case
behavior.

Also ideas from robust statistics can be implemented by only taking into
account always the k1 nearest and simultaneously the k2 farthest.

In the field of semi-obnoxious facility location the following approach is
commonly used. The weights wi (which are assigned to existing facilities)
express the attraction (wi > 0) or repulsion level (wi < 0) of customers at ai

with respect to a new facility. By using negative entries in the λ-vector, we are
in addition able to represent the new facility point of view. This means that
we can assign the existing facilities a higher repulsion level if they are closer
to the new facility. Note that this is not possible with classical approaches.
We will discuss this case in more detail in Section 4.4.

Example 2.1
Consider three demand points a1 = (1, 2), a2 = (3, 5) and a3 = (2, 2) with
weights w1 = w2 = w3 = 1. Choose λ1 = λ2 = λ3 = 1 to get fλ(x) =∑3

i=1 γ(x−ai), i.e. the Weber problem. For the second case choose λ1 = λ2 =
1/2 and λ3 = 1 and we get: fλ(x) = 1/2

∑3
i=1 γ(x− ai)+1/2max1≤i≤3 γ(x−

ai), i.e. the 1/2-centdian problem. Finally choose λ1 = λ2 = 0 and λ3 = 1 to
get: fλ(x) = max1≤i≤3 γ(x − ai), i.e. the center problem.

We note in passing that the objective function of OMP is non-linear. There-
fore, the linear representation given in (2.2) is only region-wise defined and in
general non-convex if no additional assumptions are made on λ (see Proposi-
tion 1.1 for further details).

Example 2.2
Consider two demand points a1 = (0, 0) and a2 = (10, 5) in the plane equipped
with the l1-norm (see (2.14) for a definition). Assume λ1 = 100 and λ2 = 1
and w1 = w2 = 1. We obtain only two optimal solutions to Problem (2.2),
lying in each demand point. Therefore, the objective function is not convex
since we have a non-convex optimal solution set.
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a1

a2

Fig. 2.1. Illustration to Example 2.2

fλ(a1) = 100 × 0 + 1 × 15 = 15
fλ(a2) = 100 × 0 + 1 × 15 = 15

fλ(
1
2
(a1 + a2)) = 100 × 7.5 + 1 × 7.5 = 757.5

See Figure 2.1.

To conclude this initial overview of the OMP, we would like to address
the existence of optimal solutions of Problem (2.2). The reader may note that
this question is important because it may happen that this problem does not
have optimal solutions. To simplify the discussion we consider the following
formulation of Problem (2.2).

min
x∈IRn

fλ(x) =
M∑
i=1

λ+
i d(i)(x) +

M∑
i=1

λ−i d(i)(x) (2.3)

where
λ+

i =
{

λi if λi > 0
0 otherwise

λ−i =
{

λi if λi < 0
0 otherwise

and d(i)(x), i = 1, 2, . . . , M was defined before.
When some lambdas are negative it may happen that the objective func-

tion fλ(x) has no lower bound, thus going to −∞ when distances increase. In
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order to avoid this problem we prove a property that ensures the existence of
optimal solutions of Problem (2.3).

To simplify the notation of the following theorem, set L =
∑M

i=1(λ
+
i +λ−i ).

Theorem 2.1 (Necessary condition) If L ≥ 0 then any optimal location is
finite. If L < 0 then any optimal location is at infinity. (M(fλ, A) = ∅.)
Moreover, if L = 0 then the function fλ(A) is bounded.

Proof.
Recall that dk(x) = γ(x−ak) for all k = 1, . . . , M . Let x satisfy γ(x−aσ(1)) ≤
γ(x − aσ(2)) ≤ . . . γ(x − aσ(M)). By the triangle inequality, we obtain

γ(x) − γ(aσ(k)) ≤ γ(x − aσ(k)) ≤ γ(x) + γ(aσ(k)), for k = 1, 2, . . . , M.

Since λ+
k ≥ 0 and λ−k ≤ 0 for all k = 1, 2, . . . , M , it yields

λ+
k (γ(x) − γ(aσ(k))) ≤ λ+

k γ(x − aσ(k)) ≤ λ+
k (γ(x) + γ(aσ(k))), k = 1, . . . , M,

λ−k (γ(x) + γ(aσ(k))) ≤ λ−k γ(x − aσ(k)) ≤ λ−k (γ(x) − γ(aσ(k))), k = 1, . . . , M.

Hence, being λk = λ+
k + λ−k ,

λkγ(x)−|λk|γ(aσ(k)) ≤ λkγ(x−aσ(k)) ≤ λkγ(x)+|λk|γ(aσ(k)), k = 1, 2, . . . , M.
(2.4)

Therefore, by simple summation over the index k

Lγ(x) − U ≤ fλ(x) ≤ Lγ(x) + U

where U = max
σ∈P(1...M)

[
M∑
i=1

λ+
i γ(aσ(i)) −

M∑
j=1

λ−j γ(aσ(j))].

First note that, when γ(x) → ∞ and L > 0 then fλ(x) → ∞. This implies
that a better finite solution must exist. On the other hand, when L < 0 then
fλ(x) → −∞, this means that the optimal solution does not exist and the
value goes to infinity. Finally, if L = 0 the function fλ is always bounded.

�

For more details on existence issues of the OMP in general spaces the
reader is referred to Chapter 6.3.

2.2 Distance Functions

In this section we will give a short description of the distance functions we
will be interested in.

Distances are measured by the gauge function of B, γB . This function ful-
fills the properties of a not necessarily symmetric distance function:
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γB(x) � 0 ∀x ∈ Rn (non-negativity) (2.5)
γB(x) = 0 ⇔ x = 0 (definiteness) (2.6)

γB(µx) = µγB(x) ∀x ∈ Rn, ∀µ � 0 (positive homogeneity) (2.7)
γB(x + y) � γB(x) + γB(y) ∀x, y ∈ Rn (triangle inequality) (2.8)

Obviously, the set B defines the unit ball of its corresponding gauge γB .
We can observe that γB(x) = 1 if x lies on the boundary of B. For x �∈ B, the
value of γB(x) is the factor we inflate B until we hit x. If x lies in the interior
of B we shrink B until x is on the boundary of the shrunk ball. The factor by
which we have to inflate or shrink B respectively gives us exactly γB(x) (see
the dashed ellipse in Figure reffig:gauge).

O

xB

x rox

B

Fig. 2.2. Convex compact set B defining a gauge γB

Looking for a more geometrical expression of gauges, we need the definition
of a foot-point.

The unique intersection point xB of the ray starting at O and passing
through x with the boundary of B is called foot-point,

xB = r−→ox ∩ bd(B). (2.9)

This concept allows to link the analytic definition (2.1) of γB with the
following geometric evaluation

γB : Rn −→ R , x �−→ γB(x) =
l2(x)

l2(xC)
, (2.10)

l2 being the Euclidean norm (see (2.14)).
The properties (2.7) and (2.8) imply the convexity of a gauge :
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γB(µx+(1−µ)y) ≤ µγB(x)+(1−µ)γB(y) ∀ 0 ≤ µ ≤ 1, ∀x, y ∈ Rn. (2.11)

Moreover, if the set B is symmetric with respect to the origin the property

γB(x) = γB(−x) ∀x ∈ Rn (symmetry) (2.12)

holds and therefore γB is a norm, since by (2.7) and (2.12)

γB(µx) = |µ|γB(x) ∀x ∈ Rn , ∀µ ∈ R (homogeneity). (2.13)

γB being a norm then the function d : Rn × Rn −→ R defined by d(x, y) =
γB(x − y) is a metric. The most well-known norms on Rn are the p-norms,
which are defined by

lp(x) :=

⎧⎪⎨⎪⎩
(

n∑
i=1

|xi|p
) 1

p

, 1 ≤ p < ∞
max

i=1,...,n
{|xi|} , p = ∞

. (2.14)

For p = 1, 2,∞ the names Manhattan norm, Euclidean norm and Chebyshev
norm are in common use.

Another important concept related to the evaluation of gauge functions is
polarity. The polar set Bo of B is given by

Bo = {x ∈ Rn : 〈x, p〉 ≤ 1, ∀ p ∈ B}. (2.15)

The polar set Bo of B induces a new gauge with unit ball Bo that is usually
called dual gauge.

The next lemma connects the gauge with respect to B with its correspond-
ing polar set. This lemma is a classical result in convex analysis and will result
essential to evaluate distances in location problems. For a proof the reader is
referred to [102].

Lemma 2.1 Let B be a closed, convex set and O ∈ B. Then γB is the support
function of the polar set Bo of B,

γB(x) = sup{〈x, y〉 : y ∈ Bo}. (2.16)

Let C ⊂ Rn be a convex set. An element p ∈ Rn is said to be normal to
C at x ∈ C if 〈p, y − x〉 ≤ 0 for all y ∈ C. The set of all the vectors normal to
C at x is called the normal cone to C at x and is denoted by NC(x).

The normal cone to Bo at x is given by

NBo(x) := {p ∈ Rn : 〈p, y − x〉 ≤ 0 ∀ y ∈ Bo}. (2.17)

For the sake of simplicity, we will denote the normal cone NBo(x) to the unit
dual ball Bo by N whenever no confusion is possible.

Table 2.1 shows the connection between the properties of the set B and
the properties of the corresponding gauge γB .
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Table 2.1. The relation between the properties of B and the properties of γB .

B γB

bounded definiteness

symmetric with respect to 0 symmetry

convex triangle inequality

0 ∈ int(B) γB(Rn) ⊆ R+

The closure of the set B is necessary
to obtain a surjective mapping γB .

Now we consider what happens if we generalize the properties of a gauge-
generating set S in such a way that we allow S to be non convex. First of all,
notice that in this case the properties (2.5) - (2.8) may not be fulfilled anymore
( see Table 2.1 ) and one could say that the function corresponding to a non
convex unit ball is not appropriate to measure distances.

However, if S is a star-shaped compact set with respect to the origin which
is contained in the interior of S, the function

δS : Rn → R , x �→ inf {r > 0 : x ∈ rS} (2.18)

fulfills the following properties :

δS(x) ≥ 0 ∀ x ∈ Rn ( non-negativity ) (2.19)
δS(x) = 0 ⇔ x = 0 ( definiteness ) (2.20)

δS(µx) = µδS(x) ∀ x ∈ Rn , ∀ µ ≥ 0 ( positive homogeneity ) (2.21)

That means δS fulfills all the properties of a gauge except the triangular
inequality. So we are not too far away from the idea of an appropriate distance
function. We call the function δS the star-shaped gauge with respect to S.
However, as a consequence of the failing of the triangular inequality δS is not
convex.

Other extensions, as for instance the use of unbounded unit balls, have
been also considered in the literature of location analysis. For further details
the reader is referred to [101].

A gauge ( norm ) γC is called strictly convex if

γC(µx+(1−µ)y) < µγC(x)+(1−µ)γC(y) ∀ 0 < µ < 1 , ∀ x, y ∈ Rn , x �= y .
(2.22)

This property of γC is satisfied if and only if the corresponding unit ball C is
strictly convex.

A gauge ( norm ) γC is called smooth if γC is differentiable for all x ∈
Rn \ {0}, i. e. if ∇γC(x) =

(
∂

∂xi
γC(x)

)
i=1,...,n

exists for all x ∈ Rn \ {0}.
Notice that there are strictly convex gauges which are not smooth and also

smooth gauges which are not strictly convex ( see Figure 2.3 ).



2.2 Distance Functions 31

Fig. 2.3. Comparison of strictly convex and smooth gauges

Finally, notice that for a ( star-shaped ) gauge γC and a positive scalar ω
the relationship

ωγc = γ 1
ω C (2.23)

holds. This means that the consideration of weights can be done by changing
the radius of the set C.

2.2.1 The Planar Case

We are mainly interested in problems on the plane and with polyhedral or
block gauges (i.e. gauges, the unit ball of which is a polytope). Therefore,
we want to describe more specifically the properties of the elements of the
continuous planar formulation of Problem (2.2) which give us insights into
the geometry of the model. For this reason we will particularize some of the
properties that we have shown for general gauges to the case when B ⊆ R2 is
a bounded polytope whose interior contains the zero.

The most classical examples of polyhedral norms are the rectangular or
Manhattan norm and the Chebyshev or infinity norm. For the sake of read-
ability we describe them in the following example.

Example 2.3
For an arbitrary point x = (x1, x2) in R2, the l1-norm and the l∞-norm are:

• l1(x) = |x1| + |x2|

Bl1 = {x ∈ R2 : l1(x) ≤ 1} = conv({(−1, 0), (0,−1), (1, 0), (0, 1)})
is the unit ball with respect to the l1-norm (see Figure 2.4).

• l∞(x) = max{|x1|, |x2|}
Bl∞ = {x ∈ R2 : l∞(x) ≤ 1} = conv({(−1,−1), (1,−1), (1, 1), (−1, 1)})

is the unit ball with respect to the l∞-norm (see Figure 2.4).
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Bl1
Bl∞

Fig. 2.4. Unit balls for l1-norm and l∞-norm

We denote the set of extreme points of B by Ext(B) = {eg : g = 1, . . . , G}.
In the polyhedral case in R2, the polar set Bo of B is also a polytope whose
extreme points are {eo

g : g = 1, 2, . . . , G}, see [65, 204].
The evaluation of any polyhedral gauge can be done using the following

corollary of the result given in Lemma 2.1.

Corollary 2.1 If B is a polytope in R2 with extreme points Ext(B) =
{e1, . . . , eG} then its corresponding polyhedral gauge can be obtained by

γB(x) = max
eo

g∈Ext(Bo)
〈x, eo

g〉. (2.24)

We define fundamental directions d1, . . . , dG as the halflines defined by 0
and e1, . . . , eG. Further, we define Γg as the cone generated by dg and dg+1

(fundamental directions of B) where dG+1 := d1.
At times, it will result convenient to evaluate polyhedral gauges by means

of the primal representation of the points within each fundamental cone. In
this regard, we include the following lemma.

Lemma 2.2 Let B be a polytope in R2 with Ext(B) = {e1, . . . , eG}. Then,
the value of γB(x) is given as:

γB(x) = min

{
G∑

g=1

µg : x =
G∑

g=1

µgeg, µg ≥ 0

}
. (2.25)

Moreover, if γB defines a block norm then:

γB(x) = min

⎧⎨⎩
G
2∑

g=1

|µg| : x =

G
2∑

g=1

µgeg

⎫⎬⎭ . (2.26)

Proof.
If γB is a polyhedral gauge, then:
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Fig. 2.5. Fundamental directions and cones generated by the extreme points of a
polytope

γB(x) = inf
{

µ > 0 :
x

µ
∈ B

}
= inf

{
µ > 0 :

x

µ
=

G∑
g=1

µgeg,

G∑
g=1

µg = 1, µg ≥ 0

}

= inf

{
µ > 0 : x =

G∑
g=1

µgeg,
G∑

g=1

µg = µ, µg ≥ 0

}
where µg := µµg, i.e., µg :=

µg

µ

= min

{
G∑

g=1

µg : x =
G∑

g=1

µgeg, µg ≥ 0

}
.

Analogously if B is symmetric, i.e., b ∈ B if and only if −b ∈ B, the set of
extreme points of B can be rewritten as Ext(B) = {e1, . . . , eG

2
,−e1, . . . ,−eG

2
}.

This means that a point x ∈ R2 can be represented as a linear combination
of {e1, . . . , eG

2
} and we obtain the result. �

This result can be strengthened when we know the fundamental cone that
contains the point to be evaluated. The next result shows how to compute the
value of the gauge at a point x depending on which fundamental cone x lies
in.

Lemma 2.3 Let B ⊆ R2 be a polytope and let γB be its corresponding planar
polyhedral gauge with Ext(B) = {e1, . . . , eG}, which are numbered in counter-
clockwise order. Let x ∈ Γg, i.e. x = αeg + βeg+1, then γB(x) = α + β.
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Proof.
Γg admits a representation as

Γg = {x ∈ R2 : x = αeg + βeg+1, α, β ≥ 0}, g = 1, . . . , G (2.27)

where eG+1 = e1 and eg and eg+1 are linearly independent for any g =
1, . . . , G − 1. Therefore, for any x ∈ Γg, x = αeg + βeg+1 with α, β ≥ 0.
Moreover, this representation is unique since x ∈ Γg.

Let xo be the foot-point corresponding to x, that means, x = γB(x)xo and
xo = µeg + (1 − µ)eg+1 with µ ∈ [0, 1]. Then, x = αeg + βeg+1. Since the
representation of x with the generators of Γg is unique then α = γB(x)µ and
β = γB(x)(1 − µ) . Therefore,

α + β = γB(x).

�

2.3 Ordered Regions, Elementary Convex Sets and
Bisectors

2.3.1 Ordered Regions

We have already mentioned that (2.2) is a nonlinear problem because of the
ordering induced by the sorting of the elements of d(A, x). Therefore, it will be
important to identify linearity domains of OMf, whenever possible, because
it will help in solving the corresponding location problems. As a first step
towards this goal we should find those regions of points where the order of
the elements of the vector of weighted distances does not change. These are
called ordered regions.

Definition 2.1 Given a permutation σ ∈ P(1 . . . M) we denote by Oσ the
ordered region given as

Oσ = {x ∈ Rn : wσ(1)γ(x − aσ(1)) ≤ . . . ≤ wσ(M)γ(x − aσ(M))}.
It is clear that these sets are regions in Rn where the weighted distances to
the points in A ordered by the permutation σ are in non-decreasing sequence.
As opposed to the case with Euclidean distance the ordered regions are in
general non convex sets. Consider the following example.

Example 2.4
Let R2 be equipped with the rectilinear norm (l1) and A = {(0, 0), (2, 1)} with
weights w1 = w2 = 1. In this case the region O(1,2) is not convex:

O(1,2) = {x ∈ R2 : x1 ≤ 1/2, x2 ≥ 1}
∪ {x ∈ R2 : x1 ≤ 3/2, x2 ≤ 0}
∪ {x ∈ R2 : 0 ≤ x2 ≤ 1, x1 + x2 ≤ 3/2}

see Figure 2.6 where the shaded area is the set O(1,2).
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a2

a1

Fig. 2.6. O(1,2) is not convex

2.3.2 Ordered Elementary Convex Sets

Let J �= ∅ be a subset of P(1 . . . M); and consider the set p = {pσ}σ∈J where
for each σ ∈ J pσ = (pσ(1), . . . , pσ(M)) with pσ(j) ∈ Bo for all j = 1, . . . , M .
We let

OCJ (p) =
⋂

σ∈J

( M⋂
j=1

(
aσ(j) + N(pσ(j))

)
∩ Oσ

)
. (2.28)

Notice that when J reduces to a singleton, i.e. J = {σ}, the first intersection
is not considered.

We call these sets ordered elementary convex sets (o.e.c.s.). Recalling the
definition of the normal cone N(pσ), each set aσ(i) + N(pσ(i)) is a cone with
vertex at aσ(i) and generated by an exposed face of the unit ball B. The sets

C(pσ) =
M⋂
i=1

(aσ(i) + N(pσ(i))) are what Durier and Michelot call elementary

convex sets (e.c.s.) (see [65] for further details). In the polyhedral case the
elementary convex sets are intersections of cones generated by fundamental
directions of the ball B pointed at each demand point: each elementary convex
set is a polyhedron. Its vertices are called intersection points (see Figure 2.5).
An upper bound of the number of elementary convex sets generated on the
plane by the set of demand points A and a polyhedral norm with G funda-
mental directions is O(M2G2). For further details see [65] and [177].

It is clear from its definition that the ordered elementary convex sets are in-
tersections of elementary convex sets with ordered regions (see (2.28)). There-
fore, these sets are a refinement of the elementary convex sets. Moreover,
o.e.c.s. are convex though the ordered regions Oσ are not necessarily convex.
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Indeed, the intersection of any ordered region Oσ with an e.c.s. expressed as⋂M
j=1(aj + N(pj)) is given by

OCσ(pσ) =
{
x ∈ Rn : 〈pσ(1), x − aσ(1)〉 ≤ 〈pσ(2), x − aσ(2)〉, . . . ,

〈pσ(M−1), x − aσ(M−1)〉 ≤ 〈pσ(M), x − aσ(M)〉
}

∩
M⋂

j=1

(aj + N(pj)).

This region is convex because it is the intersection of halfspaces with an e.c.s.
Therefore, since OCσ(pσ) is an intersection of convex sets it is a convex set. In
fact, although each one of the o.e.c.s. is included in an e.c.s., it might coincide
with no one of them, i.e. this inclusion can be strict. This situation happens
because the linear behavior of the ordered median function depends on the
order of the distance vector. For instance, the simplest o.e.c.s., OCσ(p), is
given by the intersection of one classical e.c.s. C(p) with one ordered region
Oσ.

The following example clarifies the above discussion and shows several
o.e.c.s.

Example 2.5

1. Consider R2 with the rectilinear (l1) norm and A = {(0, 0), (2, 1)}. For
J = {(1, 2)} with p = {p1, p2} where p1 = (1, 1) and p2 = (−1,−1) then

OC(1,2)(p) = {x ∈ R2 : 0 ≤ x1, 0 ≤ x2 ≤ 1, x1 + x2 ≤ 3/2}.
Notice that this o.e.c.s. is strictly included in the e.c.s. C(p) with p =
{(1, 1), (−1,−1)}.

2. For J = {(1, 2), (2, 1)} and p =
{

p(1,2), p(2,1)

}
with

p(1,2) = {(1, 1), (−1, 1)} and p(2,1) = {(−1, 1), (1, 1)}, we have

OCJ (p) = {x ∈ R2 : x1 = 1/2, x2 ≥ 1}.
3. Finally, for J = {(2, 1)} and p = {p1, p2}, with p1 = (1,−1) and p2 = (1, 1)

we have
OC(2,1)(p) = {x ∈ R2 : x1 ≥ 2, 0 ≤ x2 ≤ 1}

which coincides with the e.c.s. C(p).

Let λ ∈ Λ≤M be a fixed vector. Assume that λ has k ≤ M different entries
λ1 < . . . < λk (if k > 1) and that each entry has ri replications such that∑k

i=1 ri = M . Let us denote r̄1 = 0 and r̄i =
∑i−1

j=1 rj for i ≥ 2. The vector λ
can be written as:

λ = (λ1, r1. . ., λ1, . . . , λk, rk. . ., λk). (2.29)
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Fig. 2.7. Ordered regions of Example 2.5

Consider σ = (σ(1), . . . , σ(M)) ∈ P(1 . . . M). Let Lσ(λ, i) be the set of all
the permutations of {σ(r̄i + 1), . . . , σ(r̄i+1)} for any i = 1, . . . , k. In the same
way, let Lσ(λ) be the set of all the permutations π ∈ P(1 . . . M) such that
π = (π1, . . . , πk) with πi ∈ Lσ(λ, i) for i = 1, . . . , k.

For instance, for σ = (1, 2, 3, 4, 5) and λ = (1/20, 1/10, 1/5, 1/4, 1/2);
Lσ(λ, i) = {(i)} for all i = 1, . . . , 5. Therefore, Lσ(λ) = {(1, 2, 3, 4, 5)}.

For λ = (1/4, 1/4, 1/3, 1/3, 1/2) we have

Lσ(λ, 1) = {(1, 2), (2, 1)}, Lσ(λ, 2) = {(3, 4), (4, 3)}, Lσ(λ, 3) = {(5)}.
Therefore,

Lσ(λ) = {(1, 2, 3, 4, 5), (2, 1, 3, 4, 5), (1, 2, 4, 3, 5), (2, 1, 4, 3, 5)};
and for λ = (1/5, . . . , 1/5)

Lσ(λ) = P(1 . . . M).

In addition to the o.e.c.s. we introduce a new family of sets that will
be used to describe the geometrical properties of the continuous OMP. Let
J be a subset of the set P(1 . . . M), J �= ∅, p = {pσ}σ∈J where pσ =
(pσ(1), . . . , pσ(M)) with pσ(j) ∈ B0 for every σ ∈ J and each j = 1, . . . , M and
λ ∈ S≤M . We let

OCJ ,λ(p) =
⋂

σ∈J

( ⋃
π∈Lσ(λ)

( M⋂
j=1

(
aσ(j) + N(pσ(j))

)
∩ Oπ

))
or equivalently
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OCJ ,λ(p) =
⋂

σ∈J

( M⋂
j=1

(
aσ(j) + N(pσ(j))

)
∩

⋃
π∈Lσ(λ)

Oπ

)
.

Notice that these sets are also convex. The set
⋃

π∈Lσ(λ) Oπ can be easily
described within any e.c.s. Indeed, let σ be any permutation of {1, . . . , M}.
Consider the e.c.s. C(p) =

⋂M
j=1

(
aj + N(pj)

)
and any λ in the form given in

(2.29). Since Lσ(λ, i) contains all the permutations of {σ(r̄i +1), . . . , σ(r̄i+1)}
this implies that within C(p)

〈pσ(j), x − aσ(j)〉 ≤ 〈pσ(l), x − aσ(l)〉 or 〈pσ(j), x − aσ(j)〉 ≥ 〈pσ(l), x − aσ(l)〉
for any r̄i + 1 ≤ j �= l ≤ r̄i+1. That is to say, there is no order constraint
among those positions which correspond to tied entries in λ.

On the other hand, any permutation in Lσ(λ) verifies that the position
of σ(j) is always in front of the position of σ(l) provided that j ≤ r̄i < l.
Therefore, C(p) ∩⋃

π∈Lσ(λ) Oπ is included in

{x ∈ Rn : 〈pσ(j), x − aσ(j)〉 ≤ 〈pσ(l), x − aσ(l)〉; γ(x − aσ(m)) =
〈pσ(m), x − aσ(m)〉, m = j, l} for any j ≤ r̄i < l.

In conclusion,

C(p) ∩⋃
π∈Lσ(λ) Oπ = {x ∈ Rn : γ(x − aσ(j)) = 〈pσ(j), x − aσ(j)〉 ∀j, and

〈pσ(j), x − aσ(j)〉 ≤ 〈pσ(l), x − aσ(l)〉
∀j, l; 1 ≤ j ≤ r̄i < l ≤ M and for any 2 ≤ i ≤ k}.

Hence, it is a convex set. For instance, for a five demand points problem with
σ = (1, 2, 3, 4, 5) and λ = (1/4, 1/4, 1/3, 1/3, 1/2) we have

M⋂
j=1

(
aj + N(pj)

)
∩

⋃
π∈Lσ(λ)

Oπ =

{x ∈ Rn : 〈pσ(i), x − aσ(i)〉 ≤ 〈pσ(j), x − aσ(j)〉 , for i = 1, 2 and j = 3, 4,

〈pσ(k), x − aσ(k)〉 ≤ 〈pσ(5), x − aσ(5)〉 , for k = 3, 4,

and γ(x − aσ(j)) = 〈pσ(j), x − aσ(j)〉 ∀j}.
Finally, we quote for the sake of completeness a result stated in Chapter 6.3

which geometrically characterizes the solution set of the convex ordered me-
dian location problem: (Theorem 6.9) “The whole set of optimal solutions of
Problem (2.2) for λ ∈ S≤M always coincides with a set OCJ ,λ(p) for some
particular choice of λ, J and p”. This is to say, the solution set coincides with
the intersection of ordered regions with elementary convex sets [169]. In the
general non-convex case the optimal solution (provided that it exists) does
not have to coincide with only one of these sets but there are always sets of
the family OCJ ,λ(p) that are optimal solutions.

We summarize these findings in the following theorem.
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Theorem 2.2 There always exists an optimal solution of the OMP in the ex-
treme points (vertices in the polyhedral case) of the ordered elementary convex
sets.

The set of extreme points of all ordered elementary convex sets of an OMP
is denoted OIP.

2.3.3 Bisectors

As we have already seen, it does not exist a unique linear representation of
the objective function of Problem (2.2) on the whole decision space.

It is easy to see, that the representation may change when γ(x−ai)−γ(x−
aj) becomes 0 for some i, j ∈ {1, . . . , M} with i �= j. It is well-known that the
set of points at the same distance of two given points a1, a2 is its bisector.
When using the Euclidean distance bisectors reduce to the standard perpen-
dicular bisectors, known by everybody from high school maths. Nevertheless,
although there is a large body of literature on perpendicular bisectors, not
much is known about the properties of bisectors for general gauges. Bisectors
being important to identify linearity domains of the ordered median function
in continuous spaces will be studied in detail later in Chapter 3.

However, in this introductory chapter we feel it is important to give an
overview of the easiest properties of bisectors of polyhedral gauges on the
plane. This approach will help the reader to understand concepts like ordered
regions or o.e.c.s. Also some easy examples will shed light on the different
structure of these sets depending on the gauge that is used for their construc-
tion.

Definition 2.2 The weighted bisector of ai and aj with respect to γ is the set
Bisec(ai, aj) = {x : wiγ(x − ai) = wjγ(x − aj), i �= j}.
As an illustration of Definition 2.2 one can see in Figure 2.1 the bisector line
for the points a1 and a2 with the rectangular norm.

Proposition 2.1 The weighted bisector of ai and aj is a set of points veri-
fying a linear equation within each elementary convex set.

Proof.
In an elementary convex set γ(x−ai) and γ(x−aj) can be written as li(x−ai)
and lj(x − aj) respectively, where li and lj are linear functions. Therefore,
wiγ(x − ai) = wjγ(x − aj) is equivalent to wili(x − ai) = wj lj(x − aj) and
the result follows. �

We will now give a more exact description of the complexity of a bisector.

Proposition 2.2 The weighted bisector of ai and aj with respect to a polyhe-
dral gauge γ with G extreme points has at most O(G) different subsets defined
by different linear equations.
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Proof.
By Proposition 2.1 weighted bisectors are set of points given by linear equa-
tions within each elementary convex set. Therefore, the unique possible break-
points may occur on the fundamental directions.

Let us denote by Lg
ai

the fundamental direction starting at ai with direction
eg. On this halfline the function wiγ(x− ai) is linear with constant slope and
wjγ(x − aj) is piecewise linear and convex. Therefore, the maximum number
of zeros of wiγ(x − ai) − wjγ(x − aj) when x ∈ Lg

ai
is two. Hence, there are

at most two breakpoints of the weighted bisector of ai and aj on Lg
ai

.
Repeating this argument for any fundamental direction we obtain that an

upper bound for the number of breakpoints is 4G. �

This result implies that the number of different linear expressions defining
any bisector is also linear in G, the number of fundamental directions. Remark,
that in some settings bisectors may have non empty interior. See for instance
Figure 2.8, where we show the bisector set defined by the points p = (0, 0)
and q = (4, 0) with the Chebychev norm.

Fig. 2.8. Example of bisector with non empty interior

When at least two points are simultaneously considered the set of bisec-
tors builds a subdivision of the plane (very similar to the well-known k−order
Voronoi diagrams, see the book of Okabe et al. [155]). The cells of this sub-
division coincide with the ordered regions that were formally introduced in
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Definition 2.1. Notice that these regions need not to be convex sets as can be
clearly seen in Figure 2.9.
The importance of these regions is that in their intersection with any elemen-
tary convex set, the OMP behaves like a Weber problem, i.e. the objective
function has a unique linear representation. Recall that the intersections be-
tween ordered regions and e.c.s. are called ordered elementary convex sets
(o.e.c.s). The ordered regions play a very important role in the algorithmic
approach developed for solving the problem. In terms of bisectors, these re-
gions are cells defined by at most M − 1 bisectors of the set A.

However, the main disadvantage of dealing with these regions is their com-
plexity. A naive analysis could lead to conclude that their number is M ! which
would make the problem intractable. Using the underlying geometric structure
we can obtain a polynomial bound which allows us to develop in Chapter 4
an efficient algorithm for solving Problem (2.2).

Fig. 2.9. Illustration to Example 2.6
.

Theorem 2.3 An upper bound on the number of ordered regions in the plane
is O(M4G2).

Proof.
Given two bisectors with O(G) linear pieces, the maximum number of intersec-
tions is O(G2). The number of bisectors of M points is

(
M
2

)
, so, the maximum

number of intersections between them is O(G2
((M

2 )
2

)
). By the Euler’s formula,
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the number of intersections has the same complexity as the number of regions.
Hence, an upper bound for the number of ordered regions is O(M4G2). �

A detailed analysis of this theorem shows that this bound is not too bad.
Although, it is of order M4G2, it should be noted that the number of bisectors
among the points in A is

(
M
2

)
which is of order M2. Therefore, even in the most

favorable case of straight lines, the number of regions in worst case analysis
gives O(

(
M
2

)2
) which is, in fact O(M4). Since our bisectors are polygonal with

G pieces, this bound is rather tight.

Example 2.6
Figure 2.9 shows the ordered regions between the points a1 = (0, 11),
a2 = (3, 0), a3 = (16, 8) and a4 = (15, 3) with the hexagonal norm whose
extreme points are Ext(B) = {(2, 0), (1, 2), (−1, 2), (−2, 0), (−1,−2), (1,−2)}.
For instance, the region O(3,1,2) is the set of points

{x ∈ R2 : γ(x − a3) ≤ γ(x − a1) ≤ γ(x − a2)} .

In the next chapter we give a more rigorous and detailed analysis of bisec-
tors in the plane with mixed gauges.
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Bisectors

This chapter focuses (after a short overview of the classical concepts) on gen-
eral bisectors for two points associated with different gauges. The reader may
skip this chapter if he is mainly interested in the OMP. However, a deep un-
derstanding of general bisectors is one of the keys for geometrical solution
methods for the OMP. Moreover, not much has yet been published on this
topic. We will introduce the concept of a general bisector, show some counter-
intuitive properties and will end with an optimal time algorithm to compute
it. In our presentation we follow [207].

3.1 Bisectors - the Classical Case

If we consider two sites ( locations etc. ) a and b in the plane R2 and a gauge
γC , an interesting task is to find out,

which points of the plane can be reached faster from a and which can
be reached faster from b, respectively with respect to the gauge γC .

Another way to formulate the task is the following :

Determine the points in the plane which can be reached as fast from
site a as from site b with respect to the gauge γC ,

i.e. determine the set

Bisec(a, b) := {x ∈ R2 : γC(x − a) = γC(x − b)} . (3.1)

Bisec(a, b) is called the ( classical ) bisector of a and b with respect to γC .
Furthermore, the notation

CC(a, b) := {x ∈ R2 : γC(x − a) ≤ γC(x − b)} (3.2)
DC(a, b) := {x ∈ R2 : γC(x − a) < γC(x − b)} (3.3)
CC(b, a) := {x ∈ R2 : γC(x − b) ≤ γC(x − a)} (3.4)
DC(b, a) := {x ∈ R2 : γC(x − b) < γC(x − a)} (3.5)
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is used to denote the points which can not be reached faster from b, faster
from a, not faster from a and faster from b, respectively.

For x ∈ R2 let xa
C and xb

C be the uniquely defined intersection points of
bd(Ca) and bd(Cb) with the half-lines da,x and da,x respectively. According
to the geometric definition (2.10) it follows that :

Bisec(a, b) :=
{

x ∈ R2 :
l2(x − a)

l2(xa
C − a)

=
l2(x − b)

l2(xb
C − b)

}
. (3.6)

The simplest bisector one can imagine is the bisector with respect to l2. It
is the mid-perpendicular to the segment ab, i.e. the line which runs through
the midpoint 1

2 (a + b) of the segment ab and is perpendicular to the segment
ab. The simple shape of the bisector is directly connected with the simple
shape of the Euclidean unit ball.

[212] investigated bisectors for the so-called A-distances. The name A-
distance was introduced by themselves and describes nothing but a special
case of a block norm. To be more precise the corresponding unit ball of an
A-distance has 2|A| extreme points and the Euclidean distance of all extreme
points from the origin is one, i.e. all extreme points lie on the Euclidean unit
sphere. For example, the Manhattan-norm l1 and the scaled Chebyshev-norm√

2l∞ are A-distances. [212] proved that the bisector with respect to an A-
distance is a polygonal line consisting of no more than 2|A| − 1 pieces. The
bisector with respect to an A-distance can also contain degenerated parts ( see
Figure 3.1 ). However [46, 106] proved, that Bisec(a, b) is homeomorphic to a
line, if the set C is strictly convex.

3.2 Possible Generalizations

Now there are different possibilities imaginable to generalize the concept of
bisectors. The first one is the introduction of weights for the sites a and b.
Here we can distinguish between additive weights νa, νb ∈ R and multiplicative
weights ωa, ωb ∈ R+. Without loosing generality one can assign the weight 0
to a and ν := νb − νa to b in the additive case, whereas one can assign the
weight 1 to a and ω := ωb

ωa
to b in the multiplicative case. According to this

weighted situation the analytic and geometric definition of the bisector are
given by

Bisecω,ν(a, b) :=
{
x ∈ R2 : γC(x − a) = ωγC(x − b) + ν

}
(3.7)

and

Bisecω,ν(a, b) :=
{

x ∈ R2 :
l2(x − a)
l2(xa

A − a)
=

ωl2(x − b)
l2(xb

B − b)
+ ν

}
(3.8)

respectively. In the case of the Euclidean distance the multiplicative weighted
bisector is given by the classical Apollonius circle with midpoint a−ω2b

1−ω2 and
radius ω

|1−ω2| l2(a − b) ( see [8] and Figure 3.13 ).



3.2 Possible Generalizations 45

a

b

DC(a, b)

DC(b, a)

Bisec(a, b)

Fig. 3.1. A degenerated bisector

A more general concept for bisectors is the consideration of two differ-
ent gauges γA and γB associated with the sites a and b respectively, which
we will investigate in the Sections 3.3 - 3.7. This concept includes obviously
the classical case of two identical gauges as well as the use of multiplica-
tive weight. The consideration of additive weights is not included. However
additive weights play a subordinate part for our purpose in location theory.
Therefore we can get over this disadvantage. Nevertheless, we will have a short
look on additive weights in Section 3.4.

Instead of generalizing the way of distance measuring, another general-
ization can also be done by increasing the number of sites. This leads to
the concept of Voronoi diagrams, which generalizes the task of the preceding
section, in a natural way, for a nonempty set of M points in the plane :

Let S �= ∅ be a finite subset of R2, ≺ be a total ordering on S and γC be
a gauge. For a, b ∈ S, a �= b let

RC(a, b) :=
{

CC(a, b) , a ≺ b
DC(a, b) , b ≺ a

. (3.9)

Then
RC(a, S) :=

⋂
b∈S
b �=a

RC(a, b) (3.10)

is the Voronoi region of a with respect to (S, γC) and

VC(S) :=
⋃
a∈S

bd(RC(a, S)) (3.11)
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is the Voronoi diagram of S with respect to γC .
Voronoi diagrams for arbitrary γC have first been studied by [39]. The

Voronoi regions are star-shaped. The influence of |S| on the complexity of the
Voronoi diagram is O(|S|) and on the construction of the Voronoi diagram
is O(|S| log |S|). Voronoi diagrams with respect to the Euclidean norm are
already well investigated. They consist of O(|S|) many Voronoi vertices, edges
and regions. The determination of Euclidean Voronoi diagrams can be done
in O(|S| log |S|) time. Detailed descriptions of the algorithms can be found in
the textbooks of [164, 7, 124]. For the Euclidean norm also the multiplicative
weighted case has been studied by [8]. The Voronoi diagram contains O(|S|2)
many Voronoi vertices, edges and regions and can be computed in O(|S|2)
time ( see [9] ).

There is also a general approach for constructing VC(S) for arbitrary γC

due to [69], which also works in higher dimensions, but does not directly
provide insight into the structure of the resulting diagrams.

3.3 Bisectors - the General Case

In this section we will study the shape of bisectors, if we deal with two dif-
ferent gauges for two sites. By (2.23) we know that we can avoid the use of
weights without loosing the generality of the results we develop. That means
we measure the distance of a point x ∈ R2 from the site a ∈ R2 by a gauge
γA and the distance of x ∈ R2 from the site b ∈ R2 by a different gauge γB .
In this case the ( general ) bisector is defined by

Bisec(a, b) := {x ∈ R2 : γA(x − a) = γB(x − b)} . (3.12)

Furthermore the sets

CA,B(a, b) := {x ∈ R2 : γA(x − a) ≤ γB(x − b)} (3.13)
DA,B(a, b) := {x ∈ R2 : γA(x − a) < γB(x − b)} (3.14)
CB,A(b, a) := {x ∈ R2 : γA(x − b) ≤ γB(x − a)} (3.15)
DB,A(b, a) := {x ∈ R2 : γA(x − b) < γB(x − a)} (3.16)

are defined analogously to the sets CC(a, b) , DC(a, b) , CC(b, a) , DC(b, a) in
the sense of (3.12).

Obviously

Bisec(a, b) = Bisec(b, a) (3.17)
CA,B(a, b) ∩ CB,A(b, a) = Bisec(a, b) (3.18)
CA,B(a, b) ∪̇ DB,A(b, a) = R2 (3.19)
DA,B(a, b) ∪̇ CB,A(b, a) = R2 (3.20)

hold.
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For a function f : R2 → R and a real number z ∈ R the sets

L=(f, z) := {x ∈ R2 : f(x) = z} (3.21)
L≤(f, z) := {x ∈ R2 : f(x) ≤ z} (3.22)
L<(f, z) := {x ∈ R2 : f(x) < z} (3.23)

are called the level curve, level set and the strict level set of f with respect to
z, respectively.

Moreover, we define the functions

fAB : R2 → R , x �→ γA(x − a) − γB(x − b) (3.24)

and
fBA : R2 → R , x �→ γB(x − b) − γA(x − a) . (3.25)

Using the concept of level curves, level sets and strict level sets we can
therefore write

Bisec(a, b) := L=(fAB , 0) = L=(fBA, 0) (3.26)
CA,B(a, b) := L≤(fAB , 0) (3.27)
DA,B(a, b) := L<(fAB , 0) (3.28)
CA,B(a, b) := L≤(fBA, 0) (3.29)
DA,B(a, b) := L<(fBA, 0) (3.30)

3.3.1 Negative Results

Very often properties of classical bisectors are transmitted careless to general
bisectors which leads, in fact, to mistakes. Therefore we will present for rea-
sons of motivation some examples of general bisectors which do not have the
properties of classical bisectors.

Properties of a classical bisector Bisec(a, b) with respect to a gauge γC are
for instance the following :

• Bisec(a, b) is connected.
• If Bisec(a, b) contains a two-dimensional area, this area is unbounded.
• Bisec(a, b) is separating.
• . . .

These properties are in general not valid for general bisectors Bisec(a, b) :

• Figure 3.2 and Figure 3.3 show disconnected bisectors. The bisector in
Figure 3.2 consists of three connected components which are all homeo-
morphic to a line. However one of the two connected components of the
bisector in Figure 3.3 is a closed curve, whereas the other one is homeomor-
phic to a line. Therefore, Figure 3.3 contradicts also the conjecture that
the bisector is either a closed curve or consists of connected components
which are all homeomorphic to a line.
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• The bisector in Figure 3.4 contains two bounded two-dimensional areas.
Also the existence of a bounded and an unbounded two-dimensional area
in one and the same bisector is possible ( see Figure 3.5 ). As we will see
later there are never more than two (un)bounded two-dimensional areas
contained in a bisector Bisec(a, b).

• Finally Figure 3.6 presents a bisector Bisec(a, b) which contains a vertical
half-line running through the interior of CA,B(a, b). That means this piece
of the bisector does not separate DA,B(a, b) from DB,A(b, a).

• . . .

Fig. 3.2. A disconnected bisector with 3 connected components

3.3.2 Structural Properties

The first lemma gives information about the topological properties of the sets
Bisec(a, b), CA,B(a, b), CB,A(b, a), DA,B(a, b) and DB,A(b, a).

Lemma 3.1
Let a, b ∈ R2 be two sites associated with gauges γA and γB, respectively.
Then the sets Bisec(a, b), CA,B(a, b), CB,A(b, a) are closed in R2, and the sets
DA,B(a, b), DB,A(b, a) are open in R2.

Proof.
As difference of continuous functions fAB = −fBA is also continuous and
specifically lower semi-continuous. Therefore, the level sets of fAB are closed
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Fig. 3.3. A disconnected bisector containing a closed curve

Fig. 3.4. A bisector containing two bounded two-dimensional area



50 3 Bisectors

Fig. 3.5. A bisector containing a bounded and an unbounded two-dimensional area

Fig. 3.6. A bisector containing a non-separating piece
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in R2, which means CA,B(a, b) = L≤(fAB , 0) and CB,A(b, a) = L≤(fBA, 0) are
closed. Bisec(a, b) = CA,B(a, b)∩CB,A(b, a) is closed, since the intersection of
two closed sets is closed. Finally DA,B(a, b) = R2\CB,A(b, a) and DA,B(a, b) =
R2 \ CB,A(b, a) are open in R2, since CA,B(a, b) and CB,A(b, a) are closed in
R2. �

However, notice that in general the following properties are not valid as
one could see from the examples of Section 3.3.1 ( see Figures 3.4, 3.5 and
3.6 ) :

Bisec(a, b) = bd(CA,B(a, b)) Bisec(a, b) = bd(DA,B(a, b))

Bisec(a, b) = bd(CB,A(b, a)) Bisec(a, b) = bd(DB,A(b, a))

CA,B(a, b) = cl(DA,B(a, b)) DA,B(a, b) = int(CA,B(a, b))

CB,A(b, a) = cl(DB,A(b, a)) DB,A(b, a) = int(DB,A(b, a))

bd(DB,A(b, a)) = bd(DA,B(a, b)) bd(CA,B(a, b)) = bd(CB,A(b, a))

bd(DA,B(a, b)) = bd(CB,A(b, a)) bd(CA,B(a, b)) = bd(DB,A(b, a))

bd(CA,B(a, b)) = bd(DA,B(a, b)) bd(DB,A(b, a)) = bd(CB,A(b, a))

To obtain more structural properties a case analysis is necessary.
First of all we study the trivial case a = b. If we additionally assume

γA = γB , we obtain the totally trivial case Bisec(a, b) = R2. So let γA and γB

be distinct.

Lemma 3.2
Let a ∈ R2 be a site associated with gauges γA and γB. Then Bisec(a, a) is
star-shaped with respect to a.

Proof.

Let x ∈ Bisec(a, a) and 0 ≤ λ ≤ 1

⇒ γA(λa + (1 − λ)x − a)) = γA((1 − λ)(x − a))
= (1 − λ)γA(x − a)
= (1 − λ)γB(x − a)
= γB((1 − λ)(x − a))
= γB(λa + (1 − λ)x − a))

⇒ λa + (1 − λ)x ∈ Bisec(a, a) .
�

Figure 3.7 shows an example for the trivial situation a = b with polyhedral
gauges γA and γB .

We assume that a and b are different from now on. Surprisingly we may
have four distinct distances between the sites a and b, which result from the
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Bisec(a, b)

Fig. 3.7. Bisector for a = b

combination of the two gauges γA and γB with the two difference vectors b−a
and a − b, namely

α+ := γA(b − a) (3.31)
α− := γA(a − b) (3.32)
β+ := γB(a − b) (3.33)
β− := γB(b − a) . (3.34)

In the following we investigate how often the bisector Bisec(a, b) can intersect

• the basis line

la,b := {xλ ∈ R2 : xλ := (1 − λ)a + λb , λ ∈ R} (3.35)
= {xλ ∈ R2 : xλ := a + λ(b − a) , λ ∈ R} (3.36)

running through a and b,
• the half-line

da,e := {xλ ∈ R2 : xλ = a + λe , λ ≥ 0} (3.37)

starting at a in the direction of e ∈ S(0, 1), where S(0, 1) is the Euclidean
unit sphere.

Lemma 3.3
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively. Then
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the set Bisec(a, b) ∩ la,b = {x ∈ la,b : γA(x − a) = γB(x − b)} consists of at
least one and at most three points.

Proof.
As a consequence of (2.5) - (2.8) γA( . − a)/la,b

and γB( . − b)/la,b
are con-

vex, consist of two affine-linear pieces and have a uniquely defined minimum
at a and b respectively. These properties prove directly the statement ( see
Figure 3.8 ). �

la,b

a xM b

la,b

a xM b xR

la,b

axL b xRxM

Fig. 3.8. Illustration to the proof of Lemma 3.3

xL

a xM

b

la,b

� ∃ xR

λ ≤ 0 λ = 0 0 ≤ λ ≤ 1 λ = 1 1 ≥ λ

α+ := γA(b− a) = 5 α− := γA(a− b) = 10

β+ := γB(a− b) = 3, 3̄ β− := γB(b− a) = 5

Fig. 3.9. Illustration to Lemma 3.3 and Corollary 3.1

The following corollary characterizes the points of the bisector on the basis
line exactly.

Corollary 3.1
Let a, b ∈ R2 be two sites associated with gauges γA, γB and for λ ∈ R define
xλ := λa + (1 − λ)b. Then we have :

1. xM := α+

α++β+ a + β+

α++β+ b ∈ Bisec(a, b) .
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2. If α− > β+ , then xL := α−
α−−β+ a + −β+

α−−β+ b ∈ Bisec(a, b) .
3. If α− ≤ β+ , then � ∃λ ≤ 0 with xλ ∈ Bisec(a, b) .
4. If α+ < β− , then xR := α+

α+−β− a + −β−

α+−β− b ∈ Bisec(a, b) .
5. If α+ ≥ β− , then � ∃λ ≥ 1 with xλ ∈ Bisec(a, b) .

Proof.
1.

γA (xM − a) = γA

(
α+

α++β+
a +

β+

α++β+
b − a

)
= γA

(
β+

α++β+
(b − a)

)
=

β+

α++β+
γA (b − a) , since

β+

α++β+
≥ 0

=
α+β+

α++β+

=
α+

α++β+
γB (a − b)

= γB

(
α+

α++β+
(a − b)

)
, since

α+

α++β+
≥ 0

= γB

(
α+

α++β+
a +

β+

α++β+
b − b

)
= γB (xM − b)

2.

γA(xL − a) = γA

(
α−

α−−β+
a +

−β+

α−−β+
b − a

)
= γA

(
β+

α−−β+
(a − b)

)
=

β+

α−−β+
γA(a − b) , since

β+

α−−β+
≥ 0

=
α−β+

α−−β+

=
α−

α−−β+
γB(a − b)

= γB

(
α−

α−−β+
(a − b)

)
, since

α−

α−−β+
≥ 0

= γB

(
α−

α−−β+
a +

−β+

α−−β+
b − b

)
= γB(xL − b)

3. For α− ≤ β+ the fraction −β+

α−−β+ is undefined or ≥ 1, therefore there is
no λ ≤ 0 with xλ ∈ Bisec(a, b) .
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4.

γA(xR − a) = γA

(
α+

α+−β−
a +

−β−

α+−β−
b − a

)
= γA

(
β−

α+−β−
(a − b)

)
=

β−

β−−α+
γA(b − a) , since

β−

α+−β−
≤ 0

=
α+β−

β−−α+

=
α+

β−−α+
γB(b − a)

= γB

(
α+

α+−β−
(a − b)

)
, since

α+

β−−α+
≤ 0

= γB

(
α+

α+−β−
a +

β−

α+−β−
b − b

)
= γB(xR − b)

5. For α+ ≥ β− the fraction −β−

α+−β− is undefined or ≤ 0, therefore there is
no λ ≥ 1 with xλ ∈ Bisec(a, b) .

�

If γA and γB are norms, the statements of Lemma 3.3 and Corollary 3.1
can be intensified to the following corollary.

Corollary 3.2
Let a, b ∈ R2 be two sites associated with norms γA and γB respectively.
Then the line la,b contains at least one and at most two points of the bisector
Bisec(a, b).

Proof.
Since γA and γB are norms, the equations

α+ := γA(b − a) = γA(a − b) =: α− (3.38)

β+ := γB(a − b) = γB(b − a) =: β− (3.39)

are valid. Therefore, at most one of the conditions α− > β+ and α+ < β− is
fulfilled. Applying Corollary 3.1 leads to the result. �

A concrete specification of the bisector points on a half-line da,e is not
possible. However, we can characterize the type of the set Bisec(a, b) ∩ da,e.

Lemma 3.4
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively. Then
the set Bisec(a, b) ∩ da,e = {x ∈ da,e : γA(x − a) = γB(x − b)}
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1. is either empty or
2. consists of one point or
3. consists of two points or
4. is equal to a closed segment or
5. is equal to a half-line.

Moreover, if γB is additionally strictly convex, Bisec(a, b) ∩ da,e can not be a
closed segment or a half-line.

Proof.
Since γA( . − a)/da,e

is linear by (2.7) and γB( . − b) is convex by (2.11), the
results follow ( see Figure 3.10 ). �

Fig. 3.10. Illustration to the proof of Lemma 3.4

Naturally the roles of a and b in Lemma 3.4 can be reversed. Therefore
the statements of Lemma 3.4 are also valid for half-lines starting at b.

Now let us compare two gauges in a certain direction e ∈ S(0, 1). We say
that gauge γA is stronger than gauge γB in direction e ∈ S(0, 1), if γA(e) <
γB(e). Note that “<” means stronger since the wider the unit ball extends in
a direction the smaller factor is necessary to scale the ball until it reaches a
certain point.

Lemma 3.5 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB, respectively. For
a direction e ∈ S(0, 1) holds :

1. fAB/db,e
and fBA/da,e

are convex.
2. fAB/da,e

and fBA/db,e
are concave.

3. fAB/db,e
is strictly decreasing, if γA is stronger than γB in direction e.

4. fBA/db,e
is strictly increasing, if γA is stronger than γB in direction e.
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Proof.
1. We prove the property only for fAB/db,e

, since the proof for fBA/da,e
is

analogous.
Let x, y ∈ db,e and µ ∈ [0, 1]. For x and y exist λ1, λ2 ≥ 0 with x = b+λ1e
and y = b + λ2e, and therefore we have

fAB(µx + (1 − µ)y)

= fAB(b + (µλ1 + (1 − µ)λ2)e)

= γA(b + (µλ1 + (1 − µ)λ2)e − a) − γB((µλ1 + (1 − µ)λ2)e)

= γA(µ(b + λ1e − a) + (1 − µ)(b + λ2e − a)) − (µλ1 + (1 − µ)λ2)γB(e)

≤ µγA(b + λ1e − a) + (1 − µ)γA(b + λ2e − a) − (µγB(λ1e)

+ (1 − µ)γB(λ2e))

= µ(γA(b + λ1e − a) − γB(λ1e)) + (1 − µ)(γA(b + λ2e − a) − γB(λ2e))

= µfAB(x) + (1 − µ)fAB(y) ,

hence fAB/db,e
is convex.

2. Follows by 1. and fAB = −fBA.
3. For λ ≥ 0 we obtain with (2.7) and (2.8)

fAB(b + λe) = γA(b + λe − a) − γB(λe) ≤ γA(b − a) + λ(γA(e) − γB(e)︸ ︷︷ ︸
<0

) .

(3.40)
This inequality (3.40) implies limλ→+∞ fAB(b + λe) = −∞ and fAB(b +
λe) < 0 for λ > γA(b−a)

γB(e)−γA(e) > 0. From (2.6) we know, that fAB(b) =
γA(b− a) > 0 and hence fAB/db,e

must be strictly decreasing as a convex
function.

4. Follows by 3. and fAB = −fBA.

�

Corollary 3.3 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively. Let
e ∈ S(0, 1) and let γB be stronger than γA in direction e. Then the half-line
da,e contains exactly one point of the bisector Bisec(a, b). Furthermore, this
bisector point can be expressed as a + λe with λ ∈ (0, γB(a−b)

γA(e)−γB(e) ].

Proof.
Follows directly from the proof of Lemma 3.5. �
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Now we continue with the geometric definition of general bisectors. For
x ∈ R2 let xa

A and xb
B be the foot points of x with respect to a and b respec-

tively, i.e. the uniquely defined intersection points of bd(Aa) and bd(Bb) with
the respective rays da,x and db,x. According to the geometric definition (3.6)
another equivalent definition of Bisec(a, b) is given by :

Bisec(a, b) :=
{

x ∈ R2 :
l2(x − a)
l2(xa

A − a)
=

l2(x − b)
l2(xb

B − b)

}
. (3.41)

In the sense of this geometric definition it can be seen, that the ( translated )
foot-points xa

A and xb
B are generating the bisector point x. Notice that the

condition in Definition (3.41) describes the situation of the perspective trans-
formation with centre x and segments xxa

A , xa and xxb
B , xb, respectively.

Therefore, the segment xa
Axb

B is parallel to the segment ab ( see Figure 3.11 )
and we can formulate the following Lemma.

Lemma 3.6 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB, respectively. For
a point x ∈ Bisec(a, b) the line lxA,xB

through the two translated foot points
xa

A, xb
B is parallel to the line la,b. Conversely, if there are two points u ∈ Aa

and v ∈ Bb, such that da,u and db,v intersect in a point x and uv is parallel
to ab, then x ∈ Bisec(a, b).

Proof.
Follows obviously from the geometric definition of the bisector in (3.6) and
the principle of the perspective transformation. �

x ∈ Bisec(a, b)

a

b

xa
A

xb
B

la,b

Aa

Bb

Fig. 3.11. Homothetic triangles ∆(x, a, b) and ∆(a, xa, xb)
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From this geometric property of a bisector point we can conclude another
interesting fact. If we consider a point u on the boundary of Aa, we may ask,
which bisector points do have the foot point u with respect to a. Of course,
these bisector points lie on the half-line da,u. From Lemma 3.6 we know that
that their foot points with respect to b must lie on a line parallel to la,b and of
course on bd(Bb). The intersection of a line with the boundary of Bb consists
either of zero, one, two points or a segment, and these are the foot points on
Bb which correspond with u. Therefore, the bisector restricted to the half-line
starting at a through u consists either of zero, one, two points, a segment or
a halfline. In this way we have found another proof for Lemma 3.4.

3.3.3 Partitioning of Bisectors

The bisector in Figure 3.2 consists of three connected components. However,
only the component in the middle separates a from b, the remaining ones do
not separate a from b. Therefore the middle component seems somehow to be
essential and the other ones to be unessential. This observation leads to the
question, whether the parts of the bisector can be distinguished in essential
and unessential parts. Afterwards one could wonder, whether the plane can
be partitioned in advance into two ( or more ) regions with respect to a and b,
which contain the essential and unessential parts respectively. Finally, another
interesting question is, which parts of the boundary of the unit balls Aa and Bb

respectively generate the essential part in the sense of the geometric definition
of Bisec(a, b) in (3.41). The following discussion answer the raised questions.
The results we obtain are already published in [107, 108], where the interested
reader can find the proofs.

Without loss of generality we assume in this section that the line la,b is
horizontal and that b lies on the right side of a. This situation can be produced
by a rotation. Notice that the rotation concerns not only the sites, but also
the unit balls.

Let tA be the top point of A, i.e. the leftmost point of the intersection of A
and the horizontal tangent to A from above, and let bA be the bottom point
of A, i.e. the corresponding point from below. The top and bottom point of B
are defined analogously, i.e. “leftmost” is replaced by “rightmost”. Figure 3.12
shows the situation for the translated unit balls Aa, Bb, translated top points
taA, tbB and translated bottom points ba

A, bb
B . For each unit ball, the plane is

divided into two cones separated by two half-lines. The face cone FΓA of A
is the closed cone containing b− a with the half-lines d0,bA

, d0,tA
as boundary

and the back cone BΓA of A is the open complement of FΓA. The face and
back cones of B are defined analogously. In Figure 3.12 the translated cones
FΓ a

A,BΓ a
A,FΓ b

B and BΓ b
B are shown.

Notice that the plane R2 can be partitioned depending on the intersection
of these cones as follows :

R2 := (FΓ a
A ∩ FΓ b

B) ∪̇ (FΓ a
A ∩ BΓ b

B) ∪̇ (BΓ a
A ∩ FΓ b

B) ∪̇ (BΓ a
A ∩ BΓ b

B) . (3.42)
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a b

Aa
Bb

ba
A

ta
A

bb
B

tb
B

BΓ a
A FΓ a

A FΓ b
B BΓ b

B

Fig. 3.12. Definition of top and bottom points, face and back cones

We denote the four created regions by

R2
FF := FΓ a

A ∩ FΓ b
B (“face to face” region) (3.43)

R2
FB := FΓ a

A ∩ BΓ b
B (“face to back” region) (3.44)

R2
BF := BΓ a

A ∩ FΓ b
B (“back to face” region) (3.45)

R2
BB := BΓ a

A ∩ BΓ b
B (“back to back” region) (3.46)

Moreover, the bisector Bisec(a, b) can be decomposed into four parts, also
depending on the intersection of these cones :

BisecFF(a, b) := Bisec(a, b) ∩ FΓ a
A ∩ FΓ b

B (“face to face” bisector) (3.47)

BisecFB(a, b) := Bisec(a, b) ∩ FΓ a
A ∩ BΓ b

B (“face to back” bisector) (3.48)

BisecBF(a, b) := Bisec(a, b) ∩ BΓ a
A ∩ FΓ b

B (“back to face” bisector) (3.49)

BisecBB(a, b) := Bisec(a, b) ∩ BΓ a
A ∩ BΓ b

B (“back to back” bisector)(3.50)

The “face to face” bisector BisecFF(a, b) is never empty, while there are neces-
sary and sufficient criteria for the emptiness of the other parts, as the next
lemma shows.

Lemma 3.7 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively. The
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bisector Bisec(a, b) can be decomposed in four pieces BisecFF(a, b), BisecFB(a, b),
BisecBF(a, b) and BisecBB(a, b) for which the following properties hold :

1. BisecFF(a, b) �= ∅.
2. BisecBF(a, b) �= ∅ iff a direction e ∈ S(0, 1) ∩ BΓA ∩ FΓB exists such that

γB is stronger than γA in this direction.
3. BisecFB(a, b) �= ∅ iff a direction e ∈ S(0, 1) ∩ FΓA ∩ BΓB exists such that

γA is stronger than γB in this direction.
4. BisecBB(a, b) �= ∅ iff (∂A ∩ BΓA) ∩ (∂B ∩ BΓB) �= ∅.

In the case of two identical gauges we can strengthen the result of Lemma 3.7.

Corollary 3.4 ([107])
Let a, b ∈ R2 be two sites associated with two identical gauges γA = γB. Then
we have Bisec(a, b) = BisecFF(a, b). In other words: the other potential bisector
parts BisecFB(a, b), BisecBF(a, b) and BisecBB(a, b) are empty.

Lemma 3.8 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively. If
there is a bisector point x on the half-line da,e, then γB(e) ≤ γA(e). In case of
γB(e) = γA(e) the boundary bd(A) of the unit ball A contains a line segment
s parallel to the basis line la,b, and the foot point xa

A lies on the supporting
line of the segment sa.

The next lemma shows that the number of connected components of the
bisector Bisec(a, b) essentially depends on the number of intersections of the
boundaries of the two unit balls.

Lemma 3.9 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively. Then
holds :

1. BisecFF(a, b) is connected. It is separated from the rest of Bisec(a, b) if and
only if bd(A) ∩ bd(B) ∩ FΓA ∩ FΓB is a set of exactly two points.

2. The number of the connected components in BisecBF(a, b) is equal to the
number of the connected components of the set{

e ∈ R2 : e ∈ bd(A) ∩ BΓA ∩ FΓB ∧ γB(e) < γA(e)
}

,

and analogously for BisecFB(a, b).
3. BisecBB(a, b) consists of at most two connected components, but they are

connected to other parts of the bisector.

Summarizing the results of Lemma 3.9 we can conclude the following corollary.

Corollary 3.5 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively.
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Moreover, let K and L be the number of connected components of BisecBF(a, b)
and BisecFB(a, b). The number of connected components of the whole bisector
Bisec(a, b) is at least max{1,K + L − 3} and at most K + L + 1.

In the case of two unit balls with non-intersecting boundaries connectivity of
the bisector is guaranteed.

Corollary 3.6 ([107])
Let a, b ∈ R2 be two sites associated with gauges γA and γB respectively.
If γB is stronger than γA in all directions then the bisector Bisec(a, b) is a
closed curve around the site a. Especially Bisec(a, b) consists of one connected
component.

The result of Corollary 3.6 can be illustrated by the weighted Euclidean case
where the bisector is given by the Apollonius’ circle ( see Figure 3.13 ).

Fig. 3.13. The Apollonius’ circle

Finally we present two more illustrative examples before we study bisectors
of polyhedral gauges in the next section.

Example 3.1
Figure 3.14 shows a Φ-shaped bisector where all four parts BisecFF(a, b),
BisecFB(a, b), BisecBF(a, b) and BisecBB(a, b) are not empty and connected to
each other. This illustrates the last statement of Lemma 3.9.

Example 3.2
The bisector in Figure 3.15 illustrates the other statements of Lemma 3.9.
The intersection of the unit balls A and B is shown in Figure 3.16.
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Fig. 3.14. Illustration to Example 3.1 - A Φ-shaped bisector

bd(A)∩bd(B)∩FΓA ∩FΓB = {e2, e7} contains exactly two points. There-
fore BisecFF(a, b) is separated from the other components of Bisec(a, b).

{e ∈ R2 : e ∈ bd(A) ∩ BΓA ∩ FΓB ∧ γB(e) < γA(e)} = ri(e3e4) ∪̇ ri(e5e6)
consists of K = 2 components and hence there are two connected components
of BisecBF(a, b).

{e ∈ R2 : e ∈ bd(B) ∩ FΓA ∩ BΓB ∧ γA(e) < γB(e)} = ri(e8e1) consists of
L = 1 component and hence there is one connected component of BisecBF(a, b).

Since BisecFF(a, b) is separated from the other components of Bisec(a, b),
the maximal number of K + L + 1 = 4 connected components is attained.

Naturally this example can be generalized. If A and B are both regular
2n-gons with the same area, centered at the origin, A standing on an ex-
treme point, B standing on a face, then BisecBF(a, b) contains n connected
components and BisecFB(a, b) contains n − 1 connected components, whereas
BisecBB(a, b) is empty and the one connected component of BisecFF(a, b) is sep-
arated from BisecBF(a, b)∪BisecFB(a, b). Therefore Bisec(a, b) contains 2n com-
ponents.
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Fig. 3.15. Illustration to Example 3.2 - A bisector with maximal number of con-
nected components

0

B

A
e1

e2e3

e4

e5

e6 e7

e8

tA

bA

tB

bB

Fig. 3.16. Illustration to Example 3.2 - The intersection of the unit balls A and B
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3.4 Bisectors of Polyhedral Gauges

Let the polyhedral unit balls A,B ⊆ R2 corresponding to the polyhe-
dral gauges γA, γB be defined by the sets of extreme points {ea

1 , . . . , ea
K}

and {eb
1, . . . , e

b
L} respectively. Let the corresponding fundamental directions,

cones and supporting hyper-planes be denoted by da
i , Γ a

i , ha
i , i ∈ K , and

db
j , Γ

b
j , hb

j , j ∈ L, respectively.
Finally we denote the objects translated by the vector a and b respectively

with the ∼-symbol and obtain for i ∈ K and j ∈ L :

Ã := a + A := {y ∈ R2 : y − a ∈ A} (3.51)
B̃ := b + B := {y ∈ R2 : y − b ∈ B} (3.52)
ẽa
i :=a + ea

i (3.53)
ẽb
i :=b + eb

i (3.54)
d̃a

i :=a + da
i := {y ∈ R2 : y − a ∈ da

i } (3.55)
d̃b

i := b + db
i := {y ∈ R2 : y − b ∈ db

i} (3.56)
Γ̃ a

i :=a + Γ a
i := {y ∈ R2 : y − a ∈ Γ a

i } (3.57)
Γ̃ b

i :=b + Γ b
i := {y ∈ R2 : y − b ∈ Γ b

i } (3.58)
h̃a

i :=a + ha
i := {y ∈ R2 : 〈sa

i , y − a〉 ≤ ga
i } (3.59)

h̃b
j :=b + hb

j := {y ∈ R2 : 〈sb
j , y − b〉 ≤ gb

i } (3.60)

We assume a �= b. Then the geometric structure generated by the trans-
lated fundamental directions is a planar subdivision and therefore we use the
following notation.

For i ∈ K and j ∈ L we call fab
ij := Γ̃ a

i ∩ Γ̃ b
j a cell, if int(fab

ij ) �= ∅. Cells
can be bounded or unbounded. For the set of cells ( bounded cells, unbounded
cells ) we use the symbols F ,Fb,Fu.

x ∈ R2 is called a vertex, if x = a or x = b or x = vab
ij := d̃a

i ∩ d̃b
j for i ∈ K

and j ∈ L. The set of vertices is denoted by V.
Finally we call e ⊆ R2 a bounded edge, if x, y ∈ V exist with e = xy , e ∩

V = {x, y} and e ∩ int(f) = ∅ ∀ f ∈ F .
If f, f̃ ∈ Fu , f �= f̃ and f ∩ f̃ �= ∅, we call e = f ∩ f̃ an unbounded edge.

For the set of edges ( bounded edges, unbounded edges ) the symbols e, Eb, Eu

are used.
The planar subdivision is now given by (V, e,F). An estimation for the

number of vertices, segments and cells of a planar graph ( planar subdivision )
is given by the Eulerian Polyhedron Formula.

Theorem 3.1 ([26])
For a connected planar graph G = (V(G), e(G)) with |V(G)| vertices, |e(G)|
edges and |F(G)| cells holds :

1. |e(G)| − |V(G)| = |F(G)| − 2 ( Eulerian Polyhedron Formula )
2. |e(G)| ≤ 3|V(G)| − 6
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3. |F(G)| ≤ 2|V(G)| − 4

Applying this result to the planar subdivision (V, e,F) we obtain the following
estimation.

Lemma 3.10
If we denote the number of vertices by nV , the number of edges ( bounded
edges, unbounded edges ) by ne (nEb

, nEu
) and the number of cells ( bounded

cells, unbounded cells ) by nF (nFb
, nFu

) the following estimations for the
planar subdivision (V, e,F) hold :

1. nEb
− nV = nFb

− 1
2. nEb

≤ 3nV − 6 ≤ 3KL − 6
3. nEu

≤ K + L
4. nFb

≤ 2nV − 5 ≤ 2KL − 5
5. nFu

≤ K + L

Proof.
A vertex is either equal to a or equal to b or the intersection point of a
fundamental direction of a with an fundamental direction of b. Since one
fundamental direction of a can intersect at most L−1 fundamental directions
of b, the number of vertices is bounded by K(L−1)+2 = KL−(K−2) ≤ KL.
The remaining statements follow by applying Theorem 3.1. �

The following six shapes for f ∈ F are possible ( see Figure 3.17 ) :

BT : bounded triangle
BQ : bounded quadrangle
UTS : unbounded triangle generated by two fundamental directions of the

same site
UTE : unbounded triangle generated by two fundamental directions, one of

each site
UQ : unbounded quadrangle
UP : unbounded pentagon

Notice that all six types of cells are convex, since they are the intersection
of two convex cones. The following lemma describes the shape of a bisector
inside a cell.

Lemma 3.11
Let a, b ∈ R2 be two sites associated with polyhedral gauges γA, γB. For f ∈ F
we have that either

1. f ∩ Bisec(a, b) = ∅ or
2. f ∩ Bisec(a, b) is a single point or
3. f ∩ Bisec(a, b) is a line segment or
4. f ∩ Bisec(a, b) is a half-line or
5. f ∩ Bisec(a, b) = f , i.e. f ⊆ Bisec(a, b) .
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UTS

UP

BQ

UQ

BT

UTE

a

b

Fig. 3.17. Types of regions

Proof.
Let f ∈ F . We know that f = Γ̃ a

i ∩ Γ̃ b
j for some i ∈ K and j ∈ L. By

Lemma 2.3 we know that γA( . − a)/Γ̃ a
i

and γB( . − b)/Γ̃ b
j

are affine-linear,
that means

γA(x − a) = α1x1 + α2x2 + α3 ∀ x ∈ Γ̃ a
i

and
γB(x − b) = β1x1 + β2x2 + β3 ∀ x ∈ Γ̃ b

j

with αk, βk ∈ R , k ∈ {1, 2, 3} .
The solution of the equation

γA(x − a) = γB(x − b) (3.61)

which is equivalent to

(α1 − β1)x1 + (α2 − β2)x2 = β3 − α3 (3.62)

leads to the following case analysis :

Case 1 : α1 = β1 ∧ α2 = β2

Case 1.1 : α3 = β3

⇒ Equation (3.62) is fulfilled for all x ∈ R2.
⇒ f ⊆ Bisec(a, b).

Case 1.2 : α3 �= β3

⇒ No x ∈ R2 fulfills equation (3.62).
⇒ f ∩ Bisec(a, b) = ∅.
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Case 2 : α1 �= β1 ∨ α2 �= β2

⇒ The solution of equation (3.62) is given by a line l.
⇒ Since l is a line and f is convex, l ∩ f is the empty set, a single point,
a segment or a half-line.

�

By Lemma 3.11 we know that Bisec(a, b) is made up of linear pieces, there-
fore we can speak now of bisector vertices, bisector edges and bisector cells.
The following two Corollaries give information about the existence and the
number of cells in (V, e,F) belonging to the bisector Bisec(a, b).

Corollary 3.7
Let a, b ∈ R2 be two sites associated with polyhedral gauges γA and γB respec-
tively and let fab

ij ∈ F , then holds :

fab
ij ⊆ Bisec(a, b) ⇐⇒

{
sa

i

ga
i

=
sb

j

gb
j

∧ (a − b) ⊥ sa
i

ga
i

(
=

sb
j

gb
j

)}
. (3.63)

Proof.
γA( . − a)/Γ̃ a

i
is given by

γA(x − a) =
sa

i1

ga
i

x1 +
sa

i2

ga
i

x2 −
(

sa
i1

ga
i

a1 +
sa

i2

ga
i

a2

)
and γB( . − b)/Γ̃ b

j
is given by

γB(x − b) =
sb

j1

gb
j

x1 +
sb

j2

gb
j

x2 −
(

sb
j1

gb
j

b1 +
sb

j2

gb
j

b2

)
.

Therefore Case 1.1 of the proof of Lemma 3.11 occurs if and only if

sa
i1

ga
i

=
sb

j1

gb
j

∧ sa
i2

ga
i

=
sb

j2

gb
j

∧ sa
i1

ga
i

a1 +
sa

i2

ga
i

a2 =
sb

j1

gb
j

b1 +
sb

j2

gb
j

b2

which is equivalent to

sa
i

ga
i

=
sb

j

gb
j

∧
〈

sa
i

ga
i

, a − b

〉
= 0 .

�

Corollary 3.8
Let a, b ∈ R2 be two sites associated with polyhedral gauges γA and γB respec-
tively. Then the bisector Bisec(a, b) contains at most two cells of the planar
subdivision (V, e,F).
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Proof.
There exist at most two indices of K, which fulfill the condition (a− b) ⊥ ha

i

ga
i
.

�

Now we are already able to present a naive algorithm for the determination
of the bisector Bisec(a, b) which computes the linear pieces of Bisec(a, b), step
by step, for each cell of (V, e,F).

Algorithm 3.1: Computing Bisec(a, b) for polyhedral gauges γA, γB

Input: Sites a, b ∈ R2 .
Polyhedral gauges γA, γB : R2 → R .
Output: Bisector Bisec(a, b) .

Bisec(a, b) := ∅
for i = 1 TO K do

for j = 1 TO L do
Compute fab

ij .
if fab

ij �= ∅ then
Compute lab

ij := {x ∈ R2 : 1
ga

i
〈ha

i , x− a〉 = 1

gb
j

〈hb
j , x− b〉} .

Compute Bisecij(a, b) := fab
ij ∩ lab

ij .
Bisec(a, b) := Bisec(a, b) ∪ Bisecij(a, b) .

end
end

end

Algorithm 3.1 has a time complexity of O(KL). Notice that Lemma 3.11,
Corollary 3.7 and Algorithm 3.1 are also valid for bisectors of polyhedral
gauges with additive weights, since everything is only based on the affine
linearity of γA and γB in the cells of (V, e,F).

If we apply Lemma 3.4 to the translated fundamental directions

d̃a
i := {xλ ∈ R2 : xλ = a + λea

i , λ ≥ 0} , i ∈ K , (3.64)

of the polyhedral gauge γA, we obtain the following corollary :

Corollary 3.9
Let a, b ∈ R2 be two sites associated with polyhedral gauges γA and γB respec-
tively and let i ∈ K. Then the set Bisec(a, b) ∩ d̃a

i = {x ∈ d̃a
i : γA(x − a) =

γB(x − b)} is either

1. = ∅ or
2. consists of 1 point or
3. consists of 2 points or
4. is equal to a closed segment or
5. is equal to a half-line.
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Since the roles of a (A , γA ) and b (B , γB ) in Lemma 3.4 can be reversed,
we obtain together with Lemma 3.11 the following corollary.

Corollary 3.10
The bisector Bisec(a, b) of two sites a, b ∈ R2 associated with polyhedral gauges
γA and γB respectively consists of at most 2(K + L) vertices, that means
Bisec(a, b) runs through at most 2(K + L) cells of the planar subdivision
(V, e,F).

By Corollary 3.10 the complexity of the bisector is linear in the number of
extreme points of the two generating unit balls. That means the bisector
Bisec(a, b) does in general not run through all cells of (V, e,F), since the
number of cells can be O(KL). Nevertheless, this behavior is possible in a
situation where the number of cells is O(K + L) ( see Figure 3.18 ). Moreover,
we know by Corollary 3.10 that it is worthwhile to look for an algorithm with
linear complexity.

Fig. 3.18. A bisector running through all cells

The number of connected components is bounded as follows.

Lemma 3.12 ([107])
The bisector Bisec(a, b) of two sites a, b ∈ R2 associated with polyhedral gauges
γA and γB respectively consists of at most min{K,L} connected components.
This bound is tight.
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Proof.
bd(A) and bd(B) intersect at most min{K,L} times. Therefore the sets

{e ∈ R2 : e ∈ bd(A) ∩ BΓA ∩ FΓB ∧ γB(e) < γA(e)}
and

{e ∈ R2 : e ∈ bd(B) ∩ FΓA ∩ BΓB ∧ γA(e) < γB(e)}
have together at most min{K,L} components. Now from Lemma 3.9 fol-
lows that BisecBF(a, b) ∪ BisecFB(a, b) has at most min{K,L} components. If
BisecFF(a, b) is separated from BisecBF(a, b) ∪ BisecFB(a, b), exactly two inter-
section points of bd(A) and bd(B) lie in FΓA ∪ FΓB by Lemma 3.9. This
reduces the number of possible components of BisecBF(a, b) ∪ BisecFB(a, b) at
least by one. Thus, the number of components of BisecFF(a, b)∪BisecBF(a, b)∪
BisecFB(a, b) is at most min{K,L}. By Lemma 3.9 we know that BisecBB(a, b) is
always connected to other components of the bisector. Therefore Bisec(a, b) =
BisecFF(a, b) ∪ BisecBF(a, b) ∪ BisecFB(a, b) ∪ BisecBB(a, b) contains at most
min{K,L} connected components. This bound is tight as Example 3.2 shows.
�

Now we present an algorithm with complexity O(K + L) which makes
use of the results of Subsection 3.3.3. That means we compute the bisec-
tor Bisec(a, b) by determining the four disjoint bisector parts BisecFF(a, b),
BisecBF(a, b), BisecFB(a, b) and BisecBB(a, b) separately. Each of the four bi-
sector components can be computed in O(K + L) time while scanning the
extreme points between bA and tA respectively bB and tB simultaneously in a
proper way. This is possible since the linear behavior of the bisector changes
only at fundamental directions ( see Lemma 3.11 ). We describe the computa-
tion of BisecFF(a, b) in detail. The computation of the other bisector parts can
be done in a quite similar way. Therefore, only the differences will be briefly
mentioned here.

Without loosing generality we assume that a and b lie on a horizontal
line and b lies on the right side of a ( see Subsection 3.3.3 ). Moreover, we
assume that the extreme points Ext(A) = {ea

1 , . . . , ea
K} as well as the extreme

points Ext(B) = {eb
1, . . . , e

b
L} are stored in double connected lists. Notice that

the top and bottom points ( see Subsection 3.3.3 ) fulfill tA, bA ∈ Ext(A) and
tB , bB ∈ Ext(B). We denote the counterclockwise successor ( predecessor )
of eA ∈ Ext(A) with sA (pA) and the clockwise successor ( predecessor ) of
eB ∈ Ext(B) with sB (pB). Finally ycd(x) returns the ordinate x2 of the
point x = (x1, x2) and Γ (x, u, v) denotes the cone pointed at x and bounded
by the half-lines dx,u and dx,v.

Starting from the bisector point xM := α+

α++β+ a + β+

α++β+ b ( see Corol-
lary 3.1 ) we step through all the fundamental directions in the order of the
ordinate of their defining extreme points, first upwards and then downwards.
These loops are performed as long as the maximal ( ycd(tA), ycd(tB) ), respec-
tively the minimal ( ycd(bA), ycd(bB) ), ordinate of one of the unit balls is not
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reached and the current line segments eAsA, eBsB , respectively eApA, eBpB ,
do not intersect. If the upwards ( downwards ) loop terminates due to the
former criterion, it remains to check if one of the special cases with horizon-
tal boundary segments of the unit balls occur. In the latter case the upper
( lower ) part of BisecFF(a, b) ends with an unbounded bisector edge and is only
connected via xM to other parts of the bisector ( see Lemma 3.9 ).

Steps 4 and 5 can be performed in O(K + L) time, since Ext(A) and
Ext(B) are stored as double connected lists. Moreover, the loop is performed
in O(K + L) time, whereas all other operations take constant time. Therefore
the complexity of Algorithm 3.2 is in fact O(K + L).

The construction of the two potential parts of BisecBB(a, b) can take place
directly after the construction of the upper and lower part of BisecFF(a, b),
respectively. For the upper part we start with the sweep at the ordinate y :=
min{ycd(tA), ycd(tB)}. The upper part of BisecBB(a, b) exists if and only if
the back side of A lies to the right of the back side of B in the height of y.
We scan downwards the two back sides of the unit balls as in the while loop
of Algorithm 3.2 until they intersect. For the lower part of BisecBB(a, b) we
proceed analogous.

For BisecBF(a, b) and BisecFB(a, b) we start again at the position where the
construction of the upper part of BisecFF(a, b) has stopped. For BisecBF(a, b)
we scan along the back side of A and the face side of B. Bisector pieces are
generated while the face side of B lies to the left of the back side of A, i.e.
γB is stronger than γA. The construction of BisecBF(a, b) does not end at an
intersection point of the back side of A with the face side of B as it was the
case for BisecFF(a, b). Here an intersection produces a half-line belonging to
BisecBF(a, b) instead. As long as γB is stronger than γA no bisector piece arises.
But if another intersection point arises there will also further bisector pieces
arise. Therefore, we search for the next intersection point of the boundaries
of the unit balls. This is continued until we reach the position where the
construction of the lower part of BisecFF(a, b) has stopped. For the construction
of BisecFB(a, b) we proceed analogous.

Analogous to Algorithm 3.2 the Steps 2 - 4 of Algorithm 3.3 have a time
complexity of O(K + L) and we obtain the following theorem.

Theorem 3.2 ([107])
Let a, b ∈ R2 be two sites associated with polyhedral gauges γA and γB respec-
tively. Then Algorithm 3.3 computes the bisector Bisec(a, b) in optimal time
O(K + L).

At the end we turn to the case a = b. In this case the planar subdivision
(V, e,F) consists of only one node, namely V = {a}, and the plane is divided
by the fundamental directions of A and B into at most K + L cones ( =̂
unbounded cells of triangular shape ) with apex at a ( see Figure 3.7 ). The
computation of Bisec(a, b) can be done in O(K + L) time as in the general
case.
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Algorithm 3.2: Computing BisecFF(a, b) for polyhedral gauges

Input: Sites a, b ∈ R2

Polyhedral gauges γA, γB : R2 → R .
Output: Bisector BisecFF(a, b) .

BisecFF(a, b) := ∅.
xM := α+

α++β+ a + β+

α++β+ b (� xM ∈ Bisec(a, b) ∩ la,b, see Corollary 3.1. �)
x := xM (� First upper part of BisecFF(a, b) starting at ( artificial ) bisector vertex xM �)
Determine eA with ycd(eA) ≤ ycd(xM ) < ycd(sA).
Determine eB with ycd(eB) ≤ ycd(xM ) < ycd(sB).
while ycd(eA) �= ycd(tA) AND ycd(eB) �= ycd(tB) AND
eAsA ∩ eBsB = ∅ do

if ycd(sA) < ycd(sB) then
Determine v ∈ eBsB with ycd(v) = ycd(sA). (� Partner f. p. of sA. �)
y := da,sA ∩ db,v (� The next bisector vertex. �)
eA := sA (� Advance in Ext(A). �)
else if ycd(sA) > ycd(sB) then

Determine u ∈ eAsA with ycd(u) = ycd(sB). (� P. f. p. of sB . �)
y := da,u ∩ db,sB (� The next bisector vertex. �)
eB := sB (� Advance in Ext(B). �)

end
else if ycd(sA) = ycd(sB) then

(� sA and sB are partner footpoints. �)
y := da,sA ∩ db,sB (� The next bisector vertex. �)
eA := sA , eB := sB (� Advance in Ext(A) and Ext(B). �)

end
end
BisecFF(a, b) := BisecFF(a, b) ∪ xy (� A bounded bisector edge. �)

x := y (� Advance in BisecFF(a, b). �)
end
if ycd(eA) �= ycd(tA) AND ycd(eB) �= ycd(tB) then

u := eAsA ∩ eBsB (� eAsA ∩ eBsB is an unique point. �)
BisecFF(a, b) := BisecFF(a, b) ∪ dx,u (� The final unbounded bisec. edge. �)
(� Otherwise the maximal ordinate of at least one unit ball is reached
and it remains to deal with horizontal boundary parts : �)
else if ycd(eA) = ycd(sA) = ycd(eB) = ycd(sB) then

BisecFF(a, b) := BisecFF(a, b) ∪ ( Γ (a, eA, sA) ∩ Γ (b, eB , sB) ) (� The
final (un)bounded bisector cell. �)

end
else if ycd(eA) = ycd(sA) then

Determine v ∈ eBsB with ycd(v) = ycd(sA).
BisecFF(a, b) := BisecFF(a, b) ∪ ( Γ (a, eA, sA) ∩ db,v )

end
else if ycd(eB) = ycd(sB) then

Determine u ∈ eAsA with ycd(u) = ycd(sB).
BisecFF(a, b) := BisecFF(a, b) ∪ (da,u ∩ Γ (b, eB , sB) )

end
end
x := xM (� Now lower part of BisecFF(a, b) starting at xM : analog. to upper part �)
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Algorithm 3.3: Computing Bisec(a, b) for polyhedral gauges γA, γB

Input: Sites a, b ∈ R2 .
Polyhedral gauges γA, γB : R2 → R .
Output: Bisector Bisec(a, b) .

Compute BisecFF(a, b) ( with Algorithm 3.2 ).
Compute BisecBF(a, b) ( analogous ).
Compute BisecFB(a, b) ( analogous ).
Compute BisecBB(a, b) ( analogous ).
Bisec(a, b) := BisecFF(a, b) ∪ BisecBF(a, b) ∪ BisecFB(a, b) ∪ BisecBB(a, b).

Now with the construction of the bisectors, we can solve the ordered me-
dian problem, in a geometrical way, using Algorithm 4.2 from Subsection 4.2.

It should be noted, that most examples in this chapter have been computed
by an computer program containing an implementation of Algorithm 4.2. This
program is available on http://www.itwm.fhg.de/opt/LOLA/lola.html .

3.5 Bisectors of Elliptic Gauges

In this section we study the behavior of the bisector for unit balls of elliptic
shape, which is a generalization of the classical ( weighted ) l2-case. Moreover,
we will see at the end, that the computation of this kind of bisectors leads to
an alternative way to introduce and motivate conic sections.

For positive scalars c1, c2 > 0 the set

C :=
{

x ∈ R2 :
x2

1

c2
1

+
x2

2

c2
2

= 1
}

=

{
x ∈ R2 :

√
x2

1

c2
1

+
x2

2

c2
2

= 1

}
(3.65)

is called ellipse with radii c1, c2 ( see Figure 3.19 ). More precisely for c1 > c2

the scalar c1 determines half the length of the major axis, whereas the scalar
c2 determines half the length of the minor axis. In the case c1 < c2 major
and minor axes are exchanged and for c1 = c2 major and minor axes are
unambiguous.

The corresponding gauge is given by

γC : R2 → R , x �→
√

x2
1

c2
1

+
x2

2

c2
2

(3.66)

and fulfills the properties of a norm, since C is symmetric with respect to the
origin.

Notice that we can rewrite C as

C := {x ∈ R2 : ζ1x
2
1 + ζ2x

2
2 = 1} , (3.67)
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c1 c1

c2

c2
C

Fig. 3.19. Ellipse C with radii c1 and c2

if we define ζi := 1
c2

i

for i = 1, 2 ( and ci := ζ
− 1

2
i for i = 1, 2 ).

Let us assume the norms γA, γB associated with the two sites a, b ∈ R2

are defined with respect to the elliptic unit balls

A := {x ∈ R2 : α1x
2
1 + α2x

2
2 = 1} (3.68)

and
B := {x ∈ R2 : β1x

2
1 + β2x

2
2 = 1} (3.69)

with αi, βi > 0 for i = 1, 2.
Since A and B intersect at most four times we can deduce, by Lemma 3.9,

that Bisec(a, b) consists of at most two connected components. Moreover, since
γA and γB are norms the line la,b through a and b contains at most two points
of the bisector ( see Corollary 3.2 ).

If we want to determine the points in the plane belonging to the bisector
Bisec(a, b), we have to solve the equation

α1(x1 − a1)2 + α2(x2 − a2)2 = β1(x1 − b1)2 + β2(x2 − b2)2 (3.70)

which is equivalent to∑
i=1,2

(αi − βi)x2
i − 2(αiai − βibi)xi =

∑
i=1,2

βib
2
i − αia

2
i (3.71)

and leads therefore to the following case analysis :

Case 1 : α1 �= β1 ∧ α2 �= β2

In this case Equation (3.71) is equivalent to∑
i=1,2

(αi − βi)
(

x2
i − 2

αiai − βibi

αi − βi
xi

)
=

∑
i=1,2

βib
2
i − αia

2
i . (3.72)
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By completion of the square we obtain

∑
i=1,2

(αi − βi)
(

xi − αiai − βibi

αi − βi

)2

=
∑

i=1,2

βib
2
i − αia

2
i +

(αiai − βibi)2

αi − βi
.

(3.73)
The right side of Equation (3.73) can be rewritten as

∑
i=1,2

βib
2
i − αia

2
i +

α2
i a

2
i − 2αiβiaibi + β2

i b2
i

αi − βi

=
∑

i=1,2

αiβib
2
i − β2

i b2
i − α2

i a
2
i + αiβia

2
i + α2

i a
2
i − 2αiβiaibi + β2

i b2
i

αi − βi

=
∑

i=1,2

αiβi

αi − βi
(b2

i − 2aibi + a2
i )

=
∑

i=1,2

αiβi

αi − βi
(ai − bi)2 ,

that means Equation (3.73) is equivalent to

∑
i=1,2

(αi − βi)︸ ︷︷ ︸
=:ζi �=0

⎛⎜⎜⎜⎝xi − αiai − βibi

αi − βi︸ ︷︷ ︸
=:zi

⎞⎟⎟⎟⎠
2

=
∑

i=1,2

αiβi

αi − βi
(ai − bi)2︸ ︷︷ ︸

=:ζ

. (3.74)

Equation (3.74) requires a further case analysis.
Case 1.1 : ζ :=

∑
i=1,2

αiβi

αi−βi
(ai − bi)2 �= 0

Case 1.1.1 : sgn(ζ1) = sgn(ζ2) with ζi := αi − βi for i = 1, 2

This case also implies sgn(ζ) = sgn(ζ1) = sgn(ζ2) , that means
Equation (3.74) describes an ellipse with midpoint (z1, z2), radii
ci =

√
ζ
ζi

for i = 1, 2 and

major axis in x1-direction iff c1 > c2 iff ζ1 < ζ2

unambiguous major axis iff c1 = c2 iff ζ1 = ζ2

major axis in x2-direction iff c1 < c2 iff ζ1 > ζ2

( see Figure 3.20 ).

Case 1.1.2 : sgn(ζ1) �= sgn(ζ2) with ζi := αi − βi for i = 1, 2

In this case Equation (3.74) describes an hyperbola with midpoint
(z1, z2). c1 =

√
ζ

ζ1
is half the length of the transverse axis ( in x1-

direction ) and c2 =
√

− ζ
ζ2

is half the length of the conjugate axis
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( in x2-direction ), if sgn(ζ) = sgn(ζ1). In the case of sgn(ζ) =
sgn(ζ2) the length of the transverse axis ( in x2-direction ) is given
by c2 =

√
ζ

ζ2
, whereas the length of the conjugate axis ( in x1-

direction ) is given by c1 =
√

− ζ
ζ1

( see Figure 3.21 ).
Case 1.2 : ζ :=

∑
i=1,2

αiβi

αi−βi
(ai − bi)2 = 0

Case 1.2.1 : sgn(ζ1) = sgn(ζ2) with ζi := αi − βi for i = 1, 2

This case also implies ai = bi for i = 1, 2 . Therefore, Equa-
tion (3.74) can be rewritten as

(α1 − β1)(x1 − a1)2 + (α2 − β2)(x2 − a2)2 = 0 (3.75)

which is only fulfilled by the isolated point (a1, a2) ( see Fig-
ure 3.22 ).

Case 1.2.2 : sgn(ζ1) �= sgn(ζ2) with ζi := αi − βi for i = 1, 2

In this case Equation (3.74) is equivalent to

|ζ1|(x1 − z1)2 − |ζ2|(x2 − z2)2 = 0 . (3.76)

If we substitute
√|ζi|(xi − zi) by x̃i for i = 1, 2 we obtain the

equation
x̃2

1 − x̃2
2 = 0 (3.77)

which is equivalent to

(x̃1 − x̃2)(x̃1 + x̃2) = 0 . (3.78)

The solutions of Equation (3.78) are

x̃1 = x̃2 ∨ x̃1 = −x̃2 . (3.79)

By re-substitution we obtain the equations√
|ζ1|(x1 − z1) =

√
|ζ2|(x2 − z2) (3.80)√

|ζ1|(x1 − z1) = −
√

|ζ2|(x2 − z2) (3.81)

which are equivalent to

x2 =

√
|ζ1|
|ζ2|x1 −

√
|ζ1|
|ζ2|z1 + z2 (3.82)

x2 = −
√|ζ1|√|ζ2|

x1 +

√|ζ1|√|ζ2|
z1 + z2 (3.83)

The equations (3.82) and (3.83) represent two lines with opposite
slopes, which intersect at the point (z1, z2) ( see Figure 3.23 ).
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Case 2 : α1 �= β1 ∧ α2 = β2

In this case Equation (3.71) is equivalent to

(α1−β1)x2
1−2(α1a1−β1b1)x1−2α2(a2−b2)x2 = β1b

2
1−α1a

2
1+α2(b2

2−a2
2) ,

(3.84)
which requires an additional case analysis :
Case 2.1 : a2 �= b2

In this case we can solve Equation (3.84) with respect to x2 which
leads to

x2 =
(α1 − β1)x2

1

2α2(a2 − b2)
− 2(α1a1 − β1b1)x1

2α2(a2 − b2)
− β1b

2
1 − α1a

2
1 + α2(2b2

2 − a2
2)

2α2(a2 − b2)
.

(3.85)
Using completion of the square, the right side of Equation (3.85) can
be rewritten as

α1 − β1

2α2(a2 − b2)

(
x2

1 − 2
α1a1 − β1b1

α1 − β1
x1 +

(
α1a1 − β1b1

α1 − β1

)2
)

−β1b
2
1 − α1a

2
1 + α2(b2

2 − a2
2)

2α2(a2 − b2)
− α1 − β1

2α2(a2 − b2)
· (α1a1 − β1b1)2

(α1 − β1)2

=
α1 − β1

2α2(a2 − b2)

(
x1 − α1a1 − β1b1

α1 − β1

)2

−α1β1(a1 − b1)2 − (α1 − β1)α2(a2
2 − b2

2)
2α2(α1 − β1)(a2 − b2)

=
α1 − β1

2α2(a2 − b2)

(
x1 − α1a1 − β1b1

α1 − β1

)2

− α1β1(a1 − b1)2

2α2(α1 − β1)(a2 − b2)
+

a2 + b2

2
,

that means Equation (3.85) is equivalent to

x2 =
α1 − β1

2α2(a2 − b2)︸ ︷︷ ︸
=:ζ

⎛⎜⎜⎜⎝x1 − α1a1 − β1b1

α1 − β1︸ ︷︷ ︸
=:z1

⎞⎟⎟⎟⎠
2

− α1β1(a1 − b1)2

2α2(α1 − β1)(a2 − b2)
+

a2 + b2

2︸ ︷︷ ︸
=:z2

. (3.86)

Equation (3.86) describes a parabola with horizontal directrix ( focal
line ) and apex (z1, z2), which is stretched ( or compressed ) by the
factor ζ ( see Figure 3.24 ).
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Case 2.2 : a2 = b2

In this case Equation (3.84) is equivalent to the following quadratic
equation in x1 :

(α1 − β1)︸ ︷︷ ︸
=:a

x2
1 + 2(β1b1 − α1a1)︸ ︷︷ ︸

=:b

x1 + (α1a
2
1 − β1b

2
1)︸ ︷︷ ︸

=:c

= 0 (3.87)

Since

b2 − 4ac = (2(β1b1 − α1a1))
2 − 4(α1 − β1)(α1a

2
1 − β1b

2
1)

= 4α1β1(a1 − b1)2

≥ 0

Equation (3.87) has at least one solution and we can distinguish two
cases :
Case 2.2.1 : a1 �= b1

In this case we have b2 − 4ac = 4α1β1(a1 − b1)2 > 0, which means
Equation (3.87) has the two solutions

x1 =
−b +

√
b2 − 4ac

2a
=

−2(β1b1 − α1a1) +
√

4α1β1(a1 − b1)2

2(α1 − β1)

=
α1a1 − β1b1 +

√
α1β1|a1 − b1|

α1 − β1
(3.88)

and

x̃1 =
−b −√

b2 − 4ac

2a
=

−2(β1b1 − α1a1) −
√

4α1β1(a1 − b1)2

2(α1 − β1)

=
α1a1 − β1b1 −√

α1β1|a1 − b1|
α1 − β1

(3.89)

which represent vertical lines ( see Figure 3.25 ).
Case 2.2.2 : a1 = b1

In this case we have b2 − 4ac = 4α1β1(a1 − b1)2 = 0, which means

x1 =
−b

2a
=

−2(β1b1 − α1a1)
2(α1 − β1)

=
(α1 − β1)a1

α1 − β1
= a1 (3.90)

is the uniquely defined solution of Equation (3.87) and represents
a vertical line ( see Figure 3.26 ).

Case 3 : α1 = β1 ∧ α2 �= β2

Analogously to Case 2 with reversed roles of the indices.
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Case 4 : α1 = β1 ∧ α2 = β2

In this case Equation (3.71) is equivalent to

−2
∑

i=1,2

(αiai − βibi)xi =
∑

i=1,2

βib
2
i − αia

2
i (3.91)

or

2α1(a1 − b1)x1 + 2α2(a2 − b2)x2 = α1(a2
1 − b2

1) + α2(a2
2 − b2

2) . (3.92)

Depending on a1, a2, b1, b2 we can distinguish the following four cases :
Case 4.1 : a1 �= b1 ∧ a2 �= b2

This case implies

x2 = −α1(a1 − b1)
α2(a2 − b2)

x1 +
α1(a2

1 − b2
1) + α2(a2

2 − b2
2)

2α2(a2 − b2)
. (3.93)

Equation (3.93) describes a line, which is neither horizontal nor ver-
tical ( see Figure 3.27 ).

Case 4.2 : a1 �= b1 ∧ a2 = b2

This case implies

x1 =
a1 + b1

2
. (3.94)

Equation (3.94) describes a vertical line ( see Figure 3.28 ).
Case 4.3 : a1 = b1 ∧ a2 �= b2

This case implies

x2 =
a2 + b2

2
. (3.95)

Equation (3.95) describes a horizontal line ( see Figure 3.29 ).
Case 4.4 : a1 = b1 ∧ a2 = b2

This case implies
0x1 + 0x2 = 0 (3.96)

which is fulfilled for all x ∈ R2 ( see Figure 3.30 ).

Table 3.1 summarizes the case analysis.
Finally, to illustrate the above case analysis we classify the well-known

situation of two unit balls given by circles (Euclidean case). The consideration
of two Euclidean circles means α1 = α2 , β1 = β2 ( or γA =

√
α1l2 and

γA =
√

β1l2 ) and therefore ζ1 = ζ2, i.e. Case 1.1.2, Case 1.2.2, Case
2 and Case 3 can not occur. Because of ζ1 = ζ2 the ellipse of Case 1.1.1
describes the Apollonius’ circle. Since α1 = α2 Equation (3.92) can be written
as 〈a − b, x − a+b

2 〉 and describes the perpendicular line to the segment ab at
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a

b

Fig. 3.20. Illustration to Case 1.1.1

a

b

Fig. 3.21. Illustration to Case 1.1.2
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Table 3.1. Summary of the case analysis.

Case analysis Bisector
Case 1.1.1

Case 1.1 sgn(ζ1) = sgn(ζ2)
Ellipse

ζ �= 0 Case 1.1.2
Case 1 sgn(ζ1) �= sgn(ζ2)

Hyperbola

α1 �= β1 ∧ α2 �= β2 Case 1.2.1 Isolated
Case 1.2 sgn(ζ1) = sgn(ζ2) Point

ζ = 0 Case 1.2.2 2 lines with
sgn(ζ1) �= sgn(ζ2) opposite slopes

Case 2.1 Parabola with
a2 �= b2 horizontal directrix

Case 2 Case 2.2.1 2 vertical
α1 �= β1 ∧ α2 = β2 Case 2.2 a1 �= b1 lines

a2 = b2 Case 2.2.2 1 vertical
a1 = b1 line

Case 3.1 Parabola with
a1 �= b1 vertical directrix

Case 3 Case 3.2.1 2 horizontal
α1 = β1 ∧ α2 �= β2 Case 3.2 a2 �= b2 lines

a1 = b1 Case 3.2.2 1 horizontal
a2 = b2 line

Case 4.1 1 line ( neither hori-
a1 �= b1 ∧ a2 �= b2 zontal nor vertical )

Case 4.2 1 vertical
Case 4 a1 �= b1 ∧ a2 = b2 line

α1 = β1 ∧ α2 = β2 Case 4.3 1 horizontal
a1 = b1 ∧ a2 �= b2 line

Case 4.4 Plane
a1 = b1 ∧ a2 = b2 R2

the midpoint a+b
2 in Case 4.1, Case 4.2 and Case 4.3. Case 1.2.1 and

Case 4.4 include obviously the situation of two Euclidean circles with the
same midpoint.

Moreover, we can see that the right-most column of Table 3.1 contains all
regular ( or non-degenerate ) conic sections, i. e.

ellipse, hyperbola, parabola,

as well as all singular ( or degenerate ) conic sections, i. e.

two lines, pair of parallel lines ( or double line ), isolated point.

Hence the computation of bisectors for elliptic gauges can be used as an al-
ternative way to introduce in the theory of conic sections. The classical way
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a = b

Fig. 3.22. Illustration to Case 1.2.1

to introduce the conic sections is the intersection of a double cone K with a
hyper-plane H ( see [125, 24] ). Depending on

1. the vertex angle δ of the double cone K,
2. the gradient angle � of the hyper-plane H,
3. the location of the vertex S with respect to the hyper-plane H

the different conic sections can be classified ( see Figure 3.31 ). As we have
seen here, computing the bisector for elliptic gauges, we obtain the different
conic sections depending on

1. ( half ) the length of the major and minor axis of the ellipse A,
2. ( half ) the length of the major and minor axis of the ellipse B,
3. the location of the sites a and b with respect to each other.

Notice that the epigraphs of the two gauges are “cones” with ellipses ( instead
of circles ) as horizontal cross-sections ( see Figure 3.32 ). Therefore we have
in some sense the relationship to the classical double cone (with intersecting
hyper-plane ).

3.6 Bisectors of a Polyhedral Gauge and an Elliptic
Gauge

In this section we study the behavior of a bisector generated by a polyhedral
gauge and an elliptic gauge.
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a

b

Fig. 3.23. Illustration to Case 1.2.2

Let site a ∈ R2 be associated with a polyhedral gauge γA. The translated
extreme points of unit ball A define a partition of the plane in convex cones
Γ̃ a

i , i ∈ K, pointed at a as described in Sections 2.2 and 3.3. γA behaves
linearly in each cone Γ̃ a

i , i ∈ K. Hence we can assume that γA in a fixed cone
Γ̃ a ∈

{
Γ̃ a

i : i ∈ K
}

is given by

γA(x) = s1x1 + s2x2 (3.97)

where s1, s2 are real numbers with s1 �= 0 or s2 �= 0.
Let the elliptic gauge γB associated with site b ∈ R2 be given by

γB(x) =
√

ξ1x2
1 + ξ2x2

2 (3.98)

where ξ1, ξ2 are positive real numbers ( see page 75 ).
The boundary of the polyhedral unit ball A and the elliptic unit ball B

intersect at most 2K times. Therefore, the bisector Bisec(a, b) will contain not
more than K connected components by Lemma 3.9.
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a

b

Fig. 3.24. Illustration to Case 2.1

If we can determine the bisector Bisec(a, b) in cone Γ̃ a, we can determine
the whole bisector Bisec(a, b) in K steps.

To determine the bisector in cone Γ̃ a we have to solve the equation

γA(x − a) = γB(x − b) (3.99)

under the side constraint x ∈ Γ̃ a, which is equivalent to

s1(x1 − a1) + s2(x2 − a2) =
√

ξ1(x1 − b1)2 + ξ2(x2 − b2)2 . (3.100)

Squaring both sides of Equation (3.100) leads to

s2
1(x1 − a1)2 + 2s1s2(x1 − a1)(x2 − a2) + s2

2(x2 − a2)2

= ξ1(x1 − b1)2 + ξ2(x2 − b2)2 (3.101)

which is equivalent to
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a b

Fig. 3.25. Illustration to Case 2.2.1

a = b

Fig. 3.26. Illustration to Case 2.2.2

∑
i=1,2

s2
i (x

2
i − 2aixi + a2

i ) + 2s1s2(x1x2 − a1x2 − a2x1 + a1a2)

=
∑

i=1,2

ξi(x2
i − 2bixi + b2

i ) . (3.102)

Sorting Equation (3.102) with respect to the variables x1 and x2 leads to∑
i=1,2

(ξi − s2
i )x

2
i + 2(s2

i ai + s1s2aj − ξibi)xi − 2s1s2x1x2

=
∑

i=1,2

s2
i a

2
i − ξib

2
i + 2s1s2a1a2 (3.103)
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a

b

Fig. 3.27. Illustration to Case 4.1

a b

Fig. 3.28. Illustration to Case 4.2

with j := 1 + (imod 2), which is equivalent to∑
i=1,2

ηix
2
i + 2(s2

i ai + s1s2aj − ξibi)xi − 2s1s2x1x2

+
∑

i=1,2

ξib
2
i − (s1a1 + s2a2)2 = 0 (3.104)

with ηi := ξi − s2
i for i = 1, 2. Equation (3.104) can be rewritten as
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a

b

Fig. 3.29. Illustration to Case 4.3

a = b

Fig. 3.30. Illustration to Case 4.4

x�Sx + 2r�x + q = 0 (3.105)

with

S =
(

η1 −s1s2

−s1s2 η2

)
, r =

(
s2
1a1 + s1s2a2 − ξ1b1

s2
2a2 + s1s2a1 − ξ2b2

)
,

q =
∑

i=1,2

ξib
2
i − (s1a1 + s2a2)2 . (3.106)
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H

S

K

δ

Fig. 3.31. Intersection of a double cone with a hyperplane

To avoid the mixed quadratic term −2s1s2x1x2 in Equation (3.105) a re-
duction to normal form ( principal-axis transformation ) is necessary. The
principal-axis transformation is based on the following well-known theorem
of linear algebra ( see for example [75] ).

Theorem 3.3
For a symmetric matrix S exists a orthogonal matrix P , such that P�SP =:
D is a diagonal matrix. The diagonal elements of D are the ( always real )
eigenvalues λi of S ( with the corresponding multiplicity ) and the columns of
P are the corresponding normed eigenvectors vi.

By setting x := Py we obtain the normal form

0 = (Py)�SPy + 2r�Py + q

= yP�SPy + 2(P�r)�y + q
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a

b

Fig. 3.32. Intersection of the epigraphs of two elliptic gauges

= y�Dy + 2
(

v�1 r

v�2 r

)�
y + q

= λ1y
2
1 + λ2y

2
2 + 2v�1 ry1 + 2v�2 ry2 + q , (3.107)

which is an algebraic equation of second degree. Consequently the bisector
Bisec(a, b) ∩ Γ̃ a will be part of a conic section in the y1y2-coordinate system
( compare with Equation (3.71) in Section 3.5 ). We will investigate later how
to decide in advance which conic section, depending on s1, s2, ξ1, ξ2, is created.

To determine the eigenvalues of D we have to solve the quadratic equation

0 = det(S − λI)

= det
(

η1 − λ

−s1s2

−s1s2

η2 − λ

)
= (η1 − λ)(η2 − λ) − s2

1s
2
2
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= λ2 − (η1 + η2)λ + η1η2 − s2
1s

2
2 . (3.108)

The discriminant is given by

d = (η1 + η2)2 − 4(η1η2 − s2
1s

2
2)

= η2
1 + 2η1η2 + η2

2 − 4η1η2 + 4s2
1s

2
2 (3.109)

= (η1 − η2)2 + 4s2
1s

2
2 ≥ 0

and hence the eigenvalues by

λ1 =
η1 + η2 −√

d

2
and λ2 =

η1 + η2 +
√

d

2
. (3.110)

For the determination of the corresponding normed eigenvectors, respectively
P , a case analysis depending on s1, s2, η1, η2 is necessary.

Case 1 : s1s2 = 0 , i.e. s1 = 0 ∨ s2 = 0

This case implies d = (η1 − η2)2 and therefore

λ1 = η1+η2−|η1−η2|
2 = min{η1, η2} and λ2 = η1+η2+|η1−η2|

2 = max{η1, η2}.
Case 1.1 : η1 ≤ η2

That means λ1 = η1 and λ2 = η2. The ( identity ) matrix P =
(

1
0

0
1

)
is orthogonal and satisfies P�SP = S =

(
η1
0

0
η2

)
=

(
λ1
0

0
λ2

)
= D .

Notice that this case does not describe a real principal-axis transfor-
mation, since P is the identity matrix.

Case 1.2 : η1 > η2

That means λ1 = η2 and λ2 = η1. The matrix P =
(

0
1

1
0

)
is orthogonal

and satisfies P�SP =
(

η2
0

0
η1

)
=
(

λ1
0

0
λ2

)
= D . Notice that this case

only describes an exchange of the coordinate axes, since P =
(

0
1

1
0

)
.

Case 2 : s1s2 �= 0 , i.e. s1 �= 0 ∧ s2 �= 0

This case implies
√

d =
√

(η1 − η2)2 + 4s2
1s

2
2 > |η1 − η2| and therefore

d ± √
d(η1 − η2) > 0. Hence the following normed eigenvectors

v1 = 1√
2(d+

√
d(η1−η2))

(
2s1s2

η1 − η2 +
√

d

)
,

v2 = 1√
2(d−√d(η1−η2))

(
2s1s2

η1 − η2 −√
d

)
,

are well defined. The verification of the orthogonality of P =
(

v11
v21

v12
v22

)
and of P�SP = D is quite lengthy, but straightforward. Therefore, we
drop it here.



92 3 Bisectors

Now we investigate, which conic section describes Equation (3.107). This de-
pends on the slope of γB in comparison to the slope of γA in direction of
the steepest ascent of γB . The steepest ascent of the linear function γA is

b

a

B

A

s

s

Γ̃ a

p

Fig. 3.33. s tangent to B in p

in the direction of its gradient ∇γA = (s1, s2) and the slope is given by
∂
∂s

γA = 〈s, s
l2(s)

〉 = l2(s). The gradient s of γA is normal to

B =
{

x ∈ R2 :
√

ξ1x2
1 + ξ2x2

2 = 1
}

at p =
1√

s2
1

ξ1
+

s2
2

ξ2

(
s1

ξ1
,
s2

ξ2

)
, (3.111)

since the tangential line to B at a point p ∈ bd(B) is given by

p1ξ1x1 + p2ξ2x2 = 1 . (3.112)

( see Figure 3.33 ). The gradient of γB is given by

∇γB(x) =
(

ξ1x1

γB(x)
,

ξ2x2

γB(x)

)
for x ∈ R2 \ {0} (3.113)

and therefore the directional derivative of γB at p in the direction of s is given
by

∂

∂s
γB(p) = 〈∇γB(p),

s

l2(s)
〉 =

l2(s)√
s2
1

ξ1
+

s2
2

ξ2

(3.114)

To decide on the kind of the conic section, we compare ∂
∂s

γA with ∂
∂s

γB(p).
We have that
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∂

∂s
γA >

∂

∂s
γB(p) ⇔ 2(s) >

l2(s)√
s2
1

ξ1
+

s2
2

ξ2

⇔
√

s2
1

ξ1
+

s2
2

ξ2
> 1

⇔ s2
1

ξ1
+

s2
2

ξ2
> 1 . (3.115)

Moreover, the location of the sites a and b with respect to s determines whether
the conic section is degenerated or not. Hence we can distinguish depending
on ϕ(s1, s2, ξ1, ξ2) := s2

1
ξ1

+ s2
2

ξ2
and ψ(a, b, s) := 〈a − b, s〉 the following cases :

Case 1 : ϕ(s1, s2, ξ1, ξ2) < 1
Case 1.1 : ψ(a, b, s) �= 0 : Bisec(a, b) ∩ Γ̃ a ⊆ Ellipse.
Case 1.2 : ψ(a, b, s) = 0 : Bisec(a, b) ∩ Γ̃ a ⊆ Isolated point.

Case 2 : ϕ(s1, s2, ξ1, ξ2) = 1
Case 2.1 : ψ(a, b, s) �= 0 : Bisec(a, b) ∩ Γ̃ a ⊆ Parabola.
Case 2.2 : ψ(a, b, s) = 0 : Bisec(a, b) ∩ Γ̃ a ⊆ Line.

Case 3 : ϕ(s1, s2, ξ1, ξ2) > 1
Case 3.1 : ψ(a, b, s) �= 0 : Bisec(a, b) ∩ Γ̃ a ⊆ Hyperbola.
Case 3.2 : ψ(a, b, s) = 0 : Bisec(a, b) ∩ Γ̃ a ⊆ Two lines.

We illustrate the above discussion with the following example.

Example 3.3
Consider the sites a = (0, 0) and b = (6, 0) in the plane. Assume the unit
ball of site a is defined by the extreme points (2,−2) , (2, 1) ,

(
1
2 , 1

)
,
(− 1

2 , 0
)

and
(− 1

2 ,−2
)
, whereas site b is associated with the Euclidean unit ball ( see

Figure 3.34 ). The input data implies ξ1 = 1 , ξ2 = 1 , η1 = 1 − s2
1 , η2 =

1 − s2
2 , S =

(
1−s2

1−s1s2

−s1s2
1−s2

2

)
, r =

(−6
0

)
and q = 36. Moreover we obtain

ϕ(s1, s2, ξ1, ξ2) = s2
1 + s2

2 and ψ(a, b, c) = −6s1.
The bisector is computed in five steps.

1. Γ̃ a
1 defined by ẽa

1 = (2,−2) and ẽa
2 = (2, 1) :

s1 = 1
2 and s2 = 0 imply η1 = 3

4 and η2 = 1. Therefore we obtain d =
1
16 and the eigenvalues λ1 = 3

4 , λ2 = 1. Since s2 = 0 and η1 < η2,
we have Case 1.1 with P =

(
1
0

0
1

)
and obtain ( without a principal-axis

transformation )
3
4x2

1 + x2
2 − 12x1 + 36 = 0 ,

which is equivalent to the ellipse (Notice ϕ(s1, s2, ξ1, ξ2) = 1
4 < 1 ,

ψ(a, b, s) = −3 �= 0. )

1

42
(x1 − 8)2 +

1

(2
√

3)2
x2

2 = 1 .

The side constraints are x2 ≥ −x1 ∧ x2 ≤ 1
2x1 or equivalently −x1 ≤

x2 ≤ 1
2x1.
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a b

Γ̃ a
1

Γ̃ a
2Γ̃ a

3

Γ̃ a
4

Γ̃ a
5

Fig. 3.34. Illustration to Example 3.3

A simple computation shows that the line x2 = −x1 does not intersect the
ellipse, whereas the line x2 = 1

2x1 touches the ellipse in (6, 3). Moreover
the point (4, 0) ∈ Γ̃ a

1 is also a point of the ellipse, therefore the ellipse is
totally included in Γ̃ a

1 .
2. Γ̃ a

2 defined by ẽa
2 = (2, 1) and ẽa

3 =
(

1
2 , 1

)
:

s1 = 0 and s2 = 1 imply η1 = 1 and η2 = 0. Therefore we obtain d = 1
and the eigenvalues λ1 = 0 , λ2 = 1. Since s1 = 0 and η1 > η2, we have
Case 1.2 with P =

(
0
1

1
0

)
and obtain
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y2
2 − 12y2 + 36 = 0 ,

which is equivalent to
(y2 − 6)2 = 0

and therefore only fulfilled by the line (Notice ϕ(s1, s2, ξ1, ξ2) = 1 ,
ψ(a, b, s) = 0. )

y2 = 6 or x1 = 6 .

The side constraints x2 ≥ 1
2x1 ∧ x2 ≤ 2x1 imply 3 ≤ x2 ≤ 12. Therefore,

in Γ̃ a
2 the bisector is given by a vertical line segment from (6, 3) to (6, 12)

in the x1x2-coordinate system.
3. Γ̃ a

3 defined by ẽa
3 =

(
1
2 , 1

)
and ẽa

4 =
(− 1

2 , 0
)
:

s1 = −2 and s2 = 2 imply η1 = −3 and η2 = −3. Therefore we obtain
d = 64 and the eigenvalues λ1 = −7 , λ2 = 1. Since s1 �= 0 and s2 �= 0,
we have Case 2 with P =

√
2

2

(
+1
−1

+1
+1

)
and obtain

−7y2
1 + y2

2 − 6
√

2y1 − 6
√

2y2 + 36 = 0 ,

which is equivalent to the hyperbola (Notice ϕ(s1, s2, ξ1, ξ2) = 8 > 1,
ψ(a, b, s) = 12 �= 0.)

1
( 12

7 )2
(y1 + 3

√
2

7 )2 − 1
( 12

√
7

7 )2
(y2 + 3

√
2)2 = 1.

This hyperbola is tangent to the line y2 = −3y1 in
(−3

√
2, 9

√
2
)

( or
x2 = 2x1 in (6, 12) the x1x2-coordinate system ) and intersects the line
y2 = −y1 in

(−3
√

2,−3
√

2
)

( or x2 = 0 in (−6, 0) in the x1x2-coordinate
system ).

4. Γ̃ a
4 defined by ẽa

4 =
(− 1

2 , 0
)

and ẽa
5 =

(− 1
2 ,−2

)
:

s1 = −2 and s2 = 0 imply η1 = −3 and η2 = 1. Therefore we obtain
d = 16 and the eigenvalues λ1 = −3 , λ2 = 1. Since s2 = 0 and η1 < η2,
we have Case 1.1 with P =

(
1
0

0
1

)
and obtain ( without principal-axis

transformation )
−3x2

1 + x2
2 − 12x1 + 36 = 0 ,

which is equivalent to the hyperbola (Notice ϕ(s1, s2, ξ1, ξ2) = 4 >
1 , ψ(a, b, s) = 12 �= 0. )

1

42
(x1 + 2)2 − 1

(4
√

3)2
x2

2 = 1 .

The side constraints are x1 ≤ 0 ∧ x1 ≥ 4x2 or equivalently 4x2 ≤ x1 ≤ 0.
5. Γ̃ a

5 defined by ẽa
5 =

(− 1
2 ,−2

)
and ẽa

1 = (2,−2) :

s1 = 0 and s2 = 1
2 imply η1 = 1 and η2 = 3

4 . Therefore, we obtain d = 1
16

and the eigenvalues λ1 = 3
4 , λ2 = 1. Since s1 = 0 and η1 > η2, we have

Case 1.2 with P =
(

0
1

1
0

)
and obtain
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3
4y2

1 + y2
2 − 12y2 + 36 = 0 ,

which is equivalent to

3
4y2

1 + (y2 − 6)2 = 0

and therefore only fulfilled by the isolated point y = (0, 6) respectively x =
(6, 0) (Notice ϕ(s1, s2, ξ1, ξ2) = 1

4 < 1 , ψ(a, b, s) = 0. ). Since x = (6, 0)
does not fulfill the side constraints x2 ≤ 4x1 ∧ x2 ≤ −x1 , the bisector
does not run through Γ̃ a

5 .

Figure 3.34 shows the bisector Bisec(a, b). Notice that the vertical segment
from (6, 3) to (6, 12), which is part of the bisector in Γ̃ a

2 , is not separating.

3.7 Approximation of Bisectors

In this section we will investigate the approximation of bisectors. The approx-
imation of bisectors is of interest in those cases where the determination of
the exact bisector Bisec(a, b) is too difficult. Difficulties will occur if the curves
describing the boundaries bd(A) and bd(B) of the two generating unit balls
are analytical not easy to handle. In this case one should choose two unit
balls Ã, B̃ which are similar to A and B, respectively, and easy to handle, for
instance polyhedral approximations of A and B. Good approximations of the
unit balls will lead to a good approximation of the bisector. Therefore, the ap-
proximation of a bisector Bisec(a, b) is strongly related to the approximation
of the generating unit balls A and B. Hence we consider first the “similarity”
of unit balls before we consider the “similarity” of bisectors.

We measure the similarity of two unit balls C, C̃ ⊆ Rn by the expressions

∆C,C̃ := sup
x∈Rn\{0}

∣∣∣∣γC(x) − γC̃(x)
l2(x)

∣∣∣∣ = sup
x∈S(0,1)

|γC(x) − γC̃(x)| (3.116)

or
∇C,C̃ := sup

x∈Rn\{0}

∣∣∣∣γC(x) − γC̃(x)
γC̃(x)

∣∣∣∣ = sup
x∈bd(C̃)

|γC(x) − 1| (3.117)

which compare the maximal difference between γC(x) and γC̃(x) with respect
to the Euclidean unit ball and to C̃ respectively. The smaller ∆C,C̃ and ∇C,C̃

are, the more similar are C and C̃ or γC and γC̃ , respectively ( see Exam-
ple 3.4 ).

Notice that ∆C,C̃ = ∆C̃,C , but ∇C,C̃ �= ∇C̃.C in general.

Example 3.4
We consider the Manhattan-norm l1, the Euclidean norm l2, the Chebyshev-



3.7 Approximation of Bisectors 97

norm l∞ and their corresponding unit balls and obtain :

∆C,C̃ = ∆C̃,C

p 1 2 ∞
1 0

√
2 − 1

√
2

2

2
√

2 − 1 0 1 −
√

2
2

∞
√

2
2 1 −

√
2

2 0

∇C,C̃ �= ∇C̃,C

p 1 2 ∞
1 0

√
2 − 1 1

2 1 −
√

2
2 0

√
2 − 1

∞ 1
2 1 −

√
2

2 0

How do we measure the goodness of a point x of an approximated bisector?
For that purpose we consider the absolute error

dabs
A,B(x) := |γA(x − a) − γB(x − b)| (3.118)

and the relative error

drel
A,B(x) :=

∣∣∣∣γA(x − a) − γB(x − b)
γA(x − a) + γB(x − b)

∣∣∣∣ (3.119)

of the point x. For motivation see the following example.

Example 3.5
Let us consider the sites a = (0, 0) and b = (10, 0), both associated with the
1-norm. Then the exact bisector is given by the vertical line Bisec(a, b) = {x ∈
R2 : x1 = 5}.

Consider the points u = (4.99, 0) , v = (5.05, 95) , w = (4, 995) and y =
(6, 0). Which one would you accept as a point of an approximated bisector?

On the first sight all those points whose distance to a differs not too much
from the distance to b. The absolute differences of the distances are given by

dabs
A,B(u) = | 4.99 − 5.01 | = 0.02

dabs
A,B(v) = | 100.05 − 99.95 | = 0.1

dabs
A,B(w) = | 999 − 1001 | = 2
dabs

A,B(y) = | 6 − 4 | = 2 ,

therefore the only acceptable point seems to be u.
However, from the objective point of view it seems to be more suitable to

consider the relative difference of the distances. For instance, in the case of
point y the absolute difference is dabs

A,B(y) = 2, whereas l1(y − a) = 6 and
l1(y−b) = 4, i.e. the distance of y to a is 50% larger than the distance of y to
b. For the point w the absolute error is also dabs

A,B(w) = 2, but l1(w − a) = 999
and l1(w− b) = 1001, i.e. the distance of w to b is only 0.200 . . . % larger than
the distance of w to a, which is neglectable. Therefore, we should consider the
absolute difference of the distances in relation to the covered distances :
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drel
A,B(u) =

∣∣∣ 4.99−5.01
4.99+5.01

∣∣∣ = 0.02
10 = 0.002

drel
A,B(v) =

∣∣∣ 100.05−99.95
100.05+99.95

∣∣∣ = 0.1
200 = 0.0005

drel
A,B(w) =

∣∣∣ 999−1001
999+1001

∣∣∣ = 2
2000 = 0.001 . . .

drel
A,B(y) =

∣∣∣ 6−4
6+4

∣∣∣ = 2
10 = 0.2

Now, from the objective point of view, we can accept u, v and w as points of
an approximated bisector.

The following lemma gives information about the goodness of bisector points
of the approximated bisector depending on the similarity of the unit balls.
Example 3.6 illustrates the result of the lemma.

Lemma 3.13
Let a, b ∈ R2 be two sites associated with gauges γA, γB respectively γÃ, γB̃ and
let K,Ka,Kb be real numbers with K > l2(a−b)

2 , Ka >
γÃ(b−a)

2 , Kb >
γB̃(a−b)

2 .
Then the following ( absolute and relative ) error bounds hold :

1. dabs
A,B(x) ≤ ∆A,Ãl2(x − a) + ∆B,B̃l2(x − b) ∀ x ∈ BisecÃ,B̃(a, b) .

2. dabs
A,B(x) ≤ ∇A,ÃγÃ(x − a) + ∇B,B̃γB̃(x − b) ∀ x ∈ BisecÃ,B̃(a, b) .

3. dabs
A,B(x) ≤ K(∆A,Ã+∆B,B̃) ∀ x ∈ BisecÃ,B̃(a, b)∩B

(
a+b
2 ,K − l2(a−b)

2

)
.

4. dabs
A,B(x) ≤ Ka∇A,Ã + Kb∇B,B̃

∀ x ∈ BisecÃ,B̃(a, b)∩B
(

a+b
2 ,Ka − γÃ(b−a)

2

)
∩

B
(

a+b
2 ,Kb − γB̃(a−b)

2

)
.

5. drel
A,B(x) ≤ ∇A,Ã+∇B,B̃

2−(∇A,Ã+∇B,B̃) ∀ x ∈ BisecÃ,B̃(a, b) .

6. drel
A,B(x) ≤ ∇A,Ã+∇B,B̃

2 ∀ x ∈ BisecÃ,B̃(a, b) , if A ⊆ Ã and B ⊆ B̃ .

Proof.
1. Let x ∈ BisecÃ,B̃(a, b) ⇒ dabs

A,B(x) = |γA(x − a) − γB(x − b)| = . . .
Case 1 : γA(x − a) ≥ γB(x − b)

. . . = γA(x − a) − γB(x − b)
≤ γÃ(x − a) + ∆A,Ãl2(x − a) − ( γB̃(x − b) − ∆B,B̃l2(x − b) )
= ∆A,Ãl2(x − a) + ∆B,B̃l2(x − b).

Case 2 : γA(x − a) ≤ γB(x − b)

. . . = γB(x − b) − γA(x − a)
≤ γB̃(x − b) + ∆B,B̃l2(x − b) − ( γÃ(x − a) − ∆A,Ãl2(x − a) )
= ∆A,Ãl2(x − a) + ∆B,B̃l2(x − b).

2. Analogously to 1.
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3. Let x ∈ BisecÃ,B̃(a, b) ∩ B
(

a+b
2 ,K − l2(a−b)

2

)
⇒

dabs
A,B(x) ≤ ∆A,Ãl2(x − a) + ∆B,B̃l2(x − b) by 1.

= ∆A,Ãl2 (x − a+b
2 + b−a

2 ) + ∆B,B̃l2 (x − a+b
2 + a−b

2 )
≤ ∆A,Ã (l2 (x − a+b

2 ) + l2 ( b−a
2 )) + ∆B,B̃ (l2 (x − a+b

2 ) + l2 ( a−b
2 ))

≤ ∆A,ÃK + ∆B,B̃K = K(∆A,Ã + ∆B,B̃) .

4. Analogously to 3.
5. Let x ∈ BisecÃ,B̃(a, b). Then 2. implies

drel
A,B(x) =

∣∣∣∣γA(x − a) − γB(x − b)
γA(x − a) + γB(x − b)

∣∣∣∣
≤ ∇A,ÃγÃ(x − a) + ∇B,B̃γB̃(x − b)

γA(x − a) + γB(x − b)

≤ ∇A,ÃγÃ(x − a) + ∇B,B̃γB̃(x − b)
(1 − ∇A,Ã)γÃ(x − a) + (1 − ∇B,B̃)γB̃(x − b)

=
∇A,Ã + ∇B,B̃

(1 − ∇A,Ã) + (1 − ∇B,B̃)

=
∇A,Ã + ∇B,B̃

2 − (∇A,Ã + ∇B,B̃)
.

6. Let x ∈ BisecÃ,B̃(a, b). γA(x− a) ≥ γÃ(x− a) , γB(x− b) ≥ γB̃(x− b) and
2. imply

drel
A,B(x) =

∣∣∣∣γA(x − a) − γB(x − b)
γA(x − a) + γB(x − b)

∣∣∣∣ ≤ ∇A,ÃγÃ(x − a) + ∇B,B̃γB̃(x − b)
γÃ(x − a) + γB̃(x − b)

=
∇A,Ã + ∇B,B̃

2
.

�

Example 3.6
Consider the sites a = (0, 10) and b = (15, 5) associated with the gauges
γA = l2, γÃ = l∞ and γB = l2, γB̃ = l1. For x = (10, 0) we have

γÃ(x − a) = max{|10 − 0|, |0 − 10|} = 10 = |10 − 15| + |0 − 5| = γB̃(x − b) ,

i.e. x ∈ BisecÃ,B̃(a, b) , and

l2(x − a) =
√

(10 − 0)2 + (0 − 10)2 = 10
√

2,

l2(x − b) =
√

(10 − 15)2 + (0 − 5)2 = 5
√

2
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which imply the absolute error bounds

∆A,Ãl2(x − a) + ∆B,B̃l2(x − b) = (1 − √
2

2 ) 10
√

2 +
(√

2 − 1
)

5
√

2 = 5
√

2

and

∇A,ÃγÃ(x − a) + ∇B,B̃γB̃(x − b) = (1 − √
2

2 ) 10 +
(√

2 − 1
)

10 = 5
√

2 .

Since dabs
A,B(x) =

∣∣10
√

2 − 5
√

2
∣∣ = 5

√
2, both absolute error bounds are sharp

for x. The relative error bounds are given by

∇A,Ã + ∇B,B̃

2 − (∇A,Ã + ∇B,B̃)
=

1 −
√

2
2 +

√
2 − 1

2 − (1 −
√

2
2 +

√
2 − 1)

= 0, 5469 . . .

and
∇A,Ã + ∇B,B̃

2
=

1 −
√

2
2 +

√
2 − 1

2
=

√
2

4
= 0.3535 . . . ,

both are not sharp for x, since drel
A,B(x) =

∣∣∣ 10√2−5
√

2
10
√

2+5
√

2

∣∣∣ = 5
√

2
15
√

2
= 1

3 .

The approximation of a convex set C ⊆ R2 can be done by a set C ⊆ R2 with
C ⊆ C, i.e. C is approximated by C from the interior, or by a set C ⊆ R2

with C ⊆ C, i.e. C is approximated by C from the exterior. Taking into
account this fact for the two generating unit balls A and B of a bisector we
can bound the region which contains Bisec(a, b) by considering two bisectors
BisecA,B(a, b) and BisecA,B(a, b) with A ⊆ A ⊆ A and B ⊆ B ⊆ B.

Lemma 3.14
Let a, b ∈ R2 be two sites associated with gauges γA, γA, γA respectively
γB , γB , γB such that A ⊆ A ⊆ A and B ⊆ B ⊆ B. Then the following
expressions describe the same set :

1. CA,B(a, b) ∩ CB,A(b, a)

2. R2 \
(

DA,B(a, b) ∪ DB,A(b, a)
)

Proof.
CA,B(a, b) ∩ CB,A(b, a)

=
(

R2 \ DB,A(b, a)
) ⋂ (

R2 \ DA,B(a, b)
)

= R2 \
(

DA,B(a, b) ∪ DB,A(b, a)
)

�

Let us denote the set described by the expressions of Lemma 3.14 by
EA,A,B,B(a, b). Obviously
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EA,A,B,B(a, b) = EB,B,A,A(b, a) (3.120)

holds since the definition is symmetric in A,A and B,B.

Lemma 3.15
Let a, b ∈ R2 be two sites associated with gauges γA, γA, γA respectively
γB , γB , γB such that A ⊆ A ⊆ A and B ⊆ B ⊆ B. Then the bisector Bisec(a, b)
is included in EA,A,B,B(a, b), i.e. Bisec(a, b) ⊆ EA,A,B,B(a, b) .

Proof.
For x ∈ Bisec(a, b) and A ⊆ A ⊆ A , B ⊆ B ⊆ B holds

γA(x − a) ≤ γA(x − a) = γB(x − b) ≤ γB(x − b)

and
γB(x − b) ≤ γB(x − b) = γA(x − a) ≤ γA(x − a)

which implies
x ∈ CA,B(a, b) ∧ x ∈ CB,A(b, a)

and therefore

x ∈ CA,B(a, b) ∩ CB,A(b, a) = EA,A,B,B(a, b) .

�

To make the results of Lemma 3.15 clearer we present two examples.

Example 3.7
Figure 3.35 shows the situation of Lemma 3.15 for the sites a = (0, 0) , b =
(8, 4) and the gauges γA = γB = l1 , γA = γB = l2 , γA = γB = l∞. Notice that
Bisec(a, b), BisecA,B(a, b) as well as BisecA,B(a, b) consist of one connected
component. This property will be violated in the following example.

Example 3.8
Figure 3.36 shows the situation of Lemma 3.15 for the sites a = (0, 0) , b =
(6, 3) and the gauges γA = 1

2 l1 , γA = 1
2 l2 , γA = 1

2 l∞ , γB = l1 , = γB =
l2 , γB = l∞. Here Bisec(a, b) and BisecA,B(a, b) are closed curves, while
BisecA,B(a, b) is disconnected ( with two connected components ). Obviously,
an approximated bisector should keep the character ( number and type of
connected components ) of the exact bisector. Therefore this example illus-
trates not only Lemma 3.15, but also demonstrates that the approximation of
γA = 1

2 l2 by γA = 1
2 l1 and γB = l2 by γB = l∞ is not precise enough. However,

the approximation of γA = 1
2 l2 by γA = 1

2 l∞ and γB = l2 by γB = l1 keeps al-
ready the character of the bisector. This is due to the fact that A and B share
the same properties as A and B with respect to Lemma 3.7 - Corollary 3.6.
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a

b

D
A,B

(a, b)

D
B,A

(b, a)

C
A,B

(a, b) ∩ C
B,A

(b, a)

Bisec(a, b)

D
A,B

(a, b)

C
B,A

(b, a)

C
A,B

(a, b)

D
B,A

(b, a)

DA,B(a, b)

DB,A(b, a)

Fig. 3.35. Illustration to Example 3.7
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a

b

D
A,B

(a, b)

D
B,A

(b, a)

C
A,B

(a, b) ∩ C
B,A

(b, a)

Bisec(a, b)

D
A,B

(a, b)

C
B,A

(b, a)
C

A,B
(a, b)

D
B,A

(b, a)

DA,B(a, b)

DB,A(b, a)

Fig. 3.36. Illustration to Example 3.8

Nevertheless, BisecA,B(a, b) is still far away from a good approximation. This
observations can be summarized as follows : An exact bisector Bisec(a, b) and
its approximation BÃ,B̃(a, b) have the same character ( number and type of
connected components ), if Ã and B̃ share the same properties as A and B
with respect to Lemma 3.7 - Corollary 3.6. Hence the approximations of the
unit balls should be chosen carefully.
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The Single Facility Ordered Median Problem

In Chapter 2 we have seen many useful structural properties of the continuous
OMP. In this chapter we will concentrate on solution algorithms for the single
facility case using as basis the results of Chapter 2. First we will present an
approach for the convex case (λ non-decreasing) based on linear programming
(see also [177] and [54]) which is applicable for the polyhedral case in Rn.
However, as will be explained, the case with general λ will lead to a highly
inefficient search procedure. Therefore, we introduce also a geometric approach
which is limited to low dimensions, but has the advantage that it is valid for
any type of λ. Then we proceed to show how the approaches with polyhedral
gauges can be used to solve also the non-polyhedral case. The following section
is devoted to the OMP with positive and negative weights whereas in the final
section we present the best algorithms known up-to-date for the polyhedral
version of the OMP, following the results in [117]. All results are accompanied
by a detailed complexity analysis.

4.1 Solving the Single Facility OMP by Linear
Programming

Let γi be the gauge associated with the facility ai, i = 1, . . . , M , which is de-
fined by the extreme points of a polytope Bi, Ext(Bi) = {ei

g : g = 1, . . . , Gi}.
Moreover, we denote by Bo

i the polar polytope of Bi and its set of extreme
points as Ext(Bo

i ) = {eio

g : g = 1, . . . , Gi}.

Throughout this section we will assume λ ∈ S≤M . Therefore, using Theo-
rem 1.3 we can write the ordered median function as:

fλ(x) =
M∑
i=1

λid(i)(x) = max
σ∈P(1...M)

M∑
i=1

λiwσ(i)γσ(i)(x − aσ(i)).
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Restricting ourselves to polyhedral gauges, a straightforward approach,
using linear programming, can be given to solve the OMP.
For a fixed σ ∈ P(1 . . . M), consider the following linear program:

(Pσ) min
M∑
i=1

λizσ(i)

s.t. wi〈eio

g , x − ai〉 ≤ zi ∀eio

g ∈ Ext(Bo
i ), i = 1, 2, . . . , M

zσ(i) ≤ zσ(i+1) i = 1, 2, . . . , M − 1.

In the next lemma we will show that this linear program provides optimal
solutions to the OMP in the case where an optimal solution of Pσ is in Oσ.

Lemma 4.1 For any x ∈ Oσ we have:

1. x can be extended to a feasible solution (x, z1, . . . , zM ) of Pσ.
2. The optimal objective value of Pσ with x fixed equals fλ(x).

Proof.

1. Since γi(x − ai) = maxeio
g ∈Ext(Bo

i
)〈eio

g , x − ai〉 (see Corollary 2.1), we can
fix zi := wiγi(x − ai) which satisfies the first set of inequalities in Pσ.
From x ∈ Oσ we have
wσ(i)γσ(i)(x − aσ(i)) ≤ wσ(i+1)γσ(i+1)(x − aσ(i+1)) for i = 1, . . . , M − 1.
Therefore, zσ(i) ≤ zσ(i+1) and also the second set of inequalities is fulfilled.

2. In the first set of inequalities in Pσ we have
zi ≥ wi maxeio

g ∈Ext(Bo
i
)〈eio

g , x − ai〉. Therefore, in an optimal solution
(x, z∗) of Pσ for fixed x we have z∗i = wi maxeio

g ∈Ext(Bo
i
)〈eio

g , x − ai〉 =
wiγi(x − ai). Hence, we have for the objective function value of Pσ

M∑
i=1

λiz
∗
σ(i) =

M∑
i=1

λiwσ(i)γσ(i)(x − aσ(i)) = fλ(x).
�

Corollary 4.1 If for an optimal solution (x∗, z∗) of Pσ we have x∗ ∈ Oσ

then x∗ is also an optimal solution to the OMP restricted to Oσ.

Nevertheless, it is not always the case that the optimal solutions to Pσ

belong to Oσ. We show in the next example one of these situations.

Example 4.1
Consider the 1-dimensional situation with three existing facilities a1 = 0,
a2 = 2 and a3 = 4 and corresponding weights w1 = w2 = w3 = 1. Moreover,
λ1 = 1, λ2 = 2, and λ3 = 4.

This input data generates the ordered regions O123 = (−∞, 1], O213 =
[1, 2], O231 = [2, 3] and O321 = [3,∞) as shown in Figure 4.1.

The linear program P123 is given by
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min 1z1 + 2z2 + 4z3

s.t.
±(x − 0) ≤ z1

±(x − 2) ≤ z2

±(x − 4) ≤ z3

z1 ≤ z2

z2 ≤ z3

(x, z1, z2, z3) = (2, 2, 2, 2) is feasible for P123 with objective value 1 · 2 + 2 ·
2 + 4 · 2 = 14, but x = 2 �∈ O123. Moreover, the optimal solution restricted to
O123 is given by x = 1 with fλ(1) = 1 · 1 + 2 · 1 + 4 · 3 = 15 > 14, whereas the
global optimal solution is given by x = 2 with fλ(2) = 1 · 0 + 2 · 2 + 4 · 2 = 12.

-1 0 1 2 3 4 5

a1 a2 a3

O123 O213 O231 O321

Fig. 4.1. Illustration to Example 4.1

The following result shows that in the case outlined in Example 4.1 we
can determine another ordered region where we can continue the search for
an optimal solution.

Lemma 4.2 If for an optimal solution (x∗, z∗) of Pσ we have x∗ ∈ Oσ′ and
x �∈ Oσ with σ′ �= σ then

min
x∈Oσ′

fλ(x) < min
x∈Oσ

fλ(x).

Proof.
Since σ′ �= σ there exist at least two indices i and j such that for x ∈ Oσ we
have wiγi(x − ai) ≤ wjγj(x − aj) and for x∗ ∈ Oσ′ we have wiγi(x − ai) >
wjγj(x − aj). But (x∗, z∗) is feasible for Pσ, which means z∗i ≤ z∗j and

z∗i ≥ wi max
eio

g ∈Ext(Bo
i
)
〈eio

g , x∗ − ai〉 = wiγi(x∗ − ai).

So,
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z∗j ≥ wiγi(x∗ − ai).

Together we get for x∗ ∈ Oσ′ and (x∗, z∗) being feasible for Pσ that z∗j ≥
wiγi(x∗ − ai) > wjγj(x∗ − aj) in Pσ. This implies, that the optimal objective
value for Pσ which is

∑M
i=1 λiz

∗
σ(i) is greater than fλ(x∗). But from Lemma 4.1

we know that since x∗ ∈ Oσ′ the optimal objective value of Pσ′ equals fλ(x∗).
�

Our initial assumption, λ ∈ S≤M , implies the convexity of the OMf. Using
additionally Lemma 4.2, we can develop a descent algorithm for this prob-
lem. For each ordered region the problem is solved as a linear program which
geometrically means either finding the locally best solution in this ordered
region or detecting that this region does not contain the global optimum by
using Lemma 4.2. In the former case two situations may occur. First, if the
solution lies in the interior of the considered region (in Rn) then by convexity
this is the global optimum and secondly, if the solution is on the boundary we
have to do a local search in the neighborhood regions where this point belongs
to. It is worth noting that to accomplish this search a list L containing the
already visited neighborhood regions is used in the algorithm. Beside this, it
is also important to realize that we do not need to explicitly construct the
corresponding ordered region. It suffices to evaluate and to sort the distances
to the demand points. The above discussion is formally presented in Algo-
rithm 4.1.

Algorithm 4.1 is efficient in the sense that it is polynomially bounded.
Once the dimension of the problem is fixed, its complexity is dominated by
the complexity of solving a linear program for each ordered region. Since for
any fixed dimension the number of ordered regions is polynomially bounded
and the interior point method solves linear programs in polynomial time, Al-
gorithm 4.1 is polynomial in the number of cells.

Example 4.2
Consider three facilities a1 = (0, 2.5), a2 = (5.5, 0) and a3 = (5.5, 6) with the
same gauge γ corresponding to l1-norm, λ = (1, 2, 3) and all weights equal to
one.

The following problem is formulated:

min
x∈R2

γ(1)(x − A) + 2γ(1)(x − A) + 3γ(1)(x − A).

We show in Figure 4.2 the ordered elementary convex sets for this problem.
Notice that the thick lines represent the bisectors between the points in A,
while the thin ones are the fundamental directions of the norm.
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Algorithm 4.1: Solving the convex single facility OMP via linear program-
ming

Choose xo as an appropriate starting point.
Initialize L := ∅, y∗ = xo.
Look for the ordered region, Oσo which y∗ belongs to, where σo determines
the order.
Solve the linear program Pσo .1
Let uo = (xo

1, x
o
2, z

o
σ) be an optimal solution.

if x0 = (xo
1, x

o
2) �∈ Oσo then

determine a new ordered region Oσo , where xo belongs to and go to 1
end
Let yo = (xo

1, x
o
2).

if yo belongs to the interior of Oσo then
set y∗ = yo and go to 2.

end
if fλ(yo) �= fλ(y∗) then

L := {σo}.
end
if there exist i and j verifying

wσo(i)γσo(i)(y
o − aσo(i)) = wσo(j)γσo(j)(y

o − aσo(j)) i < j

such that
(σo(1), . . . , σo(j), . . . , σo(i), . . . , σo(M)) �∈ L

then
y∗ := yo, σo := (σo(1), . . . , σo(j), . . . , σo(i), . . . , σo(M)), L := L ∪ {σo}
go to 1

else
go to 2 (Optimum found).

end
Output y∗.2

We solve the problem using Algorithm 4.1. Starting with xo = a3 =
(5.5, 6) ∈ Oσo for σo = (3, 2, 1), we get an optimal solution in two itera-
tions. In the first one, we have to solve the linear program, with respect to
σo, given by:

(Pσo) min z3 + 2z2 + 3z1

s.t. 〈eio

g , x − ai〉 ≤ zi eio

g ∈ Ext(Bo
i ) = Ext(Bo

l1
) = Ext(Bl∞),

i = 1, 2, 3
z3 ≤ z2

z2 ≤ z1.

The optimal solution is uo = (5.5, 3, 6, 3, 3) with objective value 27. Thus,
we get the point x1 = b9 = (5.5, 3) that lies on the boundary of the ordered
regions with respect to σo = (3, 2, 1) and σ1 = (2, 3, 1). Following the al-
gorithm, we have to solve Pσ1 to verify that in this new region there is no
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Fig. 4.2. Illustration to Example 4.2

better solution. In the second iteration we obtain u1 = (5.5, 2.5, 5.5, 2.5, 3.5)
with objective value 26. From u1 we get the point x2 = b6 = (5.5, 2.5) that
lies in the ordered region with respect to σ = (2, 3, 1). This point cannot be
improved in its neighborhood, therefore it is an optimal solution.

In principle, we may use the linear programming approach also in the
non-convex case. However, this only can be done by enumerating all ordered
regions, since otherwise we might get stuck in a local minimum. Many of the
ordered regions might even be empty. Therefore, we will present in Section 4.2
an approach which explicitly uses the underlying geometry to be able to tackle
the non-convex case in the plane.

4.2 Solving the Planar Ordered Median Problem
Geometrically

In Section 2.3.2 we have seen (Theorem 2.2) that there exists an optimal
solution of the OMP on the vertices of the ordered elementary convex sets,
usually called ordered intersection points (OIP). Consequently, the geometri-
cal method will be based on this result.

For the sake of simplicity, in the presentation we restrict ourselves to the
planar case. Furthermore, to solve the problem geometrically, we will only
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consider the full dimensional ordered elementary convex sets. If we construct
the rays based on the fundamental directions and the bisectors, we will have
a planar subdivision, where the regions are called cells (see Figure 4.3).

The set of all cells will be denoted by C.

Fig. 4.3. Bisectors, fundamental directions and corresponding cells

These regions are convex. Recall the discussion on the o.e.c.s. after (2.28).
Therefore, if we construct all the fundamental directions and the bisectors
we divide the plane into convex regions. In addition, we have seen that the
ordered median function fλ is convex for 0 ≤ λ1 ≤ · · · ≤ λM . Therefore, we
know that all local minima are global minima. Furthermore, we have:

Theorem 4.1 The ordered median function fulfills the following properties:

1. fλ is affine linear in each cell C ∈ C.
2. If λ ∈ S≤M the level curves of fλ are convex polygons in R2, which are

affine linear in each cell C ∈ C.

Proof.

1. For C ∈ C there exists a permutation π ∈ P(1 . . . M) such that C ⊆ Oπ.
Therefore, for x ∈ C ⊆ Oπ we have
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fλ(x) =
M∑
i=1

λiwπ(i)γπ(i)(x − aπ(i)) =
M∑
i=1

λπ−1(i)wi︸ ︷︷ ︸
=:wi

γi(x − ai)

=
M∑
i=1

wiγi(x − ai).

Every gauge γi(x − ai) is an affine function in each fundamental cone

ai +Γ j
i for all j ∈ {1, . . . , Gi}, so, γi(x− ai) is also affine in

M⋂
i=1

(ai +Γ j
i ).

Since the cell C must be contained in this intersection, fλ is also affine in
C.

2. Follows from 1. and the convexity of fλ.
�

The following result is a direct consequence of Theorem 4.1 and the con-
vexity of fλ (Theorem 1.3).

Theorem 4.2 The set of optimal solutions M(fλ, A) of the single facility
OMP with polyhedral gauges and λ ∈ S≤M is either a vertex or a bounded convex
union of cells or edges in the planar subdivision generated by the fundamental
directions and the bisectors.

Even in the non-convex case, solving the single facility OMP can be reduced
to evaluate the objective function at each vertex of every cell as shown in the
next corollary.

Corollary 4.2 There is at least one optimal solution for the planar OMP
with polyhedral gauges in a vertex of a cell, i.e., in the set of the ordered
intersection points OIP. Furthermore

M(fλ, A) =
⋃

C∈C
conv{(arg min

x∈OIP
fλ(x))

⋂
C} .

Proof.
There exists an optimal solution in a vertex of a cell because the objective
function is affine linear in every cell by Theorem 4.1. If there are several
optimal vertices in a cell, the convex hull of these optima is also optimal,
since the ordered median function is affine linear in each cell. �

This means that for solving the non-convex case we have to compute all the
intersection points. The following lemma shows that we only have to look for
intersection points that are inside the Euclidean ball centered at the origin
and with radius R, as shown in Figure 4.4. As a side-effect we can replace
half-lines by line segments.
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Fig. 4.4. Euclidean ball that contains optimal solutions

Lemma 4.3 For x ∈ M(fλ, A) we obtain

l2(x) ≤ max
1≤i≤M

{γi(−ai)ri
max + l2(ai)} := R, (4.1)

where ri
max = max

g∈Gi

{l2(ei
g)}.

Proof.
By [153] we know that there exists an index 1 ≤ ix ≤ M with

γix
(x − aix

) ≤ γix
(−aix

).

Moreover, let x ∈ R2 and xo be the corresponding foot-point, then

γB(x) =
l2(x)
l2(xo)

(see (2.10)).

Moreover, we know that there exists an index go ∈ G such that x ∈ Γgo
,

therefore xo can be written as xo = αego
+ (1 − α)ego+1, where α ∈ (0, 1).

l2(xo) = l2(αego
+ (1 − α)ego+1)

≤ αl2(ego
) + (1 − α)l2(ego+1)

≤ α max
g∈G

{l2(eg)} + (1 − α)max
g∈G

{l2(eg)}
= max

g∈G
{l2(eg)} .
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Hence,

l2(x) ≤ γi(x) max
g∈Gi

{l2(ei
g)} = γi(x)ri

max ∀x ∈ R2 ∀i = 1, . . . , M.

Summarizing the previous results, we obtain

l2(x) ≤ l2(x − aix
) + l2(aix

) ≤ γix
(x − aix

)rix
max + l2(aix

)
≤ γix

(−aix
)rix

max + l2(aix
) ≤ max

1≤i≤M
{γi(−ai) · ri

max + l2(ai)}.

�

In the case that a bisector and a fundamental direction coincide over a
segment, one should note that according to the definition of OIP we only have
to consider the extreme points of this intersection.

With all the above results we are able to present Algorithm 4.2 to solve
the OMP.

Algorithm 4.2: Solving the general planar single facility OMP with polyhedral
gauges

Construct all fundamental directions and bisectors.1
Transform them in segments selecting only the part of them that lies in the2
Euclidean ball B(O, R).
Compute the set of all the intersection points, that lie inside the Euclidean3
ball B(O, R).
Evaluate the objective function fλ at each intersection point.4
Choose the point(s) with minimal objective value.5
Output M(fλ, A) =

⋃
C∈C conv{(arg min

x∈OIP fλ(x))
⋂

C}.6

To study the complexity of this algorithm, we proceed as follows. Let
G = max

1≤i≤M
{Gi} denote the maximal number of fundamental directions of the

different gauges in the problem. The number of fundamental directions is in
the worst case O(GM). The maximal number of linear pieces of every bisector
is O(G) and there are at most O(M2) bisectors, so, an upper bound of bisector
linear pieces is O(GM2). Therefore, we have to compute the arrangement of
the lines induced by these O(GM2) segments. The complexity of this step is
O(G2M4) (see [68]). Since evaluating the function fλ takes O(M log(GM))
solving the OMP requires O(G4M5 log(GM)) time. The last step will be to
construct the convex hull of the optimal vertices that lie in the same cell in
the non-convex case and otherwise, the convex hull of all the optimal vertices.
This task can be performed without increasing the overall complexity using
the information of the arrangement of lines previously computed.

The difficulty of this algorithm is the computation of the intersection
points, since we have to construct the fundamental directions and the bi-
sectors. The computation of the fundamental directions is fairly easy because
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of their definition, but the construction of the bisectors is not a trivial task
as we have seen in Chapter 3.

Nevertheless, this method has some advantages compared to Algorithm 4.1
as we can see with the next example.

Example 4.3
We want to solve the OMP with respect to λ = (1, 2, 3) and considering
A = {a1 = (0, 2.5), a2 = (5.5, 0), a3 = (5.5, 6)} with l1-norm.

When we compute the cells as shown in Figure 4.2 we obtain the vertices
bi, i = 1, . . . , 12. In Table 4.1 we have the values of fλ at the intersection
points. Therefore, the optimal solution is the segment b5b6, since in this case
the ordered median function is convex, with objective value 26, see Figure 4.5.

Table 4.1. Data of Example 4.3 and Example 4.4.

x (x1, x2) d λ = (1, 2, 3) λ = (1, 1, 0) λ = (1, 0, 0)

a1 (0, 2.5) 0 8 9 43 8 0
a2 (5.5, 0) 8 0 6 36 6 0
a3 (5.5, 6) 9 6 0 39 6 0
b1 (0, 0) 2.5 5.5 11.5 48 8 2.5

b2 (1.5, 0) 4 4 10 42 8 4

b3 (4.5, 0) 7 1 7 36 8 1

b4 (4, 2.5) 4 4 5 27 8 4

b5 (4.5, 2.5) 4.5 3.5 4.5 26 8 3.5

b6 (5.5, 2.5) 5.5 2.5 3.5 26 6 2.5

b7 (0, 3) 0.5 8.5 8.5 43 9 0.5

b8 (4, 3) 4.5 4.5 4.5 27 9 4.5

b9 (5.5, 3) 6 3 3 27 6 3

b10 (0, 6) 3.5 11.5 5.5 49 9 3.5

b11 (1, 6) 4.5 10.5 4.5 45 9 4.5

b12 (4, 6) 7.5 7.5 1.5 39 9 1.5

Notice that Algorithm 4.1 provides a single optimal solution, since this
algorithm stops when it finds a solution in the interior of an ordered region.

On the contrary, with the geometrical approach we get all minima. More-
over, computing once the set of ordered intersection points OIP, it is possible
to solve different instances of OMP for different choices of λ (as shown in
Table 4.1). Notice that using Algorithm 4.1 we have to fix λ in advance. In
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Fig. 4.5. Illustration to Example 4.3 with λ = (1, 2, 3)

addition, Algorithm 4.2 is also valid for the non-convex case (see Example 4.4),
whereas Algorithm 4.1 is only applicable in the convex one.

On the other hand, the application of the geometrical method to R3 (in
general, higher dimensions) is more difficult due to the complexity of the
computation of the bisectors and arrangements.

Example 4.4
Continuing with the data from Example 4.3, we consider the following cases:

a) λ = (1, 1, 0)

The optimal value of fλ is 6 and it is attained at a2, a3, b6 and b9 (see
Table 4.1). Moreover, a3 and b9 are on the same cell, so the segment a3b9

is also optimal. Likewise, the segments b9b6 and b6a2 are optimal and then
the complete segment a3a2 contains all the optimal solutions.

We have obtained a set of optimal solutions that is convex, see Figure 4.6.
Nevertheless, the objective function is not convex, since

b7 =
1
2
b1 +

1
2
b10

but
fλ(b7) = 9 >

1
2
fλ(b1) +

1
2
fλ(b10) = 8.5.
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Fig. 4.6. Illustration to Example 4.4 with λ = (1, 1, 0)

b) λ = (1, 0, 0)

In this case, the optimal value 0 is attained at any of the existing facilities
(see Table 4.1), but they do not lie in the same cell. Hence, the solution
is not a convex set as shown in Figure 4.7.

4.3 Non Polyhedral Case

In the previous sections we considered polyhedral gauges. For some special
cases the results presented so far can be adapted also to non polyhedral gauges.
In the case of the Euclidean norm, for example, a number of algorithms exist
to determine the bisectors needed for constructing the ordered regions (see
[155]). Then, instead of linear programs, convex programs have to be solved
in these ordered regions. However, this is not possible for general gauges since
no general method is known to compute their bisectors. Therefore we will use
the results of the polyhedral case to develop a general scheme for solving the
considered problems under general gauges (not necessarily polyhedral).

Example 4.5
We address the resolution of the following OMP with three points a1 =
(5, 0), a2 = (0, 5), a3 = (10, 10) and different non polyhedral norms at each
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Fig. 4.7. Illustration to Example 4.4 with λ = (1, 0, 0)

point: ⎧⎪⎨⎪⎩
d1(x) = ‖x − a1‖ =

√
1
4 (x1 − 5)2 + 1

9 (x2 − 0)2

d2(x) = ‖x − a2‖2 =
√

(x1 − 0)2 + (x2 − 5)2

d3(x) = ‖x − a3‖2 =
√

(x1 − 10)2 + (x2 − 10)2

The problem to be solved is:

min
x∈R2

fλ(x) :=
3∑

i=1

1
2i

d(i)(x).

In order to solve the problem we compute the different ordered regions.
Let gij(x) = d2

i (x) − d2
j (x) for all i, j = 1, 2, 3, this results in

g12(x) = −3/4x2
1 − 5/2x1 − 75/4 − 8/9x2

2 + 10x2,

g13(x) = 5/36x2
1 − 5/18x1 − 1075/36 − 5/36x2

2 + 5x2,

g23(x) = 8/9x2
1 − 100/9 + 3/4x2

2 − 5x2 + 20/9x1.

Therefore, the bisectors of the three demand points are:

Bisec(a1, a2) = {(x1, x2) : g12(x) = 0}
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Bisec(a1, a3) = {(x1, x2) : g13(x) = 0}
Bisec(a2, a3) = {(x1, x2) : g23(x) = 0}

Figure 4.8 shows the shape of the bisectors among the three points.
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Fig. 4.8. Bisec(a1,a2), Bisec(a1,a3) and Bisec(a2,a3) in Example 4.5

To solve the problem the different ordered regions were approximated by
convex regions. In total we distinguish 16 regions which give rise to 16 non-
linear problems with constant order of the distance functions. A map of some
of the ordered regions is shown in Figure 4.9.

The problems were solved with a nonlinear programming routine, Primal-
DualLogBarrier, implemented in Maple. The objective functions, feasible re-
gions and optimal solutions of each one of the problems are shown in Table 4.2.
The optimal solution is the one achieving the minimum among the values in
that table:

fλ(x[13]) = min
1≤i≤16

fλ(x[i]) = 2.142.
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Fig. 4.9. Bisectors among all the demand points and some ordered regions in Ex-
ample 4.5

The rest of this section is devoted to show that under mild hypothesis
the optimal solutions of OMP with non polyhedral gauges can be arbitrarily
approximated by a sequence of optimal solutions of OMP with polyhedral
gauges.

Let B be the unit ball of the gauge γB(·), {Ck}k∈IN an increasing sequence
of polyhedra included in B and {Dk}k∈IN a decreasing sequence of polyhedra
including B, that is,

Ck ⊂ Ck+1 ⊂ B ⊂ Dk+1 ⊂ Dn for all k = 1, 2, . . .

Let γCk(·) and γDk(·) be the gauges whose unit balls are Ck and Dk respec-
tively.

Proposition 4.1 If Ck ⊂ B ⊂ Dk we have that

γCk(x) ≥ γB(x) ≥ γDk(x) ∀x ∈ Rn.

The proof follows directly from the definition of gauges.
Recall that given two compact sets A,B the Hausdorff distance between

A and B is
dH(A,B) = max(max

x∈A
d2(x, B),max

y∈B
d2(A, y))

where d2(x, B) = miny∈B d2(x, y) being d2 the Euclidean distance.
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Table 4.2. Approximated ordered regions in Example 4.5

Number Objective Region x = (x1, x2) fλ(x)

(P1) d1
4

+ d2
2

+ d3
8

g13(x) ≥ 0, x2 ≥ 9.2 (0.997,9.178) 3.44

(P2) d1
8

+ d2
2

+ d3
4

g13(x) ≤ 0, x1 ≥ 3.55, x2 ≤ 9.2 (3.55,5.378) 2.816

(P3) d1
8

+ d2
2

+ d3
4

g13(x) ≤ 0, x1 ≤ −6, x2 ≤ 9.2 (6.00,5.432) 5.182

(P4) d1
8

+ d2
2

+ d3
4

g13(x) ≤ 0, x1 ≥ −6,
x1 ≤ 3.55, x2 ≤ −2

(1.352,-2.000) 5.472

(P5) d1
8

+ d2
4

+ d3
2

g23(x) ≤ 0, x1 ≥ −6,
x1 ≤ 3.55, x2 ≤ 2

(2.189,1.999) 3.509

(P6) d1
4

+ d2
8

+ d3
2

g12(x) ≥ 0, g13(x) ≤ 0 ( 2.189, 6.215) 2.548

(P7) d1
8

+ d2
4

+ d3
2

g23(x) ≤ 0, x2 ≥ 2,
7.5∗x1−4.3∗x2+3.75 ≥ 0

(2.921,5.966) 2.602

(P8) d1
8

+ d2
4

+ d3
2

g23(x) ≤ 0, x2 ≥ 2,
−5.5∗x1−4.5∗x2−11 ≥ 0

(-3.688,2.064) 4.752

(P9) d1
2

+ d2
8

+ d3
4

g12(x) ≥ 0, g23(x) ≤ 0,
3.2∗x1−5.5∗x2+49.5 ≤ 0

(-.7328,8.574) 3.392

(P10) d1
2

+ d2
4

+ d3
8

g12(x) ≥ 0, g23(x) ≥ 0,
x1 − 2.1 ∗ x2 + 20 ≤ 0

(-.823, 9.131) 3.614

(P11) d1
4

+ d2
2

+ d3
8

g13(x) ≥ 0, x2 ≤ 9.2,
3.2∗x1+1.5∗x2−16.5 ≥ 0

(1.598, 7.591) 2.665

(P12) d1
4

+ d2
2

+ d3
8

g13(x) ≥ 0, x2 ≤ 9.2,
−15.5 ∗ x1 + 10.3 ∗ x2 − 155 ≤ 0

(.5136,7.596) 2.592

(P13) d1
8

+ d2
2

+ d3
4

g13(x) ≤ 0, x2 ≥ 28.2 (1.0,6.510) 2.142

(P14) d1
8

+ d2
2

+ d3
4

g13(x) ≤ 0, x1 ≤ 3.55, x2 ≥ −2,
2.5 ∗ x1 − 2.5 ∗ x2 − 6.25 ≥ 0

(3.550, 1.050) 4.00

(P15) d1
8

+ d2
2

+ d3
4

g13(x) ≤ 0, x1 ≥ −6, x2 ≥ −2,
2 ∗ x1 + x2 + 10 ≤ 0

(-6.0,2.0) 5.713

(P16) d1
2

+ d2
8

+ d3
4

g12(x) ≥ 0, g23(x) ≤ 0,
3.2 ∗ x1 − 5.5 ∗ x2 + 49.5 ≥ 0,

x2 ≥ 7.6

(1.592,7.60) 2.670

Proposition 4.2 Let K be a compact set. If Ck converges to B and Dk

converges to B under the Hausdorff metric then for all ε > 0 there exists k0

such that for all k ≥ k0

max
x∈K

|fCk

λ (x) − fλ(x)| < ε
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max
x∈K

|fDk

λ (x) − fλ(x)| < ε

being fCk

λ (x) :=
∑M

i=1 λid
Ck

(i) (x) and fDk

λ (x) :=
∑M

i=1 λid
Dk

(i) (x).

Proof.
We only prove the first inequality. The second being analogue.

Since Ck converges to B under the Hausdorff metric verifying Ck ⊂ Ck+1

for all k ∈ N, and K is a compact set then given ε > 0 there exists ka for
every a ∈ A such that if k > kA := maxa∈A ka then

∣∣∣γB(x−a)−γCk(x−a)
∣∣∣ <

ε∑M
i=1 wi

∑M
i=1 λi

∀x ∈ K.

By continuity we have that for any i, j and any x ∈ K verifying that
wiγB(x − ai) < wjγB(x − aj) there exists k0 such that for all k > k0

wiγCk(x − ai) < wjγCk(x − aj)

On the other hand, if there exists j, l and x ∈ K such that wjγB(x −
aj) = wlγB(x − al) then there also exists k0 and a permutation σk0 such
that for all k > k0 would satisfy: 1) wσk0 (j)γCk(x − aσk0 (j)) = dCk

(j)(x), and
2) wσk0 (j)γB(x − aσk0 (j)) = dB

(j)(x). Hence, we have for any x ∈ K and k >

max{kA, k0} that
dB
(j)(x) = wσk0 (j)γB(x − aσk0 (j))

dCk

(j)(x) = wσk0 (j)γCk(x − aσk0 (j)).

Therefore, for any x ∈ K and k > max{kA, k0} we obtain that

|fCk

λ (x) − fλ(x)| =
∑M

i=1 λi|dB
(i)(x) − dCk

(i) (x)|
=
∑M

i=1 λiwσk0 (i)|γB(x − aσk0 (i)) − γCk(x − aσk0 (i))| < ε.

�

Corollary 4.3 i) If Ck converges to B under the Hausdorff metric, then
fCk

λ (x) converges to fλ(x), and the sequence {fCk

λ (x)}k∈IN is decreasing.
ii) If Dk converges to B under the Hausdorff metric, then fDk

λ (x) converges
to fλ(x), and the sequence {fDk

λ (x)}k∈IN is increasing.

In the following, we use another type of convergence, called epi-convergence
(see Definition 1.9 in the book by Attouch [6]). Let {g; gν , ν = 1, 2, . . .} be a
collection of extended-values functions. We say that gν epi-converges to g if
for all x,

inf
xν→x

lim inf
ν→∞ gν(xν) ≥ g(x)

inf
xν→x

lim sup
ν→∞

gν(xν) ≤ g(x) ,
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where the infima are with respect to all subsequences converging to x. The epi-
convergence is very important because it establishes a relationship between
the convergence of functionals and the convergence of the sequence of their
minima. Further details can be found in the book by Attouch [6].

Our next result states the theoretical convergence of the proposed scheme.

Theorem 4.3 i) Let {xk}k∈IN be a sequence such that xk ∈ M(fCk

λ , A) then
any accumulation point of {xk}k∈IN belongs to M(fλ, A).

ii) Let {xk}k∈IN be a sequence such that xk ∈ M(fDk

λ , A)(x) then any accu-
mulation point of {xk}k∈IN belongs to M(fλ, A).

Proof.
We only prove the first part, because the proof of the second one is built on
the same pattern using Proposition 2.41. in [6] instead of Proposition 2.48.

First of all, since the sequence {fCk

λ }k∈IN is a decreasing sequence apply-
ing Theorem 2.46 in [6] we obtain that the sequence {fCk

λ (x)}k∈IN is epi-
convergent.

In addition, we get from Proposition 2.48 in [6] that

lim
k→∞

inf
x∈IRn

fCk

λ (x) = inf
x∈IRn

lim
k→∞

fCk

λ (x) = inf
x∈IRn

fλ(x) (4.2)

Since {fCk

λ }k∈IN is epi-convergent, we get from Theorem 2.12 in [6] that any
accumulation point of the sequence {xk}k∈IN is an optimal solution of the
problem with objective function fλ. �

4.4 Continuous OMPs with Positive and Negative
Lambdas

During the last years, a new version of the Weber problem has been con-
sidered dealing simultaneously with positive and negative weights, see for
instance [45, 58, 194, 195]. This formulation allows to locate a facility which
may be attractive for some demand points and repulsive for others. Indeed,
a nuclear plant, a garbage dump or a sewage plant may both be desirable to
the main users, who want to be close to their location in order to minimize
transportation cost, and obnoxious to residents who want to have the facility
located far from their vicinity. Another example could be the location of a
chemical plant. This plant can be undesirable for the closest cities because of
the pollution it emits, but at the same time it could be desirable for other
cities due to the jobs it may offer.

Different techniques have been developed for solving these kinds of prob-
lems, and a large number of them are based on the theory of difference of
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convex (d.c.) programming, see for instance [104, 37, 38]. The d.c. program-
ming solves the problem reducing it to an equivalent problem dealing with a
concave function restricted to a convex region.

In this section, we consider the ordered median problem with positive and
negative lambdas. Our purpose is to present an approach to solve this problem
with polyhedral norms which can also be adapted to solve the ordered median
problem with positive and negative lambdas under general norms.

In this section, we present a necessary condition for the existence of op-
timal solution. In addition, we give a finite dominating set for the case with
polyhedral norms. For this particular case, two exact algorithms are devel-
oped. These algorithms find an optimal solution of the problem in finite time.
Finally, we outline how all the results proved for polyhedral norms can be ex-
tended to general norms using the same methodology presented in Section 4.3.
For further details on the topic covered in this section the reader is referred
to [146, 171].

The problem which we are going to analyze was already introduced in
(2.3). We repeat it for the sake of readability:

min
x∈IRn

fλ(x) =
M∑
i=1

λ+
i d(i)(x) +

M∑
i=1

λ−i d(i)(x) (4.3)

where as usual distances di(x) = γ(x − ai) for i = 1, . . . , M , and

λ+
i =

{
λi if λi > 0
0 otherwise, λ−i =

{
λi if λi < 0
0 otherwise.

These models are quite general and allow the formulation of different in-
teresting situations. For instance, if we consider that the absolute value of
all the negative lambdas is less than the positive ones, then the model would
represent the location of an obnoxious facility (nuclear plant, garbage dump
...) which is very dangerous for the nearest centers but economical reasons
force to locate not too far away, so that the transportation cost is not too
expensive.

The relationship among the positive and negative values of the lambda
weights plays an important role in the existence of optimal solution of Prob-

lem (4.3). Let L =
M∑
i=1

(λ+
i + λ−i ). When some lambdas are negative it may

happen that the objective function fλ has no lower bound, thus fλ is going
to −∞ when distances increase. In order to avoid this problem, we proved in
Theorem 2.1 (see Chapter 2) the following result.

Theorem 4.4 (Necessary condition) If L ≥ 0 then any optimal location is
finite. If L < 0 then any optimal location is at infinity. Moreover, if L = 0
then the function fλ is bounded.
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We start with a localization results for the set of optimal solutions of
Problem (4.3).

Theorem 4.5 If L > 0 Problem (4.3) has always an optimal solution on an
ordered intersection point.

Proof.
The function fλ is linear within each ordered elementary convex set. Therefore,
in each ordered elementary convex set fλ must attain at least one of its minima
at some extreme point of this region. Since the global minimum is given by
the minimum of the minima on each ordered elementary convex set, the result
follows. �

Using Theorem 4.5 we can solve the problem be enumeration. However, we
will show in the following, that more structural properties can be obtained.

Without loss of generality we assume that optimal solutions exist. Before
we proceed to show the equivalent formulations of our original problem we
show that the objective function of the ordered median problem with negative
and positive lambdas is neither convex nor d.c.. Therefore, we cannot apply
either the usual techniques of convex analysis or the usual tools of d.c. pro-
gramming. Note that in our model we do not assume that the weights are in
increasing order. Thus, neither the positive summation of the distances nor
the negative one are convex functions. This implies that the objective function
cannot be decomposed as a difference of two convex functions, i.e., it is not
d.c.. Indeed, given the objective function

fλ(x) =
M∑
i=1

λ+
i d(i)(x) −

M∑
i=1

|λ−i |d(i)(x)

it can be seen that the functions
∑M

i=1 λ+
i d(i)(x) and

∑M
i=1 |λ−i |d(i)(x) are

convex functions if and only if the sequence of non zero coefficients are in
non-decreasing order [48], that is,

λi ≤ λi+1 ∀i = 1, . . . , M

and
|λj | ≤ |λj+1| ∀j = 1, . . . , M.

This fact implies that in the general case we deal with an objective function
which is not d.c.. However, despite the fact that the objective function is not
d.c., this problem has some special properties that allow us to solve it using
equivalent formulations.

Lemma 4.4 An optimal solution of Problem (4.3) can be obtained solving the
following problem:
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min g(x, t) := t +
∑M

j=1 λ−j d(j)(x) (4.4)

s.t.:
∑M

i=1 λ+
i d(i)(x) ≤ t,

(x, t) ∈ Rn × R.

Proof.
Consider the set D = {(x, t) ∈ Rn × R :

∑M
j=1 λ+

j d(j)(x) ≤ t}, then

fλ(x) ≤ g(x, t) ∀(x, t) ∈ D, (4.5)

and

fλ(x) = g(x,
M∑

j=1

λ+
j d(j)(x)). (4.6)

So, if g(y∗, t∗) = min
(y,t)∈D

g(y, t), we obtain that

t∗ =
M∑

j=1

λ+
j d(j)(y∗)

because g(x, t) ≥ g(x,
∑M

j=1 λ+
j d(j)(x)), ∀ x ∈ D. Therefore, we have that y∗

is an optimal solution of Problem (4.3).
Note that, if x∗ is an optimal solution of Problem (4.3), then by applying

(4.5), (x∗,
∑M

j=1 λ+
j d(j)(x∗)) is also an optimal solution of Problem (4.4).

�

It should be noted, that if we restrict Problem (4.4) to any convex domain
where the order of distances is fixed, the objective function of this problem
is concave. However, the special difficulty of Problem (4.4) is that its feasible
region is not necessarily convex.

Nevertheless, it is possible to transform Problem (4.4) into a linear pro-
gram within each ordered elementary convex set. The discussion above allows
us to establish a reformulation of Problem (4.4) which is adequate to our
algorithmic approach.

Let us consider an ordered region Oσ and the elementary convex set C =⋂M
j=1(aσ(j) + N(pσ(j))). Then, an optimal solution of Problem (4.3) can be

obtained by solving Problem (4.7) in each ordered elementary convex set

(P(C ∩ Oσ)) min t +
M∑

j=1

λ−j zσ(j) (4.7)

s.t.:
M∑
i=1

λ+
i zσ(i) ≤ t,

〈pσ(j), x − aσ(j)〉 = zσ(j) j = 1, . . . , M, (4.8)
x − aσ(j) ∈ N(pσ(j)) j = 1, . . . , M, (4.9)
zσ(k) ≤ zσ(k+1) k = 1, 2, . . . , M.
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Indeed, x − aσ(j) ∈ N(pσ(j)) is equivalent to γ(x − aσ(j)) = 〈pσ(j), x − aσ(j)〉.
Therefore, zσ(j) = γ(x − aσ(j)) for any x ∈ C.
Let us define the sets

D = {(x, t) ∈ (C ∩ Oσ) × R :
M∑
i=1

λ+
i γ(x − aσ(i)) ≤ t};

D′ = {(x, t, z) ∈ Rn × R × RM :
M∑

j=1

λ+
j zσ(j) ≤ t, 〈pσ(j), x − aσ(j)〉 = zσ(j),

x ∈ aσ(j) + N(pσ(j)), j = 1, . . . , M, zσ(k) ≤ zσ(k+1) ,

k = 1, 2, . . . , M − 1}.

The projection of the first M + 1 entries of these two sets coincide. Addi-
tionally, D′ is the feasible set of (4.7). Thus, combining both results and the
fact that the whole family of ordered elementary convex sets induces a sub-
division of Rn, we obtain that if an optimal solution of Problem (4.4) exists
within Oσ ∩ C, it can be obtained by solving Problem (4.7).

4.4.1 The Algorithms

In order to solve Problem (4.3), at least, two different approaches can be fol-
lowed. First, the problem can be solved by direct application of Theorem 4.5.
This implies to carry out a global search in the set of ordered intersection
points (OIP). The second approach consists of solving the problem in each or-
dered elementary convex set where we have the equivalent linear programming
formulation (4.7).

The first approach (Algorithm 4.3) is conceptually very simple but implies
to compute the entire set of ordered intersection points. This method is use-
ful when it is combined with efficient algorithms to maintain arrangements
of hyperplanes. The second approach, using the equivalent formulations pre-
sented above, takes advantage of the linear structure of the objective function
inside each ordered elementary convex set to avoid the whole enumeration of
the ordered intersection points. Anyway, as the considered problem is neither
convex nor d.c., we have to solve a linear program in each ordered elementary
convex set. Basically, the second approach is a backtracking search in the set
of ordered elementary convex sets.

To simplify the presentation of Algorithm 4.4, let val(P(C1)) denote the
optimal value of Problem (4.7) in the ordered elementary convex set C1. (See
Algorithm 4.4.)

The algorithms 4.3 and 4.4 are efficient because we can find in both cases
an optimal solution of the original problem in polynomial time. Let γ0 be
the dual norm of the norm γ, and let B0 be its unit ball. Assume that B0

has G extreme points that we denote by e0
g, g = 1 . . . , G. Let k > n denote

the number of fundamental directions of the norm γ. Consider the following
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Algorithm 4.3: Evaluation of all ordered intersection points

Compute the subdivision induced by the arrangement of hyperplanes1
generated by all the gauges and the bisectors between each pair of demand
points.
Compute the objective value in each ordered intersection point.2
Output x∗ = arg min

x∈OIP
fλ(x) and fλ(x∗).
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Fig. 4.10. Example with attractive and repulsive facilities

arrangements of hyperplanes. For each demand point ai, i = 1, . . . , M we
consider G hyperplanes which normal vectors are e0

g, g = 1 . . . , G. The entire
collection of bisectors {wjγ(x, aj) − wiγ(x, ai) = 0} (piecewise linear forms)
is defined by at most O((MG)2) hyperplanes. These hyperplanes induce a
cell partition of Rn that can be computed in O((MG)2n) time for any fixed
n ≥ 2, (see Edelsbrunner [68]). In the first algorithm we have to evaluate
the objective function in each intersection point which needs O(Mlog(Mk)).
Therefore, the overall complexity is O((MG)2nM log(kM)).
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Algorithm 4.4: Solving the single facility OMP with positive and negative
lambdas via linear programming

(Initialization)
Let v∗ = +∞
X∗ = ∅.
LR = LA = ∅.
Choose C0 being any ordered elementary convex set.
Find A(C0) the set of ordered elementary convex sets adjacent to C0. (Use
the data structure by Edelsbrunner [68])
Do LA = LA ∪A(C0).
(Main)
repeat

Choose C1 in LA.
Solve Problem (4.7) in C1.
if val(P(C1)) < v∗ then

v∗ = val(P(C1)) and X∗ = arg min P(C1)
end
LA = (LA \ C1) ∪ (A(C1) \ LR)
LR = LR ∪ C1

until LA = ∅

In the second case we have to solve a linear program in each ordered
elementary convex set. Each one of these linear problems can be solved in
polynomial time T , and we obtain an overall complexity of O(T (MG)2n).

In conclusion, Algorithm 4.3 and 4.4 can find an optimal solution to Prob-
lem (4.3) in finite time.

Example 4.6
Consider the location problem

min
x∈IR

−d(1)(x) − 1.25d(2)(x) + 1.5d(3)(x) + 1.75d(4)(x)

where A = {(3, 0), (0, 11), (16, 8), (−4,−7)}, and γB is the hexagonal gauge
with Ext(B) = {(2, 0), (1, 2), (−1, 2), (−2, 0), (−1,−2), (1,−2)}.

We obtain that the optimal solution is the point M(fλ) = {(7.25,−2)}
with objective value 11.125. (See Figure 4.10.) Table 4.3 shows the optimal
objective value and the x-coordinates of Problem (4.7) within the ordered
elementary convex sets of this example.

An Illustrative Example

Example 4.7
As a final example we consider:
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Table 4.3. Evaluations given by Algorithm 4.4

It. x = (x1, x2) Objective It. x = (x1, x2) Objective

1 (-7.50,0.00) 23.75 16 (6.50,8.00) 13.87

2 (-6.50,-2.00) 24.70 17 (7.00,8.00) 13.62

3 (-5.25,2.50) 17.43 18 (7.25,-3.50) 12.44

4 (-4.00,-7.00) 31.00 19 (7.25,-2.00) 11.12

5 (-1.25,8.50) 20.37 20 (7.25,0.00) 12.37

6 (0.00,-0.50) 20.06 21 (7.25,8.00) 13.12

7 (0.50,2.00) 15.56 22 (7.25,25.5) 29.37

8 (0.50,5.50) 22.12 23 (8.75,11.5) 17.7

9 (2.50,6.00) 16.19 24 (8.75,18.5) 22.12

10 (3.00,0.00) 16.56 25 (9.12,-5.75) 12.53

11 (3.50,0.00) 15.56 26 (9.12,4.50) 12.53

12 (3.50, 8.00) 15.00 27 (12.0,-2.00) 18.82

13 (4.25,-9.50) 22.62 28 (14.5,-7.00) 17.56

14 (4.25,2.50) 15.87 29 (16.0,8.00) 26.56

15 (5.75,12.5) 15.37 30 (16.2,8.5) 26.43

i ai wi γi

1 (2,6.5) 1 l1

2 (5,9.5) 1 l∞
3 (6.5,2) 1 l∞
4 (11,9.5) 1 l1

We will present the solution of the 1-facility OMP for some choices of λ.

For the classical Weber function (λ = (1, 1, 1, 1)), the set of optimal solu-
tions is given by the elementary convex set conv{a1, a2, b1} with b1 = (8, 6.5),
and the optimal value of the corresponding objective function is 19.5.

The output of the program to solve this problem is shown in Figure 4.11.
One can see here, that in the Classical Weber Problem the bisectors do not
play a role, since the three points are intersections of fundamental directions.

In the Center case with λ = (0, 0, 0, 1), the segment b1b2 with b1 = (8, 6.5)
and b2 = (6.5, 8) is optimal and the objective function value is 6. The existing
facilities a1 and a4 are the bottleneck points, since b1b2 ⊂ Bisec(a1, a4).
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Fig. 4.11. Optimal solutions for λ = (1, 1, 1, 1)

The output for this case is shown in Figure 4.12. Observe that b2 cannot
be determined only with fundamental directions.

For the ordered median function with λ = (0, 1, 2, 3) the optimal solution
reduces to the single point b1 = (8, 6.5), as shown in Figure 4.13, with objective
value 34.5.

The ordered median function corresponding to the above cases is convex,
but we can also compute the solution in the non-convex case. The most simple
example is to choose λ = (1, 0, 0, 0), and the optimal solutions coincide with
any existing facility with objective value 0. Hence, we would not obtain a
convex solution set. Furthermore, it would not be a connected solution either.

If λ = (1, 1, 0, 2) the solution is given by the union of two segments, b1b2

and b2b3 with b1 = (8, 6.5), b2 = (6.5, 8), and b3 = (4.5, 9). In this case the
set of optimal solutions is connected but not convex and the objective value
is 19.5.

The output is shown in Figure 4.14, and we can see that the set of optimal
solutions is not convex, since the convex hull of the points b1, b2, and b3 is the
triangle whose vertices are these three points. Moreover, we can see as before
with b2, that b3 cannot be determined only by intersecting fundamental di-
rections.
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Fig. 4.12. Optimal solutions for λ = (0, 0, 0, 1)

Fig. 4.13. Optimal solutions for λ = (0, 1, 2, 3)
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Fig. 4.14. Optimal solutions for λ = (1, 1, 0, 2)

The last example shows the behavior of the OMP with some negative
weights. We choose λ = (2, 2,−3, 1). The intersection points between the
segments are

Intersection Points
(18.5, 14) (18.5, 15.5) (18.5, 23) (14, 9.5) (12.5, 9.5) (11, 33.26)
(11, 15.50) (11, 8) (11, 6.5) (11, 5) (11, 3.5) (11,−2.5)

(11,−33.26) (10.1, 9.5) (10.5, 6) (10, 5.5) (9.5, 5) (9.5, 6.5)
(9.27, 6.62) (8.75, 5.75) (8, 5.75) (8, 3.5) (8, 0.5) (8, 9.5)

(8, 6.5) (7.25, 7.25) (6.5, 11) (6.5, 9.5) (6.5, 8) (6.5, 6.5)
(6.50, 2.00) (5.75, 5.75) (5, 6.5) (5, 5.75) (5, 3.5) (5, 0.5)
(4.99, 9.50) (4.5, 9) (3.5, 11) (3.5, 5) (3.5, 9.5) (3, 7.5)
(2.75, 5.75) (2, 12.5) (2, 9.5) (2, 5) (2,−2.5) (2, 2)
(1.99, 6.5) (1.01, 9.5) (−0.41,−4.91) (−0.41, 2.59) (−0.41, 2) (−1, 9.5)

(−0.41, 4.09) (−1, 2) (−2.41, 16.91) (−2.41, 10.91) (−2.5, 2)

The minimum value of the objective function is −3. The optimal solution
is attained at the points (8, 3.5), (8, 0.5), (6.5, 11), (6.5, 9.5), (4.5, 9), (3.5, 11),
(3.5, 9.5).
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4.5 Finding the Ordered Median in the Rectilinear Space

Apart from the approaches presented so far there are alternative methods
to solve ordered median problems. In this section, we want to focus on a
powerful method which gives the best known complexity for this problem so
far (see [117]). On the one hand, this method is very efficient giving rise to
subquadratic algorithms for the convex problems. On the other hand, it is far
from intuitive and makes use of fancy machinery of computational geometry
and computer science. For the sake of simplicity we will present the results
for X = Rn equipped with the rectilinear metric, i.e. d(x, y) = γ(x − y) :=∑n

i=1 |xi − yi|. Nevertheless, the results on the rectilinear model presented
below can be extended to the more general case where the rectilinear norm is
replaced by any polyhedral norm where the number of extreme points of the
unit ball is constant.

First we solve the general ordered median problem on the line. We are
given M demand points ordered on the line. We know that there is an optimal
solution either on a demand point or in a bisector. In this case, bisectors corre-
spond to the O(M2) points satisfying the equations {wjd(x, aj)−wid(x, ai) =
0} for any i, j = 1, . . . , M . It is clear that we can compute them in O(M2) time.
Then, since the evaluation of the ordered median function takes O(M log M),
we can find an optimal solution of the problem by complete enumeration in
O(M3 log M).

If we consider the convex case, i.e. lambdas arranged in non-decreasing
sequence, we can improve the above complexity up to O(M log2 M) time.
Using the convexity of the objective function, we first apply a binary search
to identify a pair of adjacent demand points, [ai, ai+1], containing the ordered
median x∗. Since it takes O(M log M) time to evaluate the objective at any
point aj , the segment [ai, ai+1] is identified in O(M log2 M) time. Restricting
ourselves to this segment we note that for j = 1, . . . , M , wj |x− aj | is a linear
function of the parameter x.

To find the optimum, x∗, we use the general parametric procedure of
Megiddo [132], with the modification in Cole [43]. The reader is referred to
these references for a detailed discussion of the parametric approach. We only
note that the master program that we apply is the sorting of the M linear
functions, {wj |x − aj |}, j = 1, ...,M (using x as the parameter). The test for
determining the location of a given point x′ w.r.t. x∗ is based on calculating
the objective fλ(x) and determining its one-sided derivatives at x′. This can
clearly be done in O(M log M) time. We now conclude that with the above
test the parametric approach in [132, 43] will find x∗ in O(M log2 M) time.

Now, we proceed with the general case. Suppose that n is fixed, and con-
sider first the general case of the ordered median function. The collection con-
sisting of the O(M2) (piecewise linear) bisectors {wjd(x, vj)−wid(x, vi) = 0},
i, j = 1, ...,M , and the O(M) hyperplanes, which are parallel to the axes and
pass through {a1, ..., aM}, induces a cell partition of Rn. This partition can
be computed in O(M2n) time for any fixed n ≥ 2, (see Edelsbrunner [68]). If
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there is a finite ordered median, then at least one of the O(M2n) vertices of
the partition is an ordered median (notice that only if there are some nega-
tive weights finite ordered medians may not exist). Hence, by evaluating the
objective at each vertex and each infinite ray of the partition we solve the
problem in O(M2n+1 log M) time.

In the convex case in Rn we can directly use the approach of Cohen and
Megiddo [42] to get a complexity of O(M log2n+1 M). This approach relies
only on the fact that the objective function can be evaluated at any point
just using additions, multiplications by a scalar and comparisons. Clearly,
the ordered median objective function in this case falls into this class. More
precisely, the complexity analysis involves several components which we will
discuss now. First, we have to give a bound T on the number of operations
needed to evaluate the objective function at a given point. In the case of
ordered median functions this is O(M log M). The number of comparisons to
be performed is O(M log M), and this can be done in r = O(log M) parallel
phases using Ci = O(M) effort in each phase [2]. Then the result by [42] states
that the bound to find an optimal solution is O(n3T (

∑r
i=1�log Ci�)n) for a

fixed dimension n. In our case we achieve the bound O(M log2n+1 M) (the
same bound can also be achieved by using the results in Tokuyama [196]).
The bound in [42] is achieved by (recursively) solving O(log2 M) recursive
calls to instances of lower dimension. For n = 1 the above general bound
(applied to this problem) gives O(M log3 M). However, note that for the OMP
we actually solve the case n = 1 in O(M log2 M) time, an improvement by a
factor of log M . (See also Section 9.3.2.) Therefore, for any fixed n ≥ 2, the
bound will be reduced by a factor of log M , and we have the following result.

Theorem 4.6 Suppose that wj ≥ 0, for all aj, and 0 ≤ λ1 ≤ . . . ≤ λM . Then
for any fixed n, the (convex) rectilinear ordered median problem can be solved
in O(M log2n M) time.

For comparison purposes, we note that the important special case of the
k-centrum functions ( λ = (0, ..., 0, 1, ..., 1)) has been recently solved in O(M)
time, for any fixed n, in Ogryczak and Tamir [154]. A detailed presentation
is also included in Section 9.2.
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Multicriteria Ordered Median Problems

5.1 Introduction

In the process of locating a new facility usually more than one decision maker
is involved. This is due to the fact that typically the cost connected to the
decision is relatively high. Of course, different persons may ( or will ) have dif-
ferent ( conflicting ) objectives. On other occasions, different scenarios must
be compared in order to be implemented, or simply uncertainty in the pa-
rameters leads to consider different replications of the objective function. If
only one objective has to be taken into account a broad range of models is
available in the literature ( see Chapter 11 in [59] and [61] ). In contrast to
that only a few papers looked at (more realistic ) models for facility location,
where more than one objective is involved ( see [91, 168, 74, 178] ). Even in
those papers, one of the main deficiencies of the existing approaches is that
only a few number ( in most papers 1 ) of different types of objectives can
be considered and in addition, solution approaches depend very much on the
specific chosen metric. Also a detailed complexity analysis is missing in most
of the papers.

On the other hand, there is a clear need for flexible models where the
complexity status is known. These are prerequisites for a successful imple-
mentation of a decision support system for location planning which can really
be used by decision-makers. Therefore, in this chapter we present a model for
continuous multicriteria OMP (see Chapter 1) which fulfills the requirement
of flexibility with respect to the choice of objective functions and allows the
use of polyhedral gauges as measure of distances. Consequently, we will build
on the notation and the results of the previous chapters.

The outline of the rest of the chapter is as follows. In Section 5.2 multi-
criteria problems and level sets are presented. Section 5.3 is devoted to the
bicriteria case in the plane, while Sections 5.4 and 5.5 extend these results
to the general planar Q-criteria case. The chapter ends with some conclud-
ing remarks where the generalization to the non-convex case is discussed.
Throughout the chapter we keep track of the complexity of the algorithms.
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5.2 Multicriteria Problems and Level Sets

Suppose we are in the situation of Chapter 1, where in the motivating example
each decision maker wants to have a different objective function. Assume
that there are Q different decision makers. This means that we are given Q
functions, F 1, . . . , FQ from R2 to R, that we want to optimize simultaneously.
Evaluating these functions we get points in a Q-dimensional objective space
where we do not have the canonical order of R. Thus, it is clear that standard
single objective optimization does not apply to this situation. Hence, we have
to look for a different solution concept which in this chapter is the set of
Pareto solutions. Recall that a point x ∈ R2 is called a Pareto location (or
Pareto optimal) if there exists no y ∈ R2 such that

F q(y) ≤ F q(x) ∀q = 1, . . . , Q and F p(y) < F p(x) for some p = 1, . . . , Q.

We denote the set of Pareto solutions by MPar

(
F1, . . . ,FQ

)
or simply by

MPar if this is possible without causing confusion.
For technical reasons we will also use the concepts of weak Pareto opti-

mality and strict Pareto optimality. A point x ∈ R2 is called a weak Pareto
location (or weakly Pareto optimal) if there exists no y ∈ R2 such that

F q(y) < F q(x) ∀ q = 1, . . . , Q .

We denote the set of weak Pareto solutions by Mw−Par

(
F1, . . . ,FQ

)
or simply

by Mw−Par when no confusion is possible. A point x ∈ R2 is called a strict
Pareto location (or strictly Pareto optimal) if there exists no y ∈ R2 such that

F q(y) ≤ F q(x) ∀ q = 1, . . . , Q .

We denote the set of strict Pareto solutions by Ms−Par

(
F1, . . . ,FQ

)
or simply

by Ms−Par when it is possible without confusion. Note that Ms−Par ⊆ MPar ⊆
Mw−Par .

In order to obtain a geometrical characterization for a point to be a Pareto
solution, we use the concept of level sets.

For a function F : R2 → R the level set for a value ρ ∈ R is given by

L≤(F, ρ) := {x ∈ R2 : F (x) ≤ ρ}

and the level curve for a value ρ ∈ R is given by

L=(F, ρ) := {x ∈ R2 : F (x) = ρ}.

Using the level sets and level curves it is easy to prove that (see e.g. [91]):
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x ∈ Mw−Par

(
F1, . . . ,FQ

) ⇔
Q⋂

q=1

L<(F q, F q(x)) = ∅ (5.1)

x ∈ MPar

(
F1, . . . ,FQ

) ⇔
Q⋂

q=1

L≤(F q, F q(x)) =
Q⋂

q=1

L=(F q, F q(x)) (5.2)

x ∈ Ms−Par

(
F1, . . . ,FQ

) ⇔
Q⋂

q=1

L≤(F q, F q(x)) = {x} (5.3)

To conclude the preliminaries, we recall a result by Warburton [203] that
ensures that the set MPar is connected, provided that the objective functions
are quasi-convex.

5.3 Bicriteria Ordered Median Problems

In this section we restrict ourselves to the bicriteria case, since - as will be
seen later - it is the basis for solving the Q-criteria case.

To this end, in this section we are looking for the Pareto solutions of the
following vector optimization problem in R2

min
x∈IR2

⎛⎜⎜⎜⎜⎝
f1

λ(x) :=
M∑
i=1

λ1
i d

1
(i)(x)

f2
λ(x) :=

M∑
i=1

λ2
i d

2
(i)(x)

⎞⎟⎟⎟⎟⎠
where the weights λq

i are in non-decreasing order with respect to the index i
for each q = 1, 2, that is,

0 ≤ λq
1 ≤ λq

2 ≤ . . . ≤ λq
M , q = 1, 2 , i.e. λq ∈ S≤M

and dq
(i)(x) depends on the set W q of importance given to the existing facilities

by the q-th criterion, q = 1, 2 . Therefore, the previous vector optimization
problem is convex, as was discussed in Section 5.2.

Note that in a multicriteria setting each objective function fq
λ , q =

1, . . . , Q , generates its own set of bisector lines. Therefore, in the multicri-
teria case the ordered elementary convex sets are generated by all the funda-
mental directions

−−→
Oei

g , i = 1, . . . , M , g = 1 , . . . , Gi , and the bisector lines
Bisecq(ai, aj) , q = 1, . . . , Q.

We are able to give a geometrical characterization of the set MPar by the
following theorem.

Theorem 5.1 MPar

(
f1λ, f2λ

)
is a connected chain from M(f1λ) to M(f2λ) con-

sisting of facets or vertices of cells or complete cells.
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Proof.
First of all, we know that MPar �= ∅, so we can choose x ∈ MPar. There exists
at least one cell C ∈ C with x ∈ C. Hence, three cases can occur:

1. x ∈ int(C) : Since x ∈ MPar we obtain

Q⋂
q=1

L≤(fq
λ, fq

λ(x)) =
Q⋂

q=1

L=(fq
λ, fq

λ(x))

and by linearity of the OMP in each cell we have

Q⋂
q=1

L≤(fq
λ, fq

λ(y)) =
Q⋂

q=1

L=(fq
λ, fq

λ(y)) ∀ y ∈ C

which means y ∈ MPar ∀ y ∈ C, hence C ⊆ MPar.
2. x ∈ ab := conv{a, b} ⊂ bd(C) and a, b ∈ Ext(C). We can choose y ∈

int(C) and 2 cases can occur:
a) y ∈ MPar. Hence we can continue as in Case 1.
b) y /∈ MPar. Therefore using the linearity we obtain first

Q⋂
q=1

L≤(fq
λ, fq

λ(z)) �=
Q⋂

q=1

L=(fq
λ, fq

λ(z)) ∀ z ∈ int(C)

and second, we have

Q⋂
q=1

L≤(fq
λ, fq

λ(z)) =
Q⋂

q=1

L=(fq
λ, fq

λ(z)) ∀ z ∈ ab

since x ∈ MPar. Therefore we have that C �⊆ MPar and ab ⊆ MPar.
3. x ∈ Ext(C). We can choose y ∈ int(C) and two cases can occur:

a) If y ∈ MPar, we can continue as in Case 1.
b) If y /∈ MPar, we choose z1, z2 ∈ Ext(C) such that xz1, xz2 are faces of

C,
i. If z1 or z2 are in MPar, we can continue as in Case 2.
ii. If z1 and z2 are not in MPar, then using the linearity in the same

way as before we obtain that (C \ {x}) ∩ MPar = ∅.
Hence, we obtain that the set of Pareto solutions consists of complete cells,
complete faces and vertices of these cells. Since we know that the set MPar is
connected, the proof is completed. �

In the following we develop an algorithm to solve the bicriteria OMP. The
idea of this algorithm is to start at a vertex x of the cell structure which
belongs to MPar, say x ∈ M1,2 := arg minx∈M(f1

λ
) f2λ(x) (set of optimal lex-

icographical locations, see [148]). Then using the connectivity of MPar the
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algorithm proceeds moving from vertex x to another Pareto optimal vertex
y of the cell structure which is connected with the previous one by an ele-
mentary convex set. This procedure is repeated until the end of the chain in
M2,1 := arg minx∈M(f2

λ
) f1λ(x) is reached.

Let x ∈ MPar ∩C then using the notation of the proof of Theorem 5.1 (see
Figure 5.1) and the linearity of the level sets in each cell, we can distinguish
the following disjoint cases:

A : C ⊆ MPar , i.e. C is contained in the chain.
B : xy and xz are candidates for MPar and int(C) �⊂ MPar.
C : xy is candidate for MPar and xz is not contained in MPar.
D : xz is candidate for MPar and xy is not contained in MPar.
E : Neither xy nor xz are contained in MPar.

Cy

z

x

Fig. 5.1. Illustration to y, x, z ∈ Ext(C) in counterclockwise order

We denote by sit(C, x) the situation appearing in cell C according to the
extreme point x of C. The following lemma states when a given segment
belongs to the Pareto-set in terms of the sit(·, ·) function.

Lemma 5.1 Let C1, . . . ,CPx
be the cells containing the intersection point x,

considered in counterclockwise order, and y1, . . . , yPx
the intersection points

adjacent to x, considered in counterclockwise order (see Figure 5.2). If x ∈
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x

y1

y2

y3

y4
y5

y6

C1C2

C3

C4

C5

C6

Fig. 5.2. Illustration to Lemma 5.1 with Px = 6

MPar and i ∈ {1, . . . , Px}, then the following holds :

xyi+1 ⊆ MPar ⇐⇒

⎧⎪⎪⎨⎪⎪⎩
sit(Ci, x) = A

or sit(Ci+1, x) = A

or
{

sit(Ci, x) ∈ {B,C}
and sit(Ci+1, x) ∈ {B,D}

}
.

⎫⎪⎪⎬⎪⎪⎭
Proof.
x⊥ := (−x2, x1) is perpendicular to x = (x1, x2). For q = 1, 2 let sq be
the direction vector of the lines, which describe the level curves L=(fq

λ, . ) in
int(C). Let HC be the half-space with respect to the line

lC :=
{
y ∈ R2 : y = x + η(xR − x) , η ∈ R

}
which contains C (see Figure 5.3). Without loss of generality assume that sq

points into HC , i.e. 〈(xR−x)⊥, sq〉 ≥ 0 ( If 〈(xR−x)⊥, sq〉 < 0, set sq := −sq. ).
The following case analysis shows how to determine which of the five sit-

uations (A,B,C,D or E) occurs.

Case 1 :
x ∈ argminy∈C{f1

λ(y)} ∧ x ∈ argminy∈C{f2
λ(y)}

⇐⇒ (f1
λ(x) ≤ f1

λ(xL) ∧ f1
λ(x) ≤ f1

λ(xR)) ∧ (f2
λ(x) ≤ f2

λ(xL) ∧ f2
λ(x) ≤ f2

λ(xR))

Case 1.1 :
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C

xL

xR

x

xR − x

(xR − x)⊥

lf
Hf

Fig. 5.3. Halfspace HC with C ⊆ HC

At least 3 out of 4 inequalities are strict

=⇒
(
(f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

)
∨

(
(f1

λ(x) = f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

)
∨

(
(f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) = f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

)
∨

(
(f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR)) ∧ (f2

λ(x) = f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

)
∨

(
(f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) = f2
λ(xR))

)
=⇒ x dominates xL as well as xR

=⇒ Situation E occurs.

Case 1.2 :
Exactly 2 of 4 inequalities are strict.

Case 1.2.1 :
( f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR) ) ∧ ( f2

λ(x) = f2
λ(xL) ∧ f2

λ(x) = f2
λ(xR) )

=⇒ x dominates xL as well as xR

=⇒ Situation E occurs.

Moreover

=⇒ {x} = argminy∈C{f1
λ(y)} and f2

λ is constant on C

=⇒ {x} = M2,1 , since f2
λ convex and int(C) �= ∅

=⇒ The end of the chain is achieved.

Case 1.2.2 :
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(f1

λ(x) = f1
λ(xL) ∧ f1

λ(x) = f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

)
∨

(
(f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) = f1
λ(xR)) ∧ (f2

λ(x) = f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

)
∨

(
(f1

λ(x) = f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) = f2
λ(xR))

)
=⇒ x dominates xL as well as xR

=⇒ Situation E occurs.

Case 1.2.3 :(
(f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) = f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) = f2
λ(xR))

)
=⇒ x dominates xL

=⇒ Situation D occurs.

Case 1.2.4 :(
(f1

λ(x) = f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR)) ∧ (f2

λ(x) = f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

)
=⇒ x dominates xR

=⇒ Situation C occurs.

Case 1.3 :
Exactly 1 of 4 inequalities is strict.

Case 1.3.1 :(
(f1

λ(x) < f1
λ(xL) ∧ f1

λ(x) = f1
λ(xR)) ∧ (f2

λ(x) = f2
λ(xL) ∧ f2

λ(x) = f2
λ(xR))

)
∨

(
(f1

λ(x) = f1
λ(xL) ∧ f1

λ(x) < f1
λ(xR)) ∧ (f2

λ(x) = f2
λ(xL) ∧ f2

λ(x) = f2
λ(xR))

)
=⇒ {x} ∈ argminy∈C{f1

λ(y)} and f2
λ is constant on C

=⇒ {x} ∈ M2,1 , since f2
λ convex and int(C) �= ∅

=⇒ The end of the chain is achieved.

Case 1.3.2 :
(f1

λ(x) = f1
λ(xL) ∧ f1

λ(x) = f1
λ(xR)) ∧ (f2

λ(x) < f2
λ(xL) ∧ f2

λ(x) = f2
λ(xR))

=⇒ f1
λ is constant on C and xxR = argminy∈C{f2

λ(y)}
=⇒ xxR = M1,2

=⇒ Situation D occurs.

Case 1.3.3 :
(f1

λ(x) = f1
λ(xL) ∧ f1

λ(x) = f1
λ(xR)) ∧ (f2

λ(x) = f2
λ(xL) ∧ f2

λ(x) < f2
λ(xR))

=⇒ f1
λ is constant on C and xxL = argminy∈C{f2

λ(y)}
=⇒ xxL = M1,2

=⇒ Situation C occurs.
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C

xL xR

x

L≤(f2
λ, .)

L≤(f1
λ, .)

s1
s2

s⊥1

Fig. 5.4. Illustration to Case 2.1

C

xL xR

x

L≤(f1
λ, .)

L≤(f2
λ, .)

s1

s2

s⊥1

Fig. 5.5. Illustration to Case 2.2

Case 1.4 :
None of the 4 inequalities is strict.

=⇒ (f1
λ(x) = f1

λ(xL) ∧ f1
λ(x) = f1

λ(xR)) ∧ (f2
λ(x) = f2

λ(xL) ∧ f2
λ(x) = f2

λ(xR))

=⇒ f1
λ and f2

λ are constant on C

=⇒ C ⊆ M(f1
λ) and C ⊆ M(f2

λ) , since f1
λ, f2

λ convex and int(C) �= ∅
=⇒ Contradiction to M(f1

λ) ∩M(f2
λ) = ∅.

Case 2 :
x ∈ argminy∈C{f1

λ(y)} ∧ x /∈ argminy∈C{f2
λ(y)}

⇐⇒ (f1
λ(x) ≤ f1

λ(xL) ∧ f1
λ(x) ≤ f1

λ(xR)) ∧ (f2
λ(x) > f2

λ(xL) ∨ f2
λ(x) > f2

λ(xR))

Case 2.1 :
〈s⊥1 , s2〉 = 0

=⇒ Situation A occurs (see Figure 5.4).

Case 2.2 :
〈s⊥1 , s2〉 > 0

=⇒ Situation C occurs (see Figure 5.5).

Case 2.3 :

〈s⊥1 , s2〉 < 0

Case 2.3.1 :
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C

xL xR

x

L≤(f1
λ, .)

L≤(f2
λ, .)

s1

s2

s⊥1
s⊥2

Fig. 5.6. Illustration to Case 2.3.1

C

xL xR

x

L≤(f1
λ, .)

L≤(f2
λ, .)

s1

s2

s⊥1

s⊥2

Fig. 5.7. Illustration to Case 2.3.2.2

〈s⊥2 , xL − x〉 ≤ 0

=⇒ Situation D occurs (see Figure 5.6).

Case 2.3.2 :

〈s⊥2 , xL − x〉 > 0 .

Case 2.3.2.1 :
f2

λ(xL) = f2
λ(xR)

=⇒ L=(f2
λ, .) runs through xL and xR

=⇒ 〈s⊥2 , xL − x〉 ≤ 0

=⇒ Contradiction to Case 2.3.2.

Case 2.3.2.2 :
f2

λ(xL) > f2
λ(xR)

=⇒ Situation D occurs (see Figure 5.7).

Case 2.3.2.3 :
f2

λ(xL) < f2
λ(xR)

=⇒ Situation C occurs (see Figure 5.8).

Case 3 :
x /∈ argminy∈C{f1

λ(y)} ∧ x ∈ argminy∈C{f2
λ(y)}

⇐⇒ (f1
λ(x) > f1

λ(xL) ∨ f1
λ(x) > f1

λ(xR)) ∧ (f2
λ(x) ≤ f2

λ(xL) ∧ f2
λ(x) ≤ f2

λ(xR))
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C

xL xR

x

L≤(f1
λ, .)

L≤(f2
λ, .)

s1

s2

s⊥1

s⊥2

Fig. 5.8. Illustration to Case 2.3.2.3

C
xL xR

x

L≤(f1
λ, .)

L≤f2
λ, .)

s1

s2

s⊥1

Fig. 5.9. Illustration to Case 4.1

The case analysis corresponds to the case analysis of Case 2,
with reversed roles of f1

λ and f2
λ.

Case 4 :
x /∈ argminy∈C{f1

λ(y)} ∧ x /∈ argminy∈C{f2
λ(y)}

⇐⇒ (f1
λ(x) > f1

λ(xL) ∨ f1
λ(x) > f1

λ(xR)) ∧ (f2
λ(x) > f2

λ(xL) ∨ f2
λ(x) > f2

λ(xR))

Assumption :

f1
λ(x) > f1

λ(xL) ∧ f2
λ(x) > f2

λ(xL)

=⇒ xL dominates x

=⇒ Contradiction to x ∈ MPar.

Assumption :

f1
λ(x) > f1

λ(xR) ∧ f2
λ(x) > f2

λ(xR)

=⇒ xR dominates x

=⇒ Contradiction to x ∈ MPar.

Therefore it holds :(
f1

λ(x) > f1
λ(xL) ∧ f1

λ(x) ≤ f1
λ(xR) ∧ f2

λ(x) ≤ f2
λ(xL) ∧ f2

λ(x) > f2
λ(xR)

)
∨

(
f1

λ(x) ≤ f1
λ(xL) ∧ f1

λ(x) > f1
λ(xR) ∧ f2

λ(x) > f2
λ(xL) ∧ f2

λ(x) ≤ f2
λ(xR)

)
⇐⇒

(
f1

λ(xL) < f1
λ(x) ≤ f1

λ(xR) ∧ f2
λ(xR) < f2

λ(x) ≤ f2
λ(xL)

)
∨

(
f1

λ(xR) < f1
λ(x) ≤ f1

λ(xL) ∧ f2
λ(xL) < f2

λ(x) ≤ f2
λ(xR)

)
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Assumption :

f1
λ(x) = f1

λ(xL) ∨ f1
λ(x) = f1

λ(xR) ∨ f2
λ(x) = f2

λ(xL) ∨ f2
λ(x) = f2

λ(xR)

=⇒ x is dominated by xR or xL

=⇒ Contradiction to x ∈ MPar.

Therefore it holds :(
f1

λ(xL) < f1
λ(x) < f1

λ(xR) ∧ f2
λ(xR) < f2

λ(x) < f2
λ(xL)

)
∨

(
f1

λ(xR) < f1
λ(x) < f1

λ(xL) ∧ f2
λ(xL) < f2

λ(x) < f2
λ(xR)

)
Case 4.1 :

〈s⊥1 , s2〉 = 0

=⇒ Situation A occurs ( see Figure 5.9 ) .

Case 4.2 :

〈s⊥1 , s2〉 �= 0 .

Case 4.2.1 :(〈s⊥1 , s2〉 > 0 ∧ (f1
λ(xL) < f1

λ(x) < f1
λ(xR) ∧ f2

λ(xR) < f2
λ(x) < f2

λ(xL))
)

∨ (〈s⊥1 , s2〉 < 0 ∧ (f1
λ(xR) < f1

λ(x) < f1
λ(xL) ∧ f2

λ(xL) < f2
λ(x) < f2

λ(xR))
)

=⇒ ∃y ∈ C, which dominates x ( see Figure 5.10 )

=⇒ Contradiction to x ∈ MPar.

Case 4.2.2 :(
〈s⊥1 , s2〉 > 0 ∧ (f1

λ(xR) < f1
λ(x) < f1

λ(xL) ∧ f2
λ(xL) < f2

λ(x) < f2
λ(xR))

)
∨

(
〈s⊥1 , s2〉 < 0 ∧ (f1

λ(xL) < f1
λ(x) < f1

λ(xR) ∧ f2
λ(xR) < f2

λ(x) < f2
λ(xL))

)
=⇒ Situation B occurs ( see Figure 5.11 ) .

�

These results allow to describe Algorithm 5.1 for computing MPar

(
f1λ, f2λ

)
.
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C

xL xR

x

L≤(f1
λ, .) L≤(f2

λ, .)

s1
s2

s⊥1

y

Fig. 5.10. Illustration to Case 4.2.1

C

xL xR

x

L≤(f1
λ, .)

L≤(f2
λ, .)

s1
s2

s⊥1

Fig. 5.11. Illustration to Case 4.2.2

Algorithm 5.1: Computing MPar

(
f1λ, f2λ

)
.

Compute the planar graph generated by the cells.
Compute the two sets of lexicographical locations M1,2 , M2,1 .
if M1,2 ∩ M2,1 �= ∅ then

(� trivial case : M(f1λ) ∩ M(f2λ) �= ∅ �) MPar := co{M1,2}
else

(� non trivial case : M(f1λ) ∩ M(f2λ) = ∅ �)
MPar := M1,2 ∪ M2,1

Choose x ∈ M1,2 ∩ GIP and i := 0
while x /∈ M2,1 do

repeat
i := i + 1
if i > Px then i := i − Px

until sit(Ci, x) = A OR ( sit(Ci, x) ∈ {B,C} AND sit(Ci+1, x) ∈ {B,D} )

if sit(Ci, x) =A then
(� We have found a bounded cell. �) MPar := MPar ∪ Ci

else
(� We have found a bounded face. �) MPar := MPar ∪ xyi

end
temp := x
x := yi

i := ix(temp) − 1 (� Where ix(temp) is the index of temp in the list

of generalized intersection points adjacent to x. �)
end

end
Output: MPar

(
f1λ, f2λ

)
.



150 5 Multicriteria Ordered Median Problems

In Section 4.2 we have seen that for the OMP the computation of the pla-
nar graph generated by the fundamental directions and bisector lines can
be done in O(M4G2

max). One evaluation of the ordered median function
needs O(M log(MGmax)), therefore we obtain O(M5G2

max log (MGmax)) for
the computation of lexicographic solutions. At the end, the complexity for
computing the chain is O(M5G2

max log (MGmax)), since we have to consider
at most O(M4G2

max) cells and the determination of sit( . , . ) can be done in
O(M log(MGmax)). The overall complexity is O(M5G2

max log (MGmax)).

Example 5.1

Let us consider a bicriteria problem with 20 existing facilities A = {a1, . . . , a20}
( see Figure 5.12 ). The coordinates am = (xm, ym) and the weights wq

m, q =
1, 2, of the existing facilities are given by the following table :

m 1 2 3 4 5 6 7 8 9 10

am (1, 7) (2, 19) (7, 14) (7, 44) (8, 6) (9, 23) (10, 33) (11, 48) (14, 1) (14, 13)

w1
m 10 5 5 3 15 3 1 1 10 7

w2
m 3 4 1 5 1 2 6 10 0 3

m 11 12 13 14 15 16 17 18 19 20

am (16, 36) (17, 43) (19, 9) (22, 20) (24, 34) (25, 45) (27, 4) (28, 49) (29, 28) (31, 37)

w1
m 1 1 5 3 0 0 7 2 2 2

w2
m 5 6 2 2 5 10 2 15 10 7

All existing facilities are associated with the 1-norm. Moreover, we assume
that f1

λ is a median function, while f2
λ is a center function, i. e.

λq
m :=

{
1 , q = 1 ∨ m = M
0 , otherwise .

The optimal solution of the median function f1
λ is unique and given by

M(f1
λ) = {(10, 7)} with the ( optimal ) objective value z∗1 = 1344. Therefore

we have M1,2 = M(f1λ).
However, the optimal solution of the center function f2

λ is given by the
segment M(f2

λ) = (23 1
6 , 41 1

6 ) (25 1
4 , 43 1

4 ) with ( optimal ) objective value z∗2 =
190.

The center solution M(f2
λ) lies on the bisector generated by (a8, w

2
8)

and (a19, w
2
19). Moreover, we have M2,1 = {(23 1

6 , 41 1
6 )}. The bicriteria chain

( consisting of 5 cells and 14 edges with respect to the fundamental directions
and bisectors drawn in Figure 5.12 ) is given by
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MPar = conv{ (10, 7) , (11, 7) , (11, 9) , (10, 9)}
∪ (11, 9) (14, 9) ∪ (14, 9) (14, 19)

∪ (14, 19) (19, 19) ∪ (19, 19) (19, 20)

∪ conv{ (19, 20) , (22, 20) , (22, 23) , (19, 23)}
∪ conv{ (22, 23) , (26 4

5 , 23) , (25 4
5 , 28) , (22, 28)}

∪ (25 4
5 , 28) (23 1

6 , 41 1
6 ) .

Notice that the face (26 4
5 , 23) (25 4

5 , 28) of the last polygon and the segment
(25 4

5 , 28) (23 1
6 , 41 1

6 ) are part of the bisector generated by the existing facilities
a8 = (11, 48) and a18 = (28, 49) with respect to w2

8 = 10 and w2
18 = 15.

Figure 5.12 shows the existing facilities, the fundamental directions, the
bicriteria chain, two ( out of 2

(
M
2

)
= 380 ) bisectors and the four inflated unit

balls determining the center solution.

5.4 The 3-Criteria Case

In this section we turn to the 3-criteria case and develop an efficient algorithm
for computing MPar

(
f1λ, f2λ, f3λ

)
using the results of the bicriteria case.

We denote by

C∞(R+
0 , R2) :=

{
ϕ |ϕ : R+

0 → R2, ϕ continuous, lim
t→∞ l2(ϕ(t)) = +∞

}
, (5.4)

where l2(x) is the Euclidean norm of the point x. C∞(R+
0 , R2) is the set of

continuous curves, which map the set of nonnegative numbers R+
0 := [0,∞)

into the two-dimensional space R2 and whose image ϕ(R+
0 ) is unbounded in

R2.
For a set C ⊆ R2 we define the enclosure of C by

encl (C) :=
{
x ∈ R2 : ∃ ε > 0 with B(x, ε) ∩ C = ∅ , ∃ tϕ ∈ [0,∞)with

ϕ(tϕ) ∈ C for allϕ ∈ C∞(R+
0 , R2) and ϕ(0) = x

}
, (5.5)

where B(x, ε) = {y ∈ R2 : l2(y − x) ≤ ε}. Notice that C ∩ encl (C) = ∅.
Informally spoken encl (C) contains all the points which are surrounded by
C, but do not belong to C themselves.

Lemma 5.2
If x ∈ R2 is dominated by y ∈ R2 with respect to strict Pareto optimality, then
zλ := x + λ(x − y) ∈ R2 with λ ≥ 0 is dominated by x with respect to strict
Pareto optimality.

Proof.
From zλ := x + λ(x − y), λ ≥ 0 it follows that x = 1

1+λzλ + λ
1+λy with λ ≥ 0.
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a8

a19

a18

a2

xr

2,1 = {xl}

1,2

B8,19,2

B8,18,2

Par

Fig. 5.12. Illustration to Example 5.1

Using that y dominates x with respect to strict Pareto optimality and the
convexity of f1

λ, . . . , fQ
λ , we obtain

fq
λ(x) ≤ 1

1 + λ
fq

λ(zλ) +
λ

1 + λ
fq

λ(y) <
1

1 + λ
fq

λ(zλ) +
λ

1 + λ
fq

λ(x)

for q = 1 . . . Q, which implies

(1 + λ)fq
λ(x) < fq

λ(zλ) + λfq
λ(x) for all q = 1, . . . , Q.

Hence, fq
λ(x) < fq

λ(zλ) for all q = 1, . . . , Q, i.e. x dominates zλ with respect
to strict Pareto optimality. �
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We denote the union of the bicriteria chains including the 1-criterion so-
lutions by

Mgen
Par

(
f1λ, f2λ, f3λ

)
:=

3⋃
q=1

M(fqλ) ∪
2⋃

q=1

3⋃
p=q+1

MPar (fpλ , fqλ) . (5.6)

We use the abbreviation gen since this set will generate the set
MPar

(
f1λ, f2λ, f3λ

)
.

(f1
λ)

(f2
λ)

(f3
λ)

Par f1
λ, f2

λ

Par f1
λ, f3

λ

Par f2
λ, f3

λ

encl gen
Par f1

λ, f2
λ, f3

λ

Fig. 5.13. The enclosure of Mgen
Par

(
f1λ, f2λ, f3λ

)

The next lemma gives a detailed geometric description of parts of the
Pareto solution set which are needed to build up MPar

(
f1λ, f2λ, f3λ

)
. We will also

learn more about the part of the plane which is crossed by the Pareto chains.
For a set A, let cl(A) denote the topological closure of A.

Lemma 5.3

cl
(
encl

(
Mgen

Par

(
f1λ, f2λ, f3λ

))) ⊆ Ms−Par

(
f1λ, f2λ, f3λ

)
.

Proof.
Let x ∈ encl

(
Mgen

Par

(
f1λ, f2λ, f3λ

))
. Assume x /∈ Ms−Par

(
f1λ, f2λ, f3λ

)
. Then there ex-

ists a point y ∈ R2 which dominates x with respect to strict Pareto optimality.
Consider the curve

ϕ : R+
0 → R2 ,
t �→ x + t(x − y) .

Obviously ϕ is continuous and fulfills
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lim
t→∞ l2((ϕ(t)) = +∞, i.e. ϕ ∈ C∞(R+

0 , R2) .

Moreover, ϕ(0) = x. Since x ∈ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

))
, there exists t ∈ [0,∞)

with
zt := ϕ(t) ∈ Mgen

Par

(
f1λ, f2λ, f3λ

)
. (5.7)

By Lemma 5.2 we have fq
λ(x) ≤ fq

λ(zt) for all q = 1, . . . , 3. Hence, we can
continue with the following case analysis with respect to (5.7) :

Case 1 : zt ∈ M(fqλ) for some q ∈ {1, 2, 3} :
⇒ x ∈ M(fqλ) ⇒ x ∈ Mgen

Par

(
f1λ, f2λ, f3λ

)
. This is a contradiction.

Case 2 : zt ∈ MPar (fpλ , fqλ) for some p, q ∈ {1, 2, 3}, p < q :
⇒ x ∈ MPar (fpλ , fqλ) ⇒ x ∈ Mgen

Par

(
f1λ, f2λ, f3λ

)
. This is a contradiction.

Therefore, we have x ∈ Ms−Par

(
f1λ, f2λ, f3λ

)
, i.e.

encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

)) ⊆ Ms−Par

(
f1λ, f2λ, f3λ

)
.

Since Ms−Par

(
f1λ, f2λ, f3λ

)
is closed ( see [211], Chapter 4, Theorem 27 ) we obtain

cl
(
encl

(
Mgen

Par

(
f1λ, f2λ, f3λ

))) ⊆ cl
(
Ms−Par

(
f1λ, f2λ, f3λ

))
= Ms−Par

(
f1λ, f2λ, f3λ

)
.

�

Finally we obtain the following theorem which provides a subset as well
as a superset of MPar

(
f1λ, f2λ, f3λ

)
.

Theorem 5.2

encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

)) ⊆ MPar

(
f1λ, f2λ, f3λ

)
⊆ Mgen

Par

(
f1λ, f2λ, f3λ

) ∪ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

))
.

Proof.
encl

(
Mgen

Par

(
f1λ, f2λ, f3λ

)) ⊆ Ms−Par

(
f1λ, f2λ, f3λ

)
(by Lemma 5.3)

⊆ MPar

(
f1λ, f2λ, f3λ

)
⊆ Mw−Par

(
f1λ, f2λ, f3λ

)
⊆ Mgen

Par

(
f1λ, f2λ, f3λ

) ∪ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

))
(by Theorem 3.2 in [178]).

�

Now it remains to consider the Pareto optimality of the set Mgen
Par

(
f1λ, f2λ, f3λ

)
with respect to the three objective functions f1

λ, f2
λ, f3

λ. For a cell C ∈ C we
define the collapsing and the remaining parts of C with respect to Q-criteria
optimality by

colQ(C) :=
{

x ∈ C : x /∈ MPar

(
f1λ, . . . , fQλ

)}
(5.8)
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and
remQ(C) :=

{
x ∈ C : x ∈ MPar

(
f1λ, . . . , fQλ

)}
. (5.9)

Using the differentiability of the objective functions in the interior of the cells
we obtain the following lemma.

Lemma 5.4
Let C ∈ C be a cell. The following statements hold.

1. colQ(C) ∪̇ remQ(C) = C.
2. Either remQ(C) = C or remQ(C) ⊆ bd(C). In the latter case remQ(C) is

either empty or consists of complete faces and/or extreme points of C.
3. For C ⊆ M(fpλ) with p ∈ {1, 2, 3} and x ∈ int(C), we have :

x ∈ rem3(C) ⇔
{∃ ξ ∈ R with ∇fq

λ(x) = ξ∇fr
λ(x)

and ξ < 0 for q, r ∈ {1, 2, 3} \ {p}, q < r

}
. (5.10)

For C ⊆ MPar (fpλ , fqλ) with p, q ∈ {1, 2, 3}, p < q, and x ∈ int(C), we have :

x ∈ rem3(C) ⇔

⎧⎪⎪⎨⎪⎪⎩
∃ ξp, ξq ∈ R with ∇fr

λ(x) = ξp∇fp
λ(x) ,

∇fr
λ(x) = ξq∇fq

λ(x)

and ξpξq ≤ 0 for r ∈ {1, 2, 3} \ {p, q}

⎫⎪⎪⎬⎪⎪⎭ . (5.11)

Proof.
1. Follows directly from the definition of colQ(C) and remQ(C).
2. If int(C) ∩ MPar

(
f1λ, f2λ, f3λ

) �= ∅ we have C ⊆ MPar

(
f1λ, f2λ, f3λ

)
and hence

remQ(C) = C. This follows analogously to the proof of Theorem 5.1.
If int(C) ∩ MPar

(
f1λ, f2λ, f3λ

)
= ∅, then remQ(C) ⊆ bd(C). The rest follows

analogously to the proof of Theorem 5.1.
3. If C ⊆ M(fpλ) for p ∈ {1, 2, 3} and x ∈ int(C), we have L=(fp

λ , fp
λ(x)) =

L≤(fp
λ , fp

λ(x)) and therefore there exist q, r ∈ {1, 2, 3} \ {p}, q < r such
that

x ∈ rem3(f) ⇔ L=(fq
λ, fq

λ(x)) ∩ L=(fr
λ, fr

λ(x))
= L≤(fq

λ, fq
λ(x)) ∩ L≤(fr

λ, fr
λ(x))

⇔ ∇fq
λ(x) = ξ∇fr

λ(x) with ξ < 0.

If C ⊆ MPar (fpλ , fqλ) for p, q ∈ {1, 2, 3} and x ∈ int(C), there exists ξ ∈ R
with

∇fp
λ(x) = ξ∇fq

λ(x) with ξ < 0 .

(Notice that the trivial case M(f1λ)∩M(f2λ) �= ∅, i.e. ∇fp
λ(x) = 0 = ∇fq

λ(x)
is included. )
The Pareto optimality condition
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3⋂
q=1

L=(fq
λ, fq

λ(x)) =
3⋂

q=1

L≤(fq
λ, fq

λ(x))

for the 3 criteria is fulfilled if and only if the level curve Lr
=(x), r ∈

{1, 2, 3} \ {p, q}, has the same slope as L=(fp
λ , fp

λ(x)) and L=(fq
λ, fq

λ(x)),
i.e. if and only if ξp, ξq ∈ R exist with

∇fr
λ(x) = ξp∇fp

λ(x) , ∇fr
λ(x) = ξq∇fq

λ(x) and ξpξq ≤ 0 .

�

Summing up the preceding results we get a complete geometric character-
ization of the set of Pareto solutions for three criteria.

Theorem 5.3

MPar

(
f1λ, f2λ, f3λ

)
=

(
Mgen

Par

(
f1λ, f2λ, f3λ

) ∪ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

)) )
\ {x ∈ R2 : ∃C ∈ C, C ⊆ Mgen

Par

(
f1λ, f2λ, f3λ

)
, x ∈ col3(C)}.

Proof.
Let y ∈ MPar

(
f1λ, f2λ, f3λ

)
. Then we have by Theorem 5.2

y ∈ Mgen
Par

(
f1λ, f2λ, f3λ

) ∪ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

))
.

Moreover for C ∈ C with y ∈ C we have y ∈ rem3(C), i.e. y /∈ col3(C). This
implies

y ∈ (
Mgen

Par

(
f1λ, f2λ, f3λ

) ∪ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

)))
\ {x ∈ R2 : ∃C ∈ C, C ⊆ Mgen

Par

(
f1λ, f2λ, f3λ

)
, x ∈ col3(C)} .

Now let

y ∈ (
Mgen

Par

(
f1λ, f2λ, f3λ

) ∪ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

)))
\ {x ∈ R2 : ∃C ∈ C, C ⊆ Mgen

Par

(
f1λ, f2λ, f3λ

)
, x ∈ col3(C)} .

We distinguish the following cases :

Case 1 : y ∈ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

))
. Then y ∈ MPar

(
f1λ, f2λ, f3λ

)
by Theorem 5.2.

Case 2 : y ∈ Mgen
Par

(
f1λ, f2λ, f3λ

)
Case 2.1 : ∃C ∈ C, C ⊆ Mgen

Par

(
f1λ, f2λ, f3λ

)
with y ∈ C

⇒ y /∈ col3(C) ⇒ y ∈ rem3(C) ⇒ y ∈ MPar

(
f1λ, f2λ, f3λ

)
.

Case 2.2 : � ∃ C ∈ C, C ⊆ Mgen
Par

(
f1λ, f2λ, f3λ

)
with y ∈ C

⇒ L≤(fp
λ , fp

λ(y))∩L≤(fq
λ, fq

λ(y)) = {y} for some p, q ∈ {1, 2, 3}, p < q

⇒ ⋂3
q=1 L≤(fq

λ, fq
λ(y)) = {y}

⇒ y ∈ Ms−Par

(
f1λ, f2λ, f3λ

) ⊆ MPar

(
f1λ, f2λ, f3λ

)
. �
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In the OMP the gradients ∇fq
λ(x), q ∈ {1, 2, 3}, (in those points where they

are well-defined) can be computed in O(M log(MGmax)) time (analogous to
the evaluation of the function). Therefore, we can test, with (5.10) and (5.11),
in O(M log(MGmax)) time if a cell C ∈ C, C ⊆ Mgen

Par

(
f1λ, f2λ, f3λ

)
collapses. We

obtain the following algorithm for the 3-criteria OMP with time complexity
O(M5G2

max log(MGmax)).

Algorithm 5.2: Computing MPar

(
f1λ, f2λ, f3λ

)
.

Compute the planar graph generated by the cells C.
Compute Mw−Par

(
f1λ, f2λ

)
,Mw−Par

(
f1λ, f3λ

)
,Mw−Par

(
f2λ, f3λ

)
using

Algorithm 5.1.
Mgen

Par

(
f1λ, f2λ, f3λ

)
:= Mw−Par

(
f1λ, f2λ

) ∪ Mw−Par

(
f1λ, f3λ

)
∪Mw−Par

(
f2λ, f3λ

)
.

MPar

(
f1λ, f2λ, f3λ

)
:= Mgen

Par

(
f1λ, f2λ, f3λ

) ∪ encl
(
Mgen

Par

(
f1λ, f2λ, f3λ

))
.

foreach C ∈ C with C ⊆ Mgen
Par

(
f1λ, f2λ, f3λ

)
do

Compute col3(C) using Lemma 5.4.
MPar

(
f1λ, f2λ, f3λ

)
:= MPar

(
f1λ, f2λ, f3λ

) \ col3(C).
end
Output: MPar

(
f1λ, f2λ, f3λ

)
.

Finally we present an example to illustrate the preceding results.

Example 5.2
We consider the four existing facilities a1 = (2, 6.5), a2 = (5, 9.5), a3 =
(6.5, 2) and a4 = (11, 9.5) (see Figure 5.14 where the bisector Bisec(ai, aj)
has been denoted by Bij). a1 and a4 are associated with the l1-norm, whereas
a2 and a3 are associated with the l∞-norm. We consider three OMf fq

λ for
q = 1, 2, 3 defined by the following weights :

q wq
1 wq

2 wq
3 wq

4 λq
1 λq

2 λq
3 λq

4

1 1 1 0 1 1 1 1 1

2 1 1 1 0 1 1 1 1

3 1 1 1 1 0 0 0 1

We obtain the optimal solutions M(f1λ) = {a2},M(f2λ) = {a1} and M(f3λ) =
(6.5, 8) , (8, 6.5). The sets Mgen

Par

(
f1λ, f2λ, f3λ

)
and MPar

(
f1λ, f2λ, f3λ

)
are drawn in

Figure 5.15 and Figure 5.16, respectively. Both figures show a part of the
whole situation presented in Figure 5.14.
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a1

a2

a3

a4

B12

B13

B14

B23

B24

B34

O1324

O3124
O3214

O3241

O3421

O2134

O1234 O2431

O4231

Fig. 5.14. Bisector lines and ordered regions generated by 4 existing facilities
a1, . . . , a4 associated with the l1-norm respectively the l∞-norm for W := {1, 1, 1, 1}

5.5 The Case Q > 3

Now we turn to the Q-Criteria case (Q > 3). The results in this section are
based on similar ones corresponding to the 3-criteria case. First of all, we
obtain a chain of set-inclusions for the solution set MPar

(
f1λ, . . . , fQλ

)
.

Theorem 5.4

1. ⋃
p,q,r=1,...,Q

p<q<r

cl (encl (Mgen
Par (fpλ , fqλ, frλ))) ⊆ MPar

(
f1λ, . . . , fQλ

)
2.

MPar

(
f1λ, . . . , fQλ

)
⊆⋃

p,q,r=1,...,Q
p<q<r

Mgen
Par (fpλ , fqλ, frλ) ∪

⋃
p,q,r=1,...,Q

p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ))
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a1

a2

Mgen
Par

(
F1, F2, F3

)

Fig. 5.15. Illustration to Example 5.2

Proof.
1. x ∈ ⋃

p,q,r=1,...,Q
p<q<r

cl (encl (Mgen
Par (fpλ , fqλ, frλ)))

⇔ x ∈ cl (encl (Mgen
Par (fpλ , fqλ, frλ))) for some p, q, r = 1, . . . , Q, p < q < r

⇒ x ∈ Ms−Par (fpλ , fqλ, frλ)
for some p, q, r = 1, . . . , Q, p < q < r, by Lemma 5.3

⇔ L≤(fp
λ , fp

λ(x)) ∩ L≤(fq
λ, fq

λ(x)) ∩ L≤(fr
λ, fr

λ(x)) = {x}
for some p, q, r = 1, . . . , Q, p < q < r, by (5.3)

⇒ ⋂Q

q=1
L≤(fq

λ, fq
λ(x)) = {x} , since x ∈ L≤(fq

λ, fq
λ(x)) for all q = 1, . . . , Q

⇔ x ∈ Ms−Par

(
f1λ, . . . , fQλ

)
by (5.3)

⇒ x ∈ MPar

(
f1λ, . . . , fQλ

)
.
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a1

a2

MPar

(
F1, F2, F3

)

Fig. 5.16. Illustration to Example 5.2

2. x ∈ MPar

(
f1λ, . . . , fQλ

)
⇒ x ∈ Mw−Par

(
f1λ, . . . , fQλ

)
⇔ ⋂Q

q=1
L<(fq

λ, fq
λ(x)) = ∅ by (5.1)

⇔ L<(fp
λ , fp

λ(x)) ∩ L<(fq
λ, fq

λ(x)) ∩ L<(fr
λ, fr

λ(x)) = ∅

for some p, q, r = 1, . . . , Q, p < q < r, by Helly’s Theorem

⇔ x ∈ Mw−Par (fpλ , fqλ, frλ) for some p, q, r = 1, . . . , Q, p < q < r, by (5.1)

⇒ x ∈ Mgen
Par (fpλ , fqλ, frλ) ∪ encl (Mgen

Par (fpλ , fqλ, frλ))

for some p, q, r = 1, . . . , Q, p < q < r, by Theorem 3.2 in [178]

⇔ x ∈ ⋃
p,q,r=1,...,Q

p<q<r

Mgen
Par (fpλ , fqλ, frλ) ∪ ⋃

p,q,r=1,...,Q
p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ)) .

�

In the Q-criteria case the crucial region is now given by the cells C ∈ C
with

C ⊆
⋃

p,q,r=1,...,Q
p<q<r

Mgen
Par (fpλ , fqλ, frλ) \

⋃
p,q,r=1,...,Q

p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ))
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=
⋃

p,q=1,...,Q
p<q

Mw−Par (fpλ , fqλ) \
⋃

p,q,r=1,...,Q
p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ)) .

Similar to Lemma 5.4 it can be tested, by comparing the gradients of the objec-
tive functions in int(C), if the cell C ∈ C collapses with respect to f1

λ, . . . , fQ
λ

or not. Finally we obtain the following theorem, which can be proven by the
same technique as in the 3-criteria case ( see the proof of Theorem 5.3 ).

Theorem 5.5

MPar

(
f1λ, . . . , fQλ

)
=⎛⎝ ⋃

p,q,r=1,...,Q
p<q<r

Mgen
Par (fpλ , fqλ, frλ) ∪ ⋃

p,q,r=1,...,Q
p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ))

⎞⎠
\
⎧⎨⎩x ∈ R2 : ∃C ∈ C, C ⊆ ⋃

p,q=1,...,Q
p<q

Mw−Par (fpλ , fqλ) \

⋃
p,q,r=1,...,Q

p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ)) , x ∈ colQ(C)

⎫⎬⎭ .

For the Q-criteria OMP we obtain the following algorithm.

Algorithm 5.3: Computing MPar

(
f1λ, . . . , fQλ

)
.

Compute the planar graph generated by the cells C.
Compute Mw−Par (fpλ , fqλ) ,p, q = 1, . . . ,Q,p < q, using Algorithm 5.1.
Mgen

Par (fpλ , fqλ, frλ) := Mw−Par (fpλ , fqλ) ∪ Mw−Par (fpλ , frλ)
∪Mw−Par (fqλ, frλ) , p, q, r = 1, . . . ,Q, p < q < r.

MPar

(
f1λ, . . . , fQλ

)
:=

⋃
p,q,r=1,...,Q

p<q<r

Mgen
Par (fpλ , fqλ, frλ)

∪ ⋃
p,q,r=1,...,Q

p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ)).

foreach C ∈ C with
C ⊆ ⋃

p,q=1,...,Q
p<q

Mw−Par (fpλ , fqλ) \ ⋃
p,q,r=1,...,Q

p<q<r

encl (Mgen
Par (fpλ , fqλ, frλ)) do

Determine colQ(C).
MPar

(
f1λ, . . . , fQλ

)
:= MPar

(
f1λ, . . . , fQλ

)
\ colQ(C).

end

Output: MPar

(
f1λ, . . . , fQλ

)
.

The complexity of Algorithm 5.3 can be obtained by the following analy-
sis. For each cell C, colQ(C) takes O(Q log(Q)) since it is equivalent to
check whether 0 ∈ conv{∇f i

λ : i = 1, . . . , Q} at any interior point to
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C. Algorithm 5.3 needs to solve O(Q3) three-criteria problems. Each one
of them has the same complexity as the two-criteria problem. Thus, the
overall complexity is O(M5G2

maxQ
3(log M + log Gmax) + M4G2

maxQ log Q) =
O(M5G2

maxQ
3(log M + log Gmax).

5.6 Concluding Remarks

This chapter analyzes the multicriteria version of the OMP. We have developed
a geometrical description of the Pareto optimal solutions and algorithms to
obtain it.

Apart from the results already presented here, there are some others that
are worth to be further investigated. The first one is when we allow the weights
wq

i , i = 1, . . . , M , q = 1, . . . , Q , to be positive or negative and the weights
λq

i , i = 1, . . . , M , q = 1, . . . , Q , not to be in non-decreasing sequence. In this
situation we cannot apply the procedures presented in the preceding sections.
Specifically, we do not have the following properties anymore :

• Convexity of the objective functions fq
λ , q = 1, . . . , Q .

• Connectivity of the set of Pareto optimal points MPar

(
f1λ, . . . , fqλ

)
.

As a consequence, a solution algorithm for the multicriteria ordered me-
dian problem with attraction and repulsion should have a completely dif-
ferent structure than the algorithm for the convex case. Needless to say, for
negative wq

i we cannot write wq
i γi(x) = γi(w

q
i x) anymore. Instead we have

wq
i γi(x) = −γi(|wq

i |x) .
However, the following properties are still fulfilled :

• The cell structure remains the same, since fundamental directions and
bisector lines do not depend on λq

i .
• Linearity of the objective functions fq

λ within each cell.

Consequently, we can compute the local Pareto solutions with respect to a
single cell as described in the previous sections. Of course, we cannot ensure
that the local Pareto solutions remain globally Pareto. Therefore, to obtain the
set of global Pareto solutions all local Pareto solutions have to be compared.

A schematic approach for solving the ordered median problem with posi-
tive and negative weights would be :

1. Compute the local Pareto solutions for each cell C ∈ C .
2. Compare all solutions of Step 1 and get MPar

(
f1λ, . . . , fQλ

)
.

3. Output : MPar

(
f1λ, . . . , fQλ

)
.

In general Step 2 might become very time consuming, because we have to com-
pare lots of cells. However, for more special cases efficient algorithms can be
developed. If we restrict ourselves to the bicriteria case, we can do a procedure
similar to the one used in [89] for network location problems.
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In addition, the approach presented in this chapter can be further extended
to deal with non-polyhedral gauges using sequences of Pareto solution sets as
already done for the multicriteria minisum location problems in [166].



6

Extensions of the Continuous Ordered Median
Problem

This chapter contains advanced material that extends the basic model consid-
ered so far in previous chapters. We have tried to cover two different goals: 1)
extensions of basic location models, and 2) geometrical properties of the OMP
in abstract spaces. Most of the material presented here is self-contained and
might be skipped without loosing continuity in reading the rest of the book.

The first section considers OMP with forbidden regions and it results as
a natural extension of the unconstraint single facility problems considered in
Chapter 4. The second section deals with multifacility models where more
than one new facility has to be located in order to improve the service of the
demand points. The last section analyzes the OMP formulated in abstract
spaces. In the analysis we use basic tools of convex analysis and functional
analysis. Also a basic knowledge of the geometry of Banach spaces is needed, at
some points, to understand completely all the results. Several results obtained
in previous chapters are extended or reformulated with great generality giving
a panorama view of the geometric insights of location theory.

6.1 Extensions of the Single Facility Ordered Median
Problem

6.1.1 Restricted Case

In the last years restricted facility location problems, an extension to classical
location models, have attracted considerable attention in the applications and
from a methodological point of view. In many applications a forbidden region
has to be considered, where it is not allowed to place new facilities. There-
fore, when solving restricted location problems this issue has to be taken into
account. In the recent literature of location analysis one can find several pa-
pers that consider this characteristic in their solution method (see for instance
Brady and Rosenthal [27], Drezner [57], Karkazis [120], Aneja and Palar [5]).
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Different approaches that are also related to this topic are the contour line ap-
proach followed by Francis et al. [77] and the method proposed by Hamacher
and Nickel [90] and Nickel [148]. Following the usual trend in location analysis,
these papers are model oriented; and thus, they focus on concrete problems
and on concrete solution strategies. In this section we want to embed the lo-
cation problem with forbidden regions within the framework of the OMP. In
our analysis we follow the material in Rodríguez-Chía et al. [177].

To simplify the presentation we restrict ourselves to the case of the convex
OMP in the plane with only one polyhedral gauge. Needless to say that all the
results extend further to the case of different gauges at the different demand
points and to the general OMP (not necessarily convex).

We are given a polyhedral gauge γ with unit ball B, a nonnegative lambda
vector λ ∈ S≤M and a forbidden region R, being an open convex set in R2. We
assume further that R contains all the optimal solutions of the unrestricted
problem. Notice that this hypothesis does not mean loss of generality because
otherwise we could solve the problem just considering the unrestricted one.

The problem to be solved is:

min
x∈R2\R

fλ(x) . (6.1)

We start with a discretization result that is the basis of the solution pro-
cedure presented later in Algorithm 6.1.

Theorem 6.1 The convex OMP with forbidden region R and polyhedral gauge
γ always has an optimal solution on the 0-dimensional intersections between
the boundary of R, the fundamental directions of B and the bisector lines.

Proof.
Since fλ is convex its lower level sets are convex. Therefore, an optimal solution
of the restricted ordered facility location problem is on the boundary of the
forbidden region. Moreover, the objective function is linear in each cell, see
Theorem 4.1, and thus, there must be a point on the boundary of R and the
boundary of some cell that is an optimal solution of Problem (6.1). �

One of the implications of the above result is that there is no loss of
generality in considering only one forbidden region. Otherwise, if they were
more than one, we would only need to consider one region which contains
some optimal solutions of the unrestricted problem, in order to obtain some
optimal solution of the restricted one.

Another immediate consequence of Theorem 6.1 is Algorithm 6.2 for solv-
ing the single facility OMP with forbidden region R.
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Algorithm 6.1: Solving the convex ordered median problem with convex
forbidden regions

Compute the fundamental directions and bisector lines for all existing1
facilities.
Determine {y1, y2, . . . , yk} the intersection points of fundamental directions2
or bisector lines and the boundary of the forbidden region, R.
Compute x∗R ∈ arg min{fλ(y1), fλ(y2), . . . , fλ(yk)} (x∗R is an optimal solution3
to the restricted location problem).
The set of optimal solutions is M(fλ) := {x : fλ(x) = fλ(x∗R)} intersected4
with the boundary of R.

a1

a2

a3

R

Fig. 6.1. Illustration to Example 6.1

Example 6.1
We apply Algorithm 6.1 to solve the OMP with forbidden regions using the
same input data as in Example 4.3: A = {a1 = (0, 2.5), a2 = (5.5, 0), a3 =
(5.5, 6)} with l1-norm. In addition, we define the forbidden region R =
[−1, 7] × [−1, 7].
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We get the intersection points y1, y2, . . . , y16 as shown by dots in Figure 6.1.
In Table 6.1 we list the values of fλ for different λ-vectors at the intersection
points.

For λ = (1, 2, 3) the optimal solution is y7. For λ = (1, 1, 0) the set of
optimal solutions is {y12, y16}. Finally, for λ = (1, 0, 0) the set of optimal
solutions is {y3, y12, y16}.

Table 6.1. Data of Example 6.1.

x (x1, x2) d λ = (1, 2, 3) λ = (1, 1, 0) λ = (1, 0, 0)

y1 (−1, 6) 4.5 12.5 6.5 55 11 4.5

y2 (−1, 3) 1.5 9.5 9.5 49 11 1.5

y3 (−1, 2.5) 1 9 10 39 10 1

y4 (−1, 0) 3.5 6.5 12.5 54 10 3.5

y5 (7, 6) 10.5 7.5 1.5 48 9 1.5

y6 (7, 3) 7.5 4.5 4.5 36 9 4.5

y7 (7, 2.5) 7 4 5 35 9 4

y8 (7, 0) 9.5 1.5 7.5 45 9 1.5

y9 (0, 7) 4.5 12.5 6.5 55 11 4.5

y10 (1, 7) 5.5 11.5 5.5 51 11 5.5

y11 (4, 7) 8.5 8.5 2.5 45 11 2.5

y12 (5.5, 7) 10 7 1 45 8 1

y13 (0,−1) 3.5 6.5 12.5 54 10 3.5

y14 (1.5,−1) 5 5 11 48 10 5

y15 (4.5,−1) 8 2 8 42 10 2

y16 (5.5,−1) 9 1 7 42 8 1

For the particular case of polyhedral forbidden regions we get more ac-
curate results. Let R be a polyhedral forbidden region, defined by its entire
collection of facets {s1, s2, . . . , sk}; and let A = {a1, . . . , aM} be the set of
existing facilities. Algorithm 6.2 describes an exact method to obtain an op-
timal solution of Problem (6.1).

Notice that Algorithm 6.2 can also be used to solve problems with convex
forbidden regions not necessarily polyhedral. In order to do so we only have to
approximate these regions by polyhedral ones. Since this approximation can be
done with arbitrary precision, using for instance the sandwich approximation
in [31] and [114], we can get good approximations to the optimal solutions of
the original problems.
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Algorithm 6.2: Solving the convex single facility OMP with polyhedral for-
bidden regions

Set p := 1, L := ∅.
Let x∗ be an arbitrary feasible solution and set y∗ = x∗.
Let Tp be the hyperplane defined by the facet sp of R and choose xo1

belonging to the relative interior of sp. Let T ≤p be the halfplane which does
not contain R. Set x∗ = xo.
Determine the ordered region Oσo where xo belongs to, and the permutation2
σo which defines this region.
Solve the following linear program3

min
∑M

i=1
λizσo

i

s.t. wi〈eo
g, x− ai〉 ≤ zi ∀eo

g ∈ Ext(Bo), i = 1, 2, . . . , M,
zσo(i) ≤ zσo(i+1) i = 1, 2, . . . , M − 1,

x ∈ T ≤p.

(PT≤)

Let uo = (xo, zo
σ) be an optimal solution of PT≤p

.
if xo �∈ Oσo then go to 2
if xo belongs to the interior of Oσo then set x∗ = xo and go to 4
if fλ(xo) �= fλ(x∗) then L := ∅
if there exist i and j satisfying

γ(xo − aσo(j)) = γ(xo − aσo(i)) i < j

such that
(σo(1), . . . , σo(j), . . . , σo(i), . . . , σo(M)) �∈ L

then
set x∗ := xo, σo := (σo(1), σo(2), . . . , σo(j), . . . , σo(i), . . . , σo(M)),
L := L ∪ {σo}.
go to 3.

end
if fλ(x∗) < fλ(y∗) then y∗ := x∗ else p := p + 1.4
if p < k then go to 1 else the optimal solution is y∗.

6.2 Extension to the Multifacility Case

A natural extension of the single facility model is to consider the location of
N new facilities rather than only one. In this formulation the new facilities are
chosen to provide service to all the existing facilities minimizing an ordered
objective function. These ordered problems are of course harder to handle than
the classical ones not considering ordered distances. Therefore, as no detailed
complexity results are known for the ordinary multifacility problem, nothing
can be said about the complexity of the ordered median problem. Needless
to say its resolution is even more difficult than the one for the single facility
models. To simplify the presentation we consider that the different demand
points use the same polyhedral gauge to measure distances. All the results
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extend further to the case of different gauges. Moreover, one can also extend
the analysis of multifacility models to the case of non-polyhedral gauges using
the approach followed in Section 4.3.

The multifacility problem can be analyzed from two different approaches
that come from two different interpretations of the new facilities to be located.
The first one assumes that the new facilities are not interchangeable, which
means that they are of different importance for each one of the existing facil-
ities. The second one assigns the same importance to all new facilities. In the
latter case, we are only interested in the size of the distances, which means
that we do not consider any order among the new facilities and look for equity
in the service, minimizing the largest distances.

6.2.1 The Non-Interchangeable Multifacility Model

Let us consider a set of demand points A = {a1, a2, . . . , aM}. We want to
locate N new facilities X = {x1, x2, . . . , xN} which minimize the following
expression:

f I
λ(x1, x2, . . . , xN ) =

N∑
i=1

M∑
j=1

λijd(j)(xi) +
N∑

k=1

N∑
l=1

µklγ(xk − xl) (6.2)

where
0 ≤ λ11 ≤ λ12 ≤ . . . ≤ λ1M

0 ≤ λ21 ≤ λ22 ≤ . . . ≤ λ2M

...
0 ≤ λN1 ≤ λN2 ≤ . . . ≤ λNM ;

µkl ≥ 0 for any k = 1, . . . , N , l = 1, . . . , N and d(j)(xi) is the expression,
which appears at the j-th position in the ordered version of the list

LI
i := (w1γ(xi − a1), . . . , wMγ(xi − aM )) for i = 1, 2, . . . , N. (6.3)

Note that in this formulation we assign the lambda parameters with respect
to each new facility, i.e., xj is considered to be non-interchangeable with xi

whenever i �= j. For this reason we say that this model has non-interchangeable
facilities.

In order to illustrate this approach we show an example which will serve
as motivation for the following:
Consider a distribution company with a central department and different di-
visions to distribute different commodities. A new set of final retailers appears
in a new area. Each division wants to locate a new distribution center to sup-
ply the demand generated by these retailers with respect to its own strategic
objective. The overall operation cost is the sum of the operation cost of the
different divisions plus the administrative cost which only depends on the dis-
tances between the new distribution centers and which is supported by the
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central department. It is evident that for each division the quality of its dis-
tribution center only depends on the orders of the distances to the retailers
but not on the name given to them, i.e. it depends on the ordered distances
from each new facility to the retailers. Therefore, a natural choice to model
this situation is to use an ordered multifacility non-interchangeable OMP with
a new facility for each commodity (division) of the company.

As in the single facility model we can prove that the objective function (6.2)
is convex, which eases the analysis of the problem and the development of an
efficient algorithm.

Proposition 6.1 The objective function f I
λ is convex.

Proof.
We know that

N∑
i=1

M∑
j=1

λijd(j)(xi) =
N∑

i=1

max
σi

N∑
j=1

λijwσi(j)γ(xi − aσi(j))

where σi is a permutation of the set {1, 2, . . . , M}. Therefore, the first part of
the objective function is a sum of maxima of convex functions, analogous to
Theorem 1.3. Hence, it is a convex function. On the other hand, the second
term of the objective function f I

λ is convex as sum of convex functions. Thus,
f I

λ is a convex function as well, as a sum of convex functions. �

Problem (6.2) can be transformed within the new ordered regions in the
same way we did in Section 4.1. It should be noted that in R2 the subdivisions
induced by the ordered regions of this problem are given as intersection of N
subdivisions. Each one of these N subdivisions determines the ordered regions
of each new facility.

Let σk = (σk(1), . . . , σk(M)) k = 1, . . . , N be the permutations which give
the order of the lists LI

i , for i = 1, . . . , N introduced in (6.3). Consider the
following linear program (P I

σ ):

min
N∑

k=1

M∑
l=1

λklzkσk(l) +
N∑

i=1

N∑
j=1

µijyij

s.t.

wl〈eo
g, xk − al〉 ≤ zkl ∀eo

g ∈ Ext(Bo), k = 1, 2, . . . , N, l = 1, 2, . . . , M

〈eo
g, xi − xj〉 ≤ yij ∀eo

g ∈ Ext(Bo), i = 1, 2, . . . , N, j = i + 1, . . . , M
zkσk(l) ≤ zkσk(l+1) k = 1, 2, . . . , N, l = 1, 2, . . . , M − 1

P I
σ plays a similar role as Pσ in Section 4.1.

Algorithm 4.4 can easily be adapted to accommodate the multifacility
case. Note that in this case we now look for N points in R2 or equivalently
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for one point in R2N (in the single facility case we look for only one point in
R2). To do that, we only have to choose N starting points instead of one. In
addition, we also have to consider that now the ordered regions are defined by
N permutations, one for each list LI

i , for i = 1, . . . , N . Therefore, we have to
replace the linear program Pσ by P I

σ and to adapt its set of optimal solutions.
Since this algorithm is essentially the same than the one proposed for the

single facility model, we can conclude that it is also polynomial bounded,
hence applicable.

Example 6.2
Consider the two-facility problem.

min
x1,x2∈IR2

2.5d(4)(x1) + 2d(3)(x1) + 1.5d(2)(x1) + d(1)(x1) +

+0.75d(4)(x2) + 0.1d(3)(x2) + 0.1d(2)(x2) + 0.1d(1)(x2) +
+0.5γB(x1 − x2)

where A = {(3, 0), (0, 11), (16, 8), (−4,−7)}, and γB is the hexagonal polyhe-
dral norm, already described in the examples of Section 4.4.

Starting with the points xo
1 = (0, 11) and xo

2 = (16, 8) we obtain in the
second iteration the optimal solution: x∗1 = (2.75, 5.5) and x∗2 = (3.125, 5.875).
The elementary convex set and the optimal solution can be seen in Figure 6.2.

6.2.2 The Indistinguishable Multifacility Model

The multifacility model that we are considering now differs from the previous
one in the sense that the new facilities are similar from the users point of
view. Therefore, the new facilities are regarded as equivalent with respect to
the existing ones. On the contrary, the weight given to each one of these new
facilities depends only on the size of the distances.

Using the same notation as in Section 6.2.1, the objective function of this
model is:

f II
λ (x1, x2, . . . , xN ) =

NM∑
j=1

λjd(j)(x) +
N∑

i=1

N∑
j=1

µijγ(xi − xj)

where
0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λNM

and d(j)(x) is the expression which appears at the j-th position in the ordered
version of the following ordered list

LII = (wpγ(xk − ap), k = 1, 2, . . . , N, p = 1, 2, . . . , M).

Also this model is motivated by the following situation:
Consider the same multi-commodity distribution company as in the last sub-
section. However, assume now that the strategic objective is not fixed by each
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Fig. 6.2. Illustration for Example 6.2

division but it is fixed by the central department. Therefore, the objective is
still to locate a distribution center for each commodity but the total cost of
the distribution is supported by the central department. Thus, the complete
order of the distances to the retailers from the distribution centers is impor-
tant rather than the distances with respect to each one of the centers for the
different commodities. With these hypotheses this situation can be formulated
as a multifacility indistinguishable model where we want to locate as many
facilities as different commodities in the company depending on the entire list
of distances.

Proposition 6.2 The objective function f II
λ is convex.

Proof.
The proof is analogous to the one given for Proposition 6.1. �

The same strategy as we have already used for the non-interchangeable
multifacility model can be applied here. Therefore this problem can be solved
by a modified version of Algorithm 4.4.

Let σ be a permutation of {1, . . . , MN} where σ((k − 1)M + j) gives the
position of wjγ(xk − aj) in LII .
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Consider the following linear programming problem (P II
σ ):

(P II
σ ) min

N∑
k=1

M∑
l=1

λσ(kl)zσ((k−1)M+l) +
N∑

p=1

N∑
q=1

µpqypq

s.t.
wl〈eo

g, xk − al〉 ≤ z(k−1)M+l, ∀eo
g ∈ Ext(Bo), k = 1, 2, . . . , N,

l = 1, 2, . . . , M
〈eo

g, xp − xq〉 ≤ ypq, ∀eo
g ∈ Ext(Bo), p = 1, 2, . . . , N,

q = 1, . . . , N
zσ((k−1)M+l) ≤ zσ((k−1)M+l+1), k = 1, 2, . . . , N, l = 1, 2, . . . , M − 1.

Once we replace P I
σ by P II

σ , we can easily adapt the algorithmic approach
showed for the previous model in Section 6.2.1.

6.3 The Single Facility OMP in Abstract Spaces

In contrast to the previous sections where we have been dealing with natural
extensions of the basic model, we take a more abstract perspective in this
section. We study properties of the OMP under very general assumptions in
order to link the location theory to the convex analysis and functional analysis
point of view.

Let us consider a real Banach space X equipped with a norm ‖.‖ with unit
ball B and a finite set A = {a1, . . . , aM} ⊂ X with at least three different
points.

The location problem associated with these data consists of finding a point
x ∈ X that best fits in some sense the points in A. This section studies a single
facility location problem assuming that two rationality principles (monotonic-
ity and symmetry) hold. Under these hypotheses a natural way to formulate
the location problem consists of minimizing an objective function F of the
form

F (x) = γ(d(x))

where γ is a monotone, symmetric norm on RM and d(x) = (‖x−a1‖, . . . , ‖x−
aM‖) is the distance vector. Most of the classical objective functions used in
location theory are specific instances of this formulation. It is easy to see that
the minimax, the cent-dian or the Weber problem fit into this general model.

Properties of the solution set of location problems have been previously
studied by several authors. Durier and Michelot [65] describe the optimal set
of Weber problems on a general normed space. Drezner & Goldman [60] as
well as Durier & Michelot [66] study dominating sets for the optimal solu-
tions of the Weber problem on R2 under different norms. Moreover, Baronti
& Papini [13] study properties of the size of the solution sets of minisum and
minimax problems on general normed spaces, and Durier [62, 63] analyzes
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a general problem on an arbitrary normed space X considering an objective
function which is a monotone but not necessarily a symmetric norm. Puerto
and Fernández [169] characterize the complete set of optimal solutions of
convex OMP. Recently, Nickel, Puerto and Rodríguez-Chía[151] have charac-
terized the geometrical structure of the set of optimal solutions of location
problems with sets as existing facilities.

In this section, we will study the set of optimal solutions of the problem

inf
x∈X

F (x). (6.4)

We provide a geometrical characterization and give existence and uniqueness
conditions of these sets using convex analysis. This characterization coincides
with the one given in [169]. In addition, we will prove that for any problem of
type (6.4) there exists a vector of nonnegative weights λ = (λ1, . . . , λM ) ∈ Λ≤M ,
such that Problem (6.4) and

(OMP(λ,A)) inf
x∈X

fλ(x) :=
M∑
i=1

λid(i)(x) (6.5)

have the same set of optimal solutions. This result establishes the relationship
between the general location problem (6.4) and the convex OMP for particular
choices of the vector λ. For the ease of understanding we denote the optimal
value of Problem (6.5) as:

OMX(λ,A) := inf
x∈X

M∑
i=1

λid(i)(x).

Moreover, let M(γ, A) and M(fλ, A) be the solution sets of the problems
(6.4) and (6.5), respectively, whenever they exist.

M(γ, A) = arg inf
x∈X

γ(d(x))

M(fλ, A) = arg inf
x∈X

M∑
i=1

λid(i)(x).

Finally, for ε ≥ 0 and λ ∈ Λ≤M , let:

M(fλ, A, ε) = {x ∈ X : fλ(x) ≤ OMX(λ,A) + ε}. (6.6)

According to Proposition 6.3, the sets M(fλ, A, ε) are always closed,
bounded and convex. Therefore, the (possibly empty) set

M(fλ, A) =
⋂
ε>0

M(fλ, A, ε) (6.7)

is always closed, bounded and convex.
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This section is organized as follows. First, we introduce the notation, the
concepts of monotone and symmetric norms and prove some results. Then,
we give a geometrical characterization of the set of optimal solutions to Prob-
lem (6.4). In addition, we state the equivalence between Problem (6.4) and
OMP (6.5). Subsection 6.3.2 deals with a geometrical description of the set
of optimal solutions to problems of type (6.4) in terms of their corresponding
OMP (6.5). The results are illustrated by several examples.

6.3.1 Preliminary Results

Let us denote by X∗ the topological dual of X and ‖.‖0 its norm. The unit
ball in X∗ is denoted B∗. The pairing of X and X∗ will be indicated by 〈·, ·〉.
For the ease of understanding the reader may replace the space X by Rn, and
everything will be more familiar. In this case the topological dual of X can be
identified to X, and the pairing is the usual scalar product. Given two points
u, v ∈ RM , in this section, the natural scalar product is written as (u, v).

Let C ⊂ X be a convex set. An element p ∈ X∗ is said to be normal to C
at x ∈ C if 〈p, y − x〉 ≤ 0 for all y ∈ C. The set of all the vectors normal to
C at x is called the normal cone to C at x and is denoted by NC(x). For the
sake of simplicity, we will denote the normal cone to the unit dual ball B∗ by
N .

We consider RM equipped with a norm γ which is assumed to be monotone
and symmetric; and we denote γ0 the dual norm. For the sake of completeness
we include the definitions of monotone and symmetric norms.

Definition 6.1

1. A norm γ on RM is monotone (see [15]) if γ(u) ≤ γ(v) for every u, v
verifying |ui| ≤ |vi| for each i = 1, . . . , M .

2. A norm γ on RM is said to be symmetric (see [169]) if and only if γ(u) =
γ(uσ) for all σ ∈ P(1 . . . M).

[112] gave a characterization of monotone norms as absolute norms, that
is γ(u) = γ(v) if |ui| = |vi| for all i = 1, . . . , M .

Notice that there is no general relation of inclusion between the sets of
monotone and symmetric norms according to the following example.

Example 6.3
Consider the space RM .

1. The lp norms with p ∈ [1,∞] are monotone and symmetric.
2. The norm given by ‖u‖ =

∑M
i=1 1/(i + 1)|ui| is monotone but not sym-

metric.
3. Let n = 2 and consider the polyhedral norm defined by the unit ball with

extreme points {(2, 2), (1, 0), (−1, 0), (−2,−2), (0,−1), (0, 1)}. It is easy to
see that this norm is symmetric but not monotone.
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Given an unconstrained minimization problem with convex objective func-
tion f , x is an optimal solution if and only if 0 ∈ ∂f(x).

Therefore, studying the subdifferential of the objective function F of (6.4)
is an interesting task. First of all, it is straightforward to see that the function
F = γ ◦ d is convex on RM provided that γ is monotone (see Prop. 2.1.8 of
Chapter IV in [102]). Then, by standard arguments concerning Banach spaces,
we obtain that if X is a dual space M(γ, A) �= ∅ for any finite set A (see e.g.
[129]). In particular, if X has finite dimension, Problem (6.4) always has an
optimal solution. In the following we assume that these problems have optimal
solutions.

Provided that Problem (6.4) has optimal solutions our goal is to find a
geometrical characterization of its solution set. Since the objective function F
is convex, one way to achieve this goal is to have a precise description of its
subdifferential set. To this end, we study properties of the subdifferential of
monotone, symmetric norms.

It is well-known that the subdifferential of the norm ‖.‖ at x is given by

∂‖x‖ =
{

B∗ if x = 0
{p ∈ B∗ : 〈p, x〉 = ‖x‖} if x �= 0 . (6.8)

Let pσ, xσ denote the vectors p, x whose entries have been ordered accord-
ing to the permutation σ.

Lemma 6.1 Let γ be a symmetric norm on RM . For any x ∈ RM , p ∈ ∂γ(x)
iff pσ ∈ ∂γ(xσ) for any permutation σ ∈ P(1 . . . M).

Proof.
Let p ∈ ∂γ(x). By the subgradient inequality one has:

p ∈ ∂γ(x) iff γ(y) ≥ γ(x) + (p, y − x) ∀y ∈ RM .

Since γ is a symmetric norm for any σ ∈ P(1 . . . M) we have γ(yσ) = γ(y)
for any y ∈ RM . Besides, (p, y − x) = (pσ, yσ − xσ) for any σ ∈ P(1 . . . M).
Therefore,

γ(y) ≥ γ(x) + (p, y − x)∀y ∈ RM iff γ(yσ) ≥ γ(xσ) + (pσ, yσ − xσ) ∀yσ ∈ RM .

Now, when y covers RM , yσ covers RM as well. Thus,

γ(yσ) ≥ γ(xσ)+(pσ, yσ−xσ)∀yσ ∈ RM iff γ(y) ≥ γ(xσ)+(pσ, y−xσ) ∀y ∈ RM .

Hence,
p ∈ ∂γ(x) iff pσ ∈ ∂γ(xσ).

�

The objective function of Problem (6.4) is F (x) = γ ◦ d(x). Since γ is not
an increasing componentwise function on the whole space RM , i.e.
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yi ≥ zi for i = 1, . . . , n ⇒ γ(y) ≥ γ(z),

(see chapter VI in [102] for details about the classical definition of increasing
componentwise functions) we cannot use the standard tools of convex analysis
to get the subdifferential of F . To avoid this inconvenience we introduce the
following auxiliary function defined on RM :

γ+(u) = γ(u+
1 , . . . , u+

M ) ,

where u+
i = max(ui, 0). It is straightforward that F (x) = γ+(d(x)) because

d is a vector of distances. Using composition theorems (see [102]) it is now
simple to show that γ+ is an increasing componentwise, symmetric, convex
function on RM . Moreover, using the properties of γ and the definition of γ+

we have

γ(v+
σ ) = γ(v+) = γ+(v) = γ+(v+) ≤ γ+(|v|) = γ(v) = γ(vσ)

∀ v ∈ RM , σ ∈ P(1 . . . M)
(6.9)

where |v| = (|v1|, . . . , |vM |).
Based on that relation, the next lemma gives a precise description of the

subdifferential set of γ+. This characterization will be essential to describe
the subdifferential set of the function F .

Lemma 6.2 Let γ be a symmetric, monotone norm on RM
+ and assume that

u = (u1, r1. . ., u1, . . . , uk, rk. . ., uk) ∈ Λ≤M for some k ≥ 1 and u1 < u2 < . . . < uk

if k > 1. Then
∂γ+(u) = ∂γ(u) ∩ Λr1,...,rk

.

(Recall that the cone Λr1,...,rk
was introduced in (1.4).)

Proof.
This proof is organized in two different parts. In the first part, we prove that
∂γ+(u) ⊆ Λr1,...,rk

. In the second, we prove ∂γ+(u) ⊇ ∂γ(u) ∩ Λr1,...,rk
.

Let u∗ ∈ ∂γ+(u) and v ≤ u. Using that γ+ is increasing componentwise
on RM , the subgradient inequality and the fact that v+ ≤ u+ we have,

0 ≤ γ+(u) − γ+(v) ≤ (u∗, u − v).

Since the first inequality holds for any v such that v ≤ u, this implies that
u∗ ≥ 0. Otherwise, if there exists u∗i < 0 taking v defined by vl = ul for l �= i
and vi < ui we get a contradiction. Therefore, we already have that ∂γ+(u) ⊆
RM

+ . Thus, the inclusion is proved for k = 1 because ΛM = RM
+ . Assume now

k ≥ 2. Using the symmetry property, we have that γ+(v) = γ+(vσ) for all
σ ∈ P(1 . . . M), and thus

0 ≤ γ+(u) − γ+(vσ) ≤ (u∗, u − vσ) ∀ v such that v ≤ u (6.10)
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which leads us, by looking at the point v = u, to u∗ ∈ Λr1,...,rk
. Otherwise, if

there exists (u∗)i
j > (u∗)i+1

l for some i and any j, l then let vσ be the vector
u with the j-th entry in block i interchanged with the l-th entry in block
i + 1. Since ui+1

l > ui
j and we already have that u∗ ≥ 0, we get (u∗, u− vσ) =

(ui+1
l − ui

j)((u
∗)i+1

l − (u∗)i
j) < 0. This fact contradicts (6.10). Therefore,

∂γ+(u) ⊂ Λr1,...,rk
.

For the second part of the proof we proceed as follows. Since for any
v ∈ RM , γ(v) ≥ γ+(v) (see (6.9)) and γ(u) = γ+(u) (u ∈ RM

+ ) we have

(u∗, v − u) ≤ γ+(v) − γ+(u) ≤ γ(v) − γ(u) for any v ∈ RM .

Therefore, u∗ ∈ ∂γ(u) and hence ∂γ+(u) ⊆ ∂γ(u). This inclusion together
with the inclusion of the first part of the proof leads us to ∂γ+(u) ⊆ ∂γ(u) ∩
Λr1,...,rk

.
Now, let u∗ ∈ ∂γ(u)∩Λr1,...,rk

. For any v ∈ RM , let vmin be a vector with
the same components that v but ordered in such a way that 〈u∗, u−(v+)min〉 ≤
〈u∗, u− (v+)σ〉 for all σ ∈ P(1 . . . M). Notice that this is always possible since
we can order v+according with the permutation π ∈ arg min

σ∈P(1...M)
〈u∗, u −

(v+)σ〉. Then, by the subgradient inequality we obtain

γ(u) − γ((v+)min) ≤ (u∗, u − (v+)min).

Therefore, using (6.9) we can conclude that

γ+(u)−γ+(v) = γ+(u)−γ+((v+)min) = γ(u)−γ((v+)min) ≤ (u∗, u−(v+)min).

But we have chosen (v+)min such that:

(u∗, u − (v+)min) ≤ (u∗, u − v+).

Moreover, v ≤ v+ and u∗ ∈ Λr1,...,rk
⊆ RM

+ , therefore (u∗, u−v+) ≤ (u∗, u−v)
and

γ+(u) − γ+(v) ≤ (u∗, u − v) for all v ∈ RM .

Hence, u∗ belongs to ∂γ+(u) and ∂γ(u) ∩ Λr1,...,rk
⊆ ∂γ+(u).

�

A simple consequence of the previous lemma is a description of the sub-
differential set of the function γ+.

Corollary 6.1 If u = (u1, r1. . ., u1, . . . , uk, rk. . ., uk) ∈ Λ≤M for some k ≥ 1 and
u1 < . . . < uk if k > 1 then

∂γ+(u) =
{

RM
+ ∩ B∗ u = 0

{λ ∈ Λr1,...,rk
: γ0(λ) = 1, (λ, u) = γ(u)} u �= 0 .
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The proof follows from (6.8) and Lemma 6.2. As we mentioned before the
description of the subdifferential of F is mainly based on these results as we
will show in Section 6.3.2. On the other hand, in order to solve (6.5), it is
important to know some of its properties. First of all, we start with a simple
result about its objective function.

Proposition 6.3 For any λ ∈ Λ≤M the function fλ(x) (x ∈ X) is Lipschitz
continuous and convex.

Proof.
The proof follows directly from Proposition 1.1. �

By standard arguments concerning Banach spaces we thus obtain:

Proposition 6.4 If X is a dual space (in particular: X is reflexive), then
M(fλ, A) �= ∅ for any finite set A and any λ ∈ Λ≤M .

Remark 6.1 The result above is true, for example, if X = l∞. Also, the
same result holds if X is norm-one complemented in X∗∗. General results of
this type have been given in [199].

The next result shows that also other spaces have the same property. This
is the case of some spaces as c0, the space of all sequences converging to 0
equipped with the supremum norm.

Theorem 6.2 If X = c0, then for every A = {a1, . . . , aM} and λ ∈ S≤M we
have M(fλ, A) �= ∅.
Proof.
Given A, we may consider it as a subset of l∞. Since l∞ is a dual space,
there exists x = (x(1), x(2), . . . , x(n), . . .) ∈ l∞ such that fλ(x) = inf{fλ(y) :
y ∈ l∞}. Let σM (x) be the index of the demand point that gives the min-
imum distance to x, and assume that ‖x − aσM (x)‖ = ε. Now find an in-
dex h such that |a(j)

i | ≤ ε for all j > h and i between 1 and M . Then set
x0 = (x(1), . . . , x(h), 0, . . . , 0, . . .) ∈ c0. We have:

‖x0 − ai‖ = max
{

max{|a(m)
i | : m > h}; max

1≤m≤h
{|x(m) − a

(m)
i | : m ≤ h}

}
≤ ε

for i = 1, . . . , M . This shows that fλ(x0) ≤ ‖x − aσM (x)‖ ≤ fλ(x) =
OMX(λ,A), so x0 ∈ M(fλ, A): This concludes the proof. �

Remark 6.2 There are spaces where for some finite sets, centers and/or me-
dians do not always exist; one of these spaces is a hyperplane of c0 considered
in [157] (this does not contradict Theorem 6.2). Examples of four points sets
with a center but without median, or with a median but without a center are
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indicated in [157] and [200]. An example of a three points set without k-centra
for any k is shown at the end of this section.

In the following we give a uniqueness result and localization results on the
optimal solutions of Problem (6.5) and bounds on its objective values.

Theorem 6.3 Let X be a strictly convex, reflexive Banach space over the real
field and assume that A is not contained in a line, i.e. the points in A are not
collinear, then Problem (6.5) has a unique optimal solution.

Proof.
Let us assume that x1 and x2 are two optimal solutions of Problem (6.5).
Therefore, x1, x2 ∈ M(fλ, A). By Theorem 6.8 there exist σ ∈ P(1 . . . M)
and pσ = (pσ(1), . . . , pσ(M)) with pσ(i) ∈ B∗ for all i = 1, . . . , M such that
M(fλ, A) ⊆ ⋂M

j=1(aσ(j) + N(pσ(j))). Thus, 〈pσ(i), xk − aσ(i)〉 = ‖xk − aσ(i)‖ =
d(i)(xk) for k=1,2, σ(i) for all i = 1, . . . , M .

Since X is strictly convex, if the linear functional 〈pσ(i), x−aσ(i)〉 achieves
the value of its norm on two different vectors, i.e., 〈pσ(i), xk − aσ(i)〉 = ‖xk −
aσ(i)‖ for k = 1, 2, these vectors must be proportional (see Theorem 13.3.3
in [213]), i.e. it must exist tσ(i) ∈ R such that

x1 − aσ(i) = tσ(i)(x2 − aσ(i)) ∀ σ ∈ J , ∀ i = 1, . . . , M .

Hence, aσ(i) = 1/(1 − tσ(i))x1 − tσ(i)/(1 − tσ(i))x2 what implies that the ele-
ments of A are collinear. This contradiction concludes the proof. �

We add a simple result on the size of the set M(fλ, A) of all the optimal
solutions for those cases where uniqueness cannot be assured.

Proposition 6.5 If x1 and x2 belong to M(fλ, A) then

‖x1 − x2‖ ≤ 2OMX(λ,A)/
M∑
i=1

λi.

Proof.
We have that

‖x1 − x2‖ ≤ ‖x1 − aσ(i)‖ + ‖x2 − aσ(i)‖ ∀ σ ∈ P(1 . . . M), ∀ i = 1, . . . , M

then we obtain

M∑
i=1

λi‖x1 − x2‖ ≤
M∑
i=1

λi‖x1 − aσ(i)‖ +
M∑
i=1

λi‖x2 − aσ(i)‖

≤ 2 max
π∈P(1...M)

M∑
i=1

λi‖x1 − aπ(i)‖ = 2OMX(λ,A) . (6.11)
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�

It should be noted that this bound is tight. To see this, consider the fol-
lowing example.

Example 6.4
Let us consider the space R2 equipped with the rectilinear norm (l1-norm).
On this space, let A be the set of demand points defined by A = {a1, a2} with
a1 = (1, 1), a2 = (−1,−1). It is easy to see that for λ = (0, 1) ∈ S≤2 the set
M(fλ, A) = [(−1, 1), (1,−1)] and the optimal objective value OMX(λ,A) = 2.

In this case, if we consider x1 = (−1, 1) and x2 = (1,−1) then

‖x1 − x2‖1 = 2OMX(λ,A) = 4 .

In the following we consider a localization property of the ordered medians
with respect to conv(A), the convex hull of the set A.

Theorem 6.4 If X is a two-dimensional space, or if X is a Hilbert space,
then for any A and any λ ∈ Λ≤M , we have M(fλ, A)∩conv(A) �= ∅. Moreover, if
X is a Hilbert space, or if dim(X)=2 and X is strictly convex, then M(fλ, A) ⊂
conv(A).

Proof.
The assumptions imply that M(fλ, A) �= ∅. If dim(X)=2 then (see [208]) for
every x ∈ X there exists x∗ ∈ conv(A) such that ‖x∗ − a‖ ≤ ‖x − a‖ for any
a ∈ A; i.e., ‖x∗−ai‖ ≤ ‖x−ai‖ for i = 1, . . . , M = |A|, so fλ(x∗) ≤ fλ(x). If we
take x ∈ M(fλ, A), this shows that there also exists x∗ ∈ M(fλ, A)∩ conv(A).

Now let X be Hilbert or if dim(X)=2, X strictly convex. If x �∈ conv(A), let
x∗ be the best approximation to x from conv(A). We have ‖x∗−ai‖ < ‖x−ai‖
for i = 1, . . . , M , so fλ(x∗) < fλ(x). Thus any element of M(fλ, A) must
belong to conv(A). �

Another interesting property of ordered medians of a set A is that they
allow to characterize inner product spaces in terms of their intersection with
the convex hull of A. Characterizations of inner product spaces were known
from the sixties (see [81], [123]). The same property concerning medians was
considered in the nineties by Durier [64], where partial answers were given. It
has been proved only recently for medians of three-point sets. The next result
can be found in [20].

Theorem 6.5 If dim(X) ≥ 3 and the norm of X is not Hilbertian, then there
exists a three-point set A such that M(f(1,1,1), A) ∩ conv(A) = ∅.
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Using this theorem, it is not difficult to obtain the following characteriza-
tion, taken from Papini and Puerto [158], that uses the k-centrum function
(different from the center and median functions).

Proposition 6.6 If dim(X) ≥ 3 and the norm of X is not Hilbertian, then
for every M ≥ 3 there exists an M -point set D such that M(fλ, D)∩conv(D) =
∅ for λ = (0, . . . , 0, 1, 1, 1) ∈ Λ≤M .

Proof.
We prove the result for M = 4, the extension to M ≥ 4 being similar. Also, we
can assume without loss of generality that the lambda weights are normalized
to 1, i.e. we can consider λ̃ = (0, . . . , 0, 1/3, 1/3, 1/3).

Under the assumptions, according to Proposition 6.4, inf
x∈conv(A)

fλ̃(A, x) is

always attained. Now take A = {a1, a2, a3} and λ̂ = (1/3, 1/3, 1/3) as given by
Theorem 6.5. For some σ > 0 we have inf

x∈conv(A)
fλ̂(A, x) = OMX(fλ̂, A)+4σ >

OMX(fλ̂, A). Take x̄ ∈ X such that fλ̂(A, x̄) < OMX(fλ̂, A) + σ. It is not a
restriction to assume that ‖x̄−a3‖ ≤ min{‖x̄−a1‖, ‖x̄−a2‖}. Now take a4 �∈ A

such that ‖a3 − a4‖ ≤ σ and let D = A ∪ {a4} and λ̆ = (0, 1/3, 1/3, 1/3). We
have fλ̆(D, x̄) ≤ fλ̂(A, x̄) + σ ≤ OMX(fλ̂, A) + 2σ. Now take y ∈ conv(F ).
There is x ∈ conv(A) such that ‖x−y‖ ≤ σ; therefore |fλ̃(D, y)−fλ̃(D,x)| ≤
σ, so fλ̃(D, y) ≥ fλ̃(D,x) − σ ≥ fλ̂(A, x) − σ ≥ OMX(fλ̂, A) + 3σ. Thus

inf
y∈conv(F )

fλ̃(D, y) ≥ OMX(fλ̂, A) + 3σ ≥ fλ̃(D, x̄) + σ ≥ OMX(fλ̃, F ) + σ. �

Given X, consider for λ ∈ S≤M the parameter

Jλ(X) = sup
{2fλ(A)

δ(A)
: A ⊂ X finite; 2 ≤ M = |A|}. (6.12)

For λ̄ = (0, . . . , 0, 1), the number Jλ̄(X) = J(X) is called the finite Jung
constant and has been studied intensively; in general, 1 ≤ J(X) ≤ 2, while
the value of J(X) gives information on the structure of X.

We have the following result.

Theorem 6.6 In every space X, for every λ ∈ S≤M , we have:

Jλ(X) = J(X). (6.13)

Proof.
As shown partially in [12] and later completely in [198], for
λ̃ = (1/M, . . . , 1/M) we always have:

J(X) = sup
{2fλ̃(A)

δ(A)
: A ⊂ X finite; 2 ≤ M = |A|}.
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Since fλ̃(A) ≤ fλ(A) ≤ fλ̄(A) always (see Proposition 1.2), we obtain (6.13).
�

To conclude our analysis we show an example, adapted from [158], of an
OMP without optimal solutions. In order to produce such an example we will

use the k-centrum function (λ = (0, . . . , 0,
(k)

1/k, . . . , 1/k)). This example is
based on properties of k-centra points regarding equilateral sets. Recall that
A is called equilateral if ‖ai−aj‖ = constant for i �= j, 1 ≤ i, j ≤ M = |A|. For
equilateral sets there are several nice properties connecting centers, medians
and centroids (see [11]). Some of them can be extended further to ordered
medians.

Proposition 6.7 Let A be an equilateral set in a Hilbert space X and let
λ ∈ S≤M ; then the centroid of A belongs to M(fλ, A).

Proof.
Assume that 0 is the center of A: Then 〈ai, aj〉 = constant for i �= j, 1 ≤ i, j ≤

M = |A|. Let y =
∑M

j=1 µjaj and the function g(µ1, . . . , µM ) =
M∑
i=1

λid(i)(y)

is symmetric.
In Hilbert spaces it always exists x∗ ∈ M(fλ, A) ∩ conv(A). Moreover,

under the general assumptions of this section M(fλ, A) is a singleton, then x∗

is the unique minimizer of g and µ1 = µ2 = . . . = µM = 1/M ; thus, x∗ is the
centroid of A. �

Remark 6.3 Let A = {a1, . . . , aM} be an equilateral set with ‖ai − aj‖ = d,

∀ i �= j and λk = (0, . . . , 0,
(k)

1/k, . . . , 1/k) for some 1 ≤ k ≤ M ; then it is clear
that

fλk(x) ≥ d

2
for any x ∈ X.

Indeed, for any x ∈ X, kfλk(x) is attained as a sum of distances from x to k
points of A. Let us denote by Ak(x) the subset of A containing the k points
that define fλk(x). Ak(x) itself is an equilateral set with ‖ai−aj‖ = d, ∀ i �= j,
ai, aj ∈ Ak(x); then

kfλk(x) =
∑

a∈Ak(x)

‖a − x‖ ≥ kd

2
,

where inequality comes from Lemma 4.1 in [11] applied to the set Ak(x).
For any equilateral set as the one above, the conditions val(Pλ1(A)) = d

2

and val(Pλk(A)) = d
2 are equivalent, for any k = 2, 3, . . . , M . (Recall that

val(P) denotes the optimal value of Problem P .) This can be proven similarly
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as Proposition 5.1 in [11] except for the details of considering partial sums of
k-largest distances. Another consequence of this result is that in these cases
k-centra for any k = 1, 2, . . . , M = |A| coincide (see [158]).

Consider Example 5.2 in [11]. This is an equilateral three-point set without
median. Now, we apply the above argument to conclude that this set cannot
have k-centra for any k = 1, 2, 3.

6.3.2 Analysis of the Optimal Solution Set

In this section we study the solution set of Problem (6.4). Our first result is
an exact description of the subdifferential set of the function F (x). This result
is mainly based on Lemma 6.2 and on a classical result on the subdifferential
of the composition of convex functions.

For any x ∈ X, let d≤(x) = (d(1)(x), . . . , d(M)(x)) denote the vector
d(x) whose components are arranged in non-decreasing sequence. (Recall that
d≤(x) = sortM (d(x)), see 1.1.)Besides, for any λ ∈ Λ≤M , let I(λ) = {i : λi �=
0}.

Lemma 6.3 Let x ∈ X such that d≤(x) = (u1, r1. . ., u1, . . . , uk, rk. . ., uk) ∈
Λr1,...,rk

for some k ≥ 1 and u1 < u2 . . . < uk if k > 1. An element x∗ ∈ X∗

belongs to ∂F (x) if and only if there exists a permutation σ ∈ P(1 . . . M),
λ ∈ Λr1,...,rk

∩ Λ≤M satisfying γ0(λ) = 1, and elements {pi}i∈I(λ) in B∗, such
that d(i)(x) = ‖x − aσ(i)‖ for all i; satisfying

x ∈
⋂

i∈I(λ)

(aσ(i)+N(pσ(i))),
∑

i∈I(λ)

λid(i)(x) = F (x) and x∗ =
∑

i∈I(λ)

λipσ(i).

Proof.
First of all, we can assume without loss of generality that d(x) verifies

‖x − a1‖ ≤ ‖x − a2‖ ≤ . . . ≤ ‖x − aM‖.
Otherwise, we only need to consider the permutation of A that verifies this
relation and to rename the points in A. This fact does not change the proof
because γ+ is symmetric and, by Lemma 6.1 p ∈ ∂γ+(x) if and only if pσ ∈
∂γ+(xσ).

Let x∗ ∈ ∂F (x). Since the distance vector has nonnegative components,
we have that F (x) = γ+(d(x)). Hence, we can apply Lemma 6.2 together with
Theorem 4.3.1 in [102] Part I, chapter VI which gives the subdifferential set of
the composition of a increasing componentwise convex function with a vector
of convex functions and we have,

x∗ ∈ ∂F (x) = ∂(γ+ ◦ d)(x) =
{ M∑

i=1

λipi : λ ∈ ∂γ(d(x)) ∩ Λr1,...,rk
,

pi ∈ ∂di(x), ∀ i = 1, . . . , M
}

.

(6.14)
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Since γ is symmetric λ ∈ ∂γ(d(x)) if and only if λσ ∈ ∂γ(dσ(x)) for any
permutation σ. Then for any λ ∈ ∂γ(d(x)) ∩ Λr1,...,rk

, σ exists such that
λσ ∈ ∂γ(dσ(x))∩Λr1,...,rk

∩Λ≤M and dσ(x) ∈ Λr1,...,rk
∩Λ≤M . Indeed, to obtain

this permutation just arrange the ties within each block of d(x) so that the
corresponding entries in λσ are ordered in non-decreasing sequence. Therefore,
pσ(i) ∈ dσ(i)(x) for any i and

∑M
i=1 λipi =

∑M
i=1 λσ(i)pσ(i) with λσ ∈ Λ≤M .

This implies that without loss of generality, one can consider in (6.14) λ ∈
∂γ(x) ∩ Λr1,...,rk

∩ Λ≤M . Moreover, as γ is a norm and d(x) �= 0 for any x ∈ X
then λ ∈ ∂γ(d(x)) implies (see (6.8)):

1) γ0(λ) = 1, and, 2) γ(d(x)) = (λ, d(x)) =
M∑
i=1

λi‖x − ai‖.

In addition, it is well-known that pi ∈ ∂di(x) if and only if pi ∈ B∗ and
x ∈ ai + N(pi). Take I = {i : λi �= 0}. Hence, by (6.14) and the above
discussion x∗ ∈ ∂F (x) implies that x∗ =

∑
i∈I λipi with λ and (p1, . . . , pM )

satisfying the hypotheses.
Conversely, assume that x∗ =

∑
i∈I(λ) λipi for some λ ∈ Λr1,...,rk

∩ Λ≤M
and pi ∈ B∗ for any i ∈ I(λ) satisfying:

1. γ0(λ) = 1,
2. x ∈

⋂
i∈I(λ)

(ai + N(pi)),

3. F (x) =
∑

i∈I(λ)

λi‖x − ai‖ = (λ, d(x)).

Since d(x) �= 0, λ ∈ Λr1,...,rk
, γ0(λ) = 1, and F (x) = (λ, d(x)), we can apply

Corollary 6.1 to conclude that λ ∈ ∂γ+(d(x)). By 2., x − ai ∈ N(pi) ∀i ∈
I(λ). Thus, pi ∈ ∂di(x) ∀i ∈ I(λ). Hence, using (6.14) x∗ ∈ ∂F (x). �

The next two results state the relationship between problems (6.4) and
(6.5): for any monotone, symmetric norm γ there exists a non-decreasing
lambda weight so that both problems have the same set of optimal solutions.
Therefore, both families of problems are equivalent.

Theorem 6.7 Let x0 ∈ X, A = {a1, . . . , aM} ⊂ X and d≤(x0) = (u1, r1. . .
, u1, . . . , uk, rk. . ., uk) ∈ Λr1,...,rk

for some k ≥ 1 and u1 < u2 . . . < uk if k > 1.
Then the following statements are equivalent,

1. There exists λ ∈ Λr1,...,rk
∩ Λ≤M with γ0(λ) = 1 such that

x0 ∈ M(fλ).

2. There exists a monotone, symmetric norm γ such that

x0 ∈ M(γ, A).
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Proof.
1) → 2).

Let fλ(x) =
∑M

i=1 λid(i)(x). Consider γ(x) = max
σ∈P(1...M)

{ M∑
i=1

λi|xσ(i)|
}

. Then

γ is a monotone, symmetric norm. Since by Theorem 386 in [98], we can write

fλ(x) = max
σ∈P(1...M)

{ M∑
i=1

λi‖x − aσ(i)‖
}

= γ(d(x))

the result follows.
2) → 1).
Let x0 ∈ Mγ(A). Since F is convex the condition x0 ∈ M(γ, A) is equivalent
to 0 ∈ ∂F (x0). Now, by Lemma 6.3, this is equivalent to the existence of
σ ∈ P(1 . . . M), λ ∈ Λr1,...,rk

∩ Λ≤M with γ0(λ) = 1, I(λ) and pi in B∗ for any
i ∈ I(λ) such that

d(i)(x0) = ‖x0 − aσ(i)‖, x0 ∈
⋂

i∈I(λ)

(aσ(i) +N(pσ(i))),
∑

i∈I(λ)

λid(i)(x0) = F (x0)

and 0 =
∑

i∈I(λ

λipσ(i).

Consider the function fλ(x) =
∑

i∈I(λ)

λid(i)(x). Since, x0 ∈
⋂

i∈I(λ)

(aσ(i) +

N(pσ(i))) and d(i)(x0) = ‖x0 − aσ(i)‖ we get that pσ(i) ∈ d(i)(x0) for any
i ∈ I(λ). Then

∑
i∈I(λ)

λipσ(i) ∈ ∂fλ(x0). Moreover, 0 =
∑

i∈I(λ)

λipσ(i) then

0 ∈ ∂fλ(x0). Hence, x0 ∈ M(fλ, A) which concludes the proof. �

The above result is important by its own right, and also because it allows
to reduce the optimization of monotone, symmetric norms to problems of
type (6.5). It should be noted that the direct conclusion of this theorem is
only that given a monotone, symmetric norm γ and an optimal solution x0 to
Problem (6.4) there exists a λ ∈ Λ≤M such that x0 also belongs to M(fλ, A).
However, this λ may depend on x0 so that the conclusion of this theorem is
that M(fλ, A) ⊆ M(γ, A). Our next theorem states that this correspondence
between λ and γ is one-to-one. Thus, studying the geometrical description of
the optimal solution sets of Problem (6.5) is equivalent to study the optimal
solution sets of Problem (6.4).

Given a finite set A ⊂ X and a permutation σ, for each 1 ≤ k ≤ M ,
p = (pj)j≥k with pj ∈ B∗ we let

Cσ,k(p) = {x ∈ X : 〈pσ(j), x − aσ(j)〉 = ‖x − aσ(j)‖ ∀j ≥ k}
or equivalently
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Cσ,k(p) =
⋂
j≥k

(
aσ(j) + N(pσ(j))

)
and for λ ∈ Λ≤M

Dk(λ) = {x ∈ X : F (x) =
∑
j≥k

λjd(j)(x)}.

Theorem 6.8 If M(γ, A) is nonempty then there exist σ ∈ P(1 . . . M), p =
(pj)j≥k with 1 ≤ k ≤ M and pj ∈ B∗ for each j, λ ∈ Λ≤M , λj = 0 if j < k,
λj > 0 if j ≥ k verifying γ0(λ) = 1 and 0 =

∑
j≥k

λjpσ(j) such that

M(γ, A) = Cσ,k(p) ∩ Dk(λ).

Conversely, if for some σ ∈ P(1 . . . M), p = (pj)j≥k with 1 ≤ k ≤ M and
pj ∈ B∗ for each j, and λ ∈ Λ≤M with λj > 0 if j ≥ k and γ0(λ) = 1; the set
Cσ,k(p) ∩ Dk(λ) �= ∅ then

M(γ, A) = Cσ,k(p) ∩ Dk(λ).

Proof.
The outline of the proof is as follows. First of all, we prove that for any given
x ∈ M(γ, A) there exist σ, k, p and λ in the hypotheses of the theorem such
that x ∈ Cσ,k(p) ∩ Dk(λ). Then, we prove that for these σ, k, p, and λ the
entire set Cσ,k(p)∩Dk(λ) is included in M(γ, A). Finally, we prove that the 4-
tuple (σ, k, p, λ) does not depend on the chosen x ∈ M(γ, A) which completes
the proof.

Assume without loss of generality that (d(1)(x), . . . , d(M)(x)) ∈ Λr1,...,rk
for

some 1 ≤ k ≤ M . The condition x ∈ M(γ, A) is equivalent to 0 ∈ ∂F (x). Using
Lemma 6.3; 0 ∈ ∂F (x) is equivalent to the existence of: 1) σ∗ ∈ P(1 . . . M)
such that ‖x−aσ∗(1)‖ ≤ . . . ≤ ‖x−aσ∗(M)‖; 2)p = (pσ∗(j))j≥k with 1 ≤ k ≤ M

and pσ∗(j) ∈ B∗ satisfying x ∈ ⋂(
aσ∗(j) + N(pσ∗(j))

)
; and 3) λ ∈ Λr1,...,rk

∩
Λ≤M with λj > 0 if j ≥ k and γ0(λ) = 1 such that 0 =

∑
j≥k λjpσ∗(j) and

F (x) =
∑

j≥k λj‖x − aσ∗(j)‖. Using the definitions of Cσ∗,k(p) and Dk(λ) we
get x ∈ Cσ∗,k(p) ∩ Dk(λ).

Since the same conditions apply to all the vectors y ∈ Cσ∗,k(p) ∩ Dk(λ)
then also 0 ∈ ∂F (y). Therefore, y ∈ M(γ, A), i.e.

Cσ∗,k(p) ∩ Dk(λ) ⊂ M(γ, A). (6.15)

However, this does not imply that different σ′, k′, p′ and λ′ may determine
different optimal solutions. We prove that this is not possible.

Using the first part of this proof, for any given x ∈ M(γ, A) there exist σ,
p = (pσ(j))j≥k with 1 ≤ k ≤ M , and λ ∈ Λ≤M such that x ∈ Cσ,k(p) ∩ Dk(λ).
Let x̄ �= x and x̄ ∈ M(γ, A), then we have
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F (x) =
∑
j≥k

λj‖x − aσ(j)‖ =
∑
j≥k

λj〈pσ(j), x − aσ(j)〉,

but using that
∑

j≥k λjpσ(j) = 0 we obtain,∑
j≥k

λj〈pσ(j), x − aσ(j)〉 = −
∑
j≥k

λj〈pσ(j), aσ(j)〉 =
∑
j≥k

λj〈pσ(j), x̄ − aσ(j)〉.

Now, since 〈pj , x̄ − aj〉 ≤ ‖pj‖0‖x̄ − aj‖ and ‖pj‖0 = 1,∑
j≥k

λj〈pσ(j), x̄ − aσ(j)〉 ≤
∑
j≥k

λj‖x̄ − aσ(j)‖.

Therefore,

F (x) ≤
∑
j≥k

λj‖x̄ − aσ(j)‖ ≤
∑
j≥k

λjd(j)(x̄) ≤ F (x̄).

Since we assume that x̄ ∈ M(γ, A) then F (x) = F (x̄) and we deduce
that 〈pσ(j), x̄ − aσ(j)〉 = ‖x̄ − aσ(j)‖ for all j ≥ k what implies that x̄ ∈
Cσ,k(p). Moreover, as F (x̄) =

∑
j≥k λjd(j)(x̄) then x̄ ∈ Dk(λ). This proves

that M(γ, A) ⊂ Cσ,k(p)∩Dk(λ). This inclusion together with (6.15) completes
the proof. �

6.3.3 The Convex OMP and the Single Facility Location Problem
in Normed Spaces

In this section we concentrate on obtaining a geometrical description of the
set M(fλ, A), the optimal solution set of the OMP (6.5). This is possible by
means of the family of o.e.c.s., in fact we will prove that the solution set of
Problem (6.5), as in the planar case, is always a convex union of o.e.c.s..

Let λ ∈ Λ≤M be a fixed vector. For any σ ∈ P(1 . . . M) we consider the
function

Wσ(x) =
M∑
i=1

λi‖x − aσ(i)‖.

By Theorem 368 in [98]

fλ(x) = max
σ∈P(1...M)

{Wσ(x)}. (6.16)

Therefore, fλ is the composition of a monotone, symmetric norm, the l∞ norm
on RM !, with a vector (Wσ(x))σ∈P(M) where each component is a convex
function on X. It is also worth noting as a straightforward consequence of
Theorem 368 in [98] that
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Wσ(x) = fλ(x) if and only if x ∈
⋃

π∈Lσ(λ)

Oπ. (6.17)

(Recall that the sets Lσ(λ) were introduced in Section 2.3.2.)
In order to simplify the proof of our next theorem we assume the following

convention. Since the set P(1 . . . M) is finite, it is possible to number its
elements. Assume that we choose and fix such a numeration in P(1 . . . M).
With this process we identify each permutation σ ∈ P(1 . . . M) with a unique
number in {1, . . . , M !}. Let us denote by C such a bijective correspondence,
i.e.,

C : {1, . . . , M !} �→ P(1 . . . M)
k �→ C(k) = σ.

In the same way, let C−1 be the inverse correspondence. Therefore, C−1(σ) ∈
{1, . . . , M !} for any permutation σ. Then, for any σ ∈ P(1 . . . M) we can write
Wσ(x) = WC(k)(x) for some 1 ≤ k ≤ M !.

Theorem 6.9 If M(fλ, A) �= ∅ then there exists

1. A set J of permutations of P(1 . . . M),
2. q = {qσ}σ∈J with qσ =

∑M
i=1 λipσ(i) for some pσ = (pσ(1), . . . , pσ(M))

such that pσ(i) ∈ B∗ for all σ ∈ J and i = 1, . . . , M ,
3. w ∈ RM !

+ satisfying
∑

σ∈J wC−1(σ)qσ = 0

such that
M(fλ, A) = OCJ ,λ(p).

Conversely, if there exists (J , q, w) such that OCJ ,λ(p) �= ∅ satisfying:

1. J ⊆ P(1 . . . M),
2. q = {qσ}σ∈J with qσ =

∑M
i=1 λipσ(i) for some pσ = (pσ(1), . . . , pσ(M))

such that pσ(i) ∈ B∗ for all σ ∈ J and i = 1, . . . , M ,
3. w ∈ RM !

+ satisfying
∑

σ∈J wC−1(σ)qσ = 0

then
OCJ ,λ(p) = M(fλ, A).

Proof.
Let x ∈ M(fλ, A). Since fλ is a convex function then

x ∈ M(fλ, A) iff 0 ∈ ∂fλ(x).

By Theorem 4.3.1 in [102] applied to the expression of fλ in (6.16) we obtain
that 0 ∈ ∂fλ(x) if and only if there exists (q, w) such that:

1. q = {qσ}σ∈P(1...M) with qσ ∈ ∂Wσ(x) for all σ ∈ P(1 . . . M),
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2. w ∈ RM !
+ ,

∑
1≤j≤M !

wj = 1,
∑

1≤j≤M !

wjWC(j)(x) = fλ(x) satisfying

∑
1≤j≤M !

wjqC(j) = 0.

First, note that since WC(j)(x) ≤ fλ(x) for all j and
∑

1≤j≤M !

wj = 1 then

∑
1≤j≤M !

wjWC(j)(x) = fλ(x) iff WC(j)(x) = fλ(x) for all j such that wj �= 0.

Additionally, for any σ ∈ P(1 . . . M); qσ ∈ ∂Wσ(x) if and only if there
exists pσ = (pσ(1), . . . , pσ(M)) with pσ(i) ∈ ∂‖x − aσ(i)‖ for all i = 1, . . . , M

satisfying qσ =
M∑
i=1

λipσ(i). Now, recall that pσ(i) ∈ ∂‖x − aσ(i)‖ if and only if

x ∈ (aσ(i) + N(pσ(i)). Therefore, 0 ∈ ∂fλ(x) if and only if there exists (q, w)
such that:

1. w ∈ RM !
+ ,

∑
1≤j≤M ! wj = 1, WC(j)(x) = fλ(x) for all j such that wj �= 0,

2. pσ = (pσ(1), . . . , pσ(M)) with pσ(i) ∈ B∗ for all 1 ≤ i ≤ n and for all σ; and

x ∈ ⋂M
i=1

(
aσ(i) + N(pσ(i))

)
for all σ ∈ P(1 . . . M) if wC−1(σ) �= 0; such

that

qσ =
M∑
i=1

λipσ(i), and
M !∑
j=1

wjqC(j) = 0.

Define the following set of permutations of {1 . . . , n}:
J = {σ ∈ P(1 . . . M) : wC−1(σ) �= 0}.

Then, using J and (6.17); x ∈ Mλ(x) if and only if there exists (J , q, w) such
that:

1’. J ⊆ P(1 . . . M), J �= ∅,
2’. qσ =

∑M
i=1 λipσ(i) and pσ(i) ∈ B∗ for all σ ∈ J and 1 ≤ i ≤ n,

3’. w ∈ RM !
+ , such that

∑
σ∈J wC−1(σ)qσ = 0

and

x ∈
⋂

σ∈J

( M⋂
j=1

(
aσ(j) + N(pσ(j))

)
∩

⋃
π∈Lσ(λ)

Oπ

)
= OCJ ,λ(p).

Since 1’, 2’ and 3’ hold for any y ∈ OCJ ,λ(p) then it follows that y ∈ M(fλ, A).
Hence,

OCJ ,λ(p) ⊂ M(fλ, A). (6.18)

Now, we prove that both sets coincide. Indeed, consider x̄ �= x and x̄ ∈
M(fλ, A), then we have
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fλ(x) =
∑
σ∈J

wC−1(σ)Wσ(x) =
∑
σ∈J

wC−1(σ)

M∑
j=1

λj〈pσ(j), x − aσ(j)〉,

but using that
∑

σ∈J wC−1(σ)qσ =
∑

σ∈J wC−1(σ)

∑M
j=1 λjpσ(j) = 0 we ob-

tain,

∑
σ∈J

wC−1(σ)

M∑
j=1

λj〈pσ(j), x − aσ(j)〉 =
∑
σ∈J

wC−1(σ)

M∑
j=1

λj〈pσ(j), x̄ − aσ(j)〉.

Now, since 〈pj , x̄ − aj〉 ≤ ‖pj‖0‖x̄ − aj‖ and ‖pj‖0 = 1, we obtain

fλ(x) ≤
∑
σ∈J

wC−1(σ)

M∑
j=1

λj‖x̄ − aσ(j)‖ ≤
∑
σ∈J

wC−1(σ)

M∑
j=1

λjd(j)(x̄) ≤ fλ(x̄).

As we assume that x̄ ∈ M(fλ, A) then fλ(x) = fλ(x̄) and we deduce
that: 1) Wσ(x̄) = fλ(x̄) for all σ ∈ J ; 2) 〈pσ(j), x̄ − aσ(j)〉 = ‖x̄ − aσ(j)‖
for all j = 1, . . . , M what implies that x̄ ∈ Cσ(p) = ∩M

i=1(aσ(i) + N(pσ(i)).
Then, using again the same argument that in (6.17) we deduce from 1) above
that x̄ ∈ ⋃

π∈Lσ(λ) Oπ for any σ ∈ J . These conditions together imply that
x̄ ∈ OCJ ,λ(p). Therefore, J , λ, p do not depend on the choice of the optimal
solution and hence M(fλ, A) ⊆ OCJ ,λ(p). This inclusion together with (6.18)
completes the proof. �

This theorem proves that the solution set of Problem (6.5) is always a
convex union of ordered elementary convex sets. In fact, if the weights λ are
all distinct then the solution set coincides exactly with an o.e.c.s.. Similar
results have been previously obtained in Chapter 4 for the OMP in the plane;
and for different single facility location problems (see [63, 65, 101, 151, 169]).

An example illustrates the use of Theorem 6.9.

Example 6.5
Consider the normed space R2 with the rectilinear (l1) norm. The set A has
three points

a1 = (0, 0), a2 = (1, 2), a3 = (3, 1).

The weights are given by λ1 = 1/6, λ2 = 1/6 and λ3 = 2/3. This formulation
leads us to the problem

min
x∈R2

1
2
(

3∑
i=1

1
3
‖x − ai‖1) +

1
2

max(
4
3
‖x − ai‖1)

which corresponds to the well-known 1/2-cent-dian problem.
In order to solve the problem, we compute in Table 6.2 the family q =

{qσ}σ∈P(1...M).
It is easy to see that considering J as the permutation associated to the

ordered regions numbered 1 and 4 in Table 6.2 one has
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Table 6.2. O.e.c.s. and q in Example 6.5.

Region n. Oσ pσ1 pσ2 pσ3 qσ

1 O(2,3,1) (1,-1) (-1,1) (1,1) (2/3,2/3)

2 O(2,1,3) (-1,-1) (1,1) (-1,1) (-2/3,2/3)

3 O(1,2,3) (1,1) (-1,-1) (-1,1) (-2/3,2/3)

4 O(2,1,3) (-1,-1) (1,1) (-1,-1) (-2/3,-2/3)

5 O(1,2,3) (1,1) (-1,-1) (-1,-1) (-2/3,-2/3)

6 O(2,1,3) (1,-1) (1,1) (-1,-1) (-1/3,-2/3)

7 O(1,2,3) (1,1) (1,-1) (-1,-1) (-1/3,-2/3)

8 O(1,3,2) (1,1) (-1,-1) (1,-1) (2/3,-2/3)

9 O(3,1,2) (-1,-1) (1,1) (1,-1) (2/3,-2/3)

10 O(2,3,1) (1,-1) (-1,-1) (1,1) (2/3,1/3)

11 O(3,2,1) (-1,-1) (1,-1) (1,1) (2/3,1/3)

12 O(3,2,1) (-1,1) (1,-1) (1,1) (2/3,2/3)

OCJ (q) = {(1, 1)} .

On the other hand, the weight w ∈ S≤3! such that wσ = 0 if σ �∈ J and
w1 = w4 = 1/2 verifies w1q1 + w4q4 = 0. Thus,

M(fλ, A) = OCJ (q) .

This example also shows that the choice of J is not unique. For instance,
J = {2, 6, 10} with weights w2 = 1/5, w6 = 2/5 and w10 = 2/5 gives also
w2q2 +w6q6 +w10q10 = 0. Thus, this choice also determines the set of optimal
solutions.

6.4 Concluding Remarks

This chapter dealt with three different versions of the OMP: problems with
forbidden regions, multifacility and abstract extensions.

Apart from the results already presented here, there are some others that
are worth to be further investigated. The first extension consists of considering
different norms associated with the different points in the set A. Once we
redefine appropriately the elements of this new problem, the same results
hold. Another interesting extension concerns the use of gauges of unbounded
unit balls following the results in [101]. Moreover, most of the results extend
further to the use of star shaped unit balls. Therefore, applications to single
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facility, positive and negative weights, forbidden regions and multiobjective
problems seem to be possible.

The last section dealt with a general location problem where two rational-
ity principles 1) monotony and, 2) symmetry hold. These two principles are
justified in terms of the quality of the service provided as well as in terms of
the global satisfiability of the demand points. For this problem, we derive an
optimality criterion using subdifferential calculus. Moreover, we reduce this
kind of problems to OMP. We geometrically characterize the set of optimal so-
lutions of the ordered median problem by means of ordered elementary convex
sets as introduced by [169].

Although no algorithms are proposed to solve OMP in general spaces, one
can imagine how these tools can be used as part of any algorithmic approach
to solve this kind of problems. This section describes the domains where the
considered objective function behaves as a fixed weighted sum of distances.
Therefore, solving a classical Weber problem within each one of these regions
leads us to solve the original problem. Particularly, efficient algorithms for the
OMP in finite dimensional spaces with any polyhedral norm were developed
in Chapter 4.

On the other hand, since the ordered elementary convex sets describe
the linearity domains of these kind of objective functions, another interesting
application of the results of this section is the determination of the Pareto-
efficient sets of a wide range of location problems in abstract spaces. For
instance, the multiobjective minimax, minisum, centdian or any combination
of these objectives can be approached using these tools. These topics were
already covered in Chapter 5 in the case of finite dimension spaces.

Finally, another interesting open problem is to find alternative characteri-
zations of the set of optimal solutions. One possible way to attach this problem
may be using Fenchel duality applied to the OMf.
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Ordered Median Location Problems on
Networks
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The Ordered Median Problem on Networks

7.1 Problem Statement

One of the most important and well-developed branches in Location Theory
is the analysis of location problems on networks. Numerous surveys and text-
books (see [59], [142], [165], [127] and the references therein) give evidence for
this fact. As well as continuous location the development of network location
has been also recognized by the mathematical community reserving the AMS
code 90B80 for this area of research. The starting point of this development
might be considered the node-dominance result by Hakimi [84] that will be
shown to be essential in this part of the book. Nevertheless, in the existing
literature of Location Analysis mainly three types of objective functions have
been used: the median or sum objective, the center or max objective and the
cent-dian objective that is a convex combination of sum and max (see [103]
and the references therein for a description of these and many other facility
location problems).

In this part of the book (Part III) we will use the OMf to analyze lo-
cation problems on networks as introduced by Nickel and Puerto [150]. The
advantage of using this new objective function will be, apart from the study
of new location problems, the possibility of reproving a lot of known results in
an easier way and getting more insight into the geometrical structure of the
optimal solution sets with respect to different criteria.

Introducing formally the problem, we must identify the elements that con-
stitute the model. In the network case the sets A and X, introduced in Chap-
ter 1, have the following meaning. A is the set of vertices of a graph and X
is a set of p points in the graph, usually the location of the new facilities.
Moreover, c(A,X), introduced in Section 1.4, will be expressed in terms of
weighted distances from A to X.

Specifically, let G = (V,E) be an undirected graph with node set V =
{v1, ..., vM} and edge set E = {e1, . . . , eN}. Each edge has a nonnegative
length and is assumed to be rectifiable. Thus, we will refer to interior points
on edges. We let A(G) denote the continuum set of points on the edges of G.
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Each edge e ∈ E has associated a positive length by means of the function
l : E → R+. The edge lengths induce a distance function on A(G). For any
x, y in A(G), d(x, y) will denote the length of a shortest path connecting x
and y. Also, if Y is a subset of A(G), we define the distance from x to the set
Y by

d(x, Y ) = d(Y, x) = inf{d(x, y) : y ∈ Y }.
Through w : V → R, every vertex is assigned a nonnegative weight. We

will assume that the weights are nonnegative. Exceptions are stated explicitly.
A point x on an edge e = [vi, vj ] can be written as a pair x = (e, t), t ∈

[0, 1], with

d(vk, x) = d(x, vk) = min{d(vk, vi) + tl(e), d(vk, vj) + (1 − t)l(e)}.
Let p ≥ 1 be an integer. Then for Xp := {x1, . . . , xp} ⊂ A(G) the distance

from a node vi ∈ V to the set Xp is

d(vi, Xp) = d(Xp, vi) = min
k=1,...,p

d(vi, xk) .

Now, for Xp ⊂ A(G), we define

d(Xp) := (w1d(v1, Xp), . . . , wMd(vM , Xp)),

and

d≤(Xp) := sortM (d(Xp)) = (w(1)d(v(1), Xp), . . . , w(M)d(v(M), Xp))

being (·) a permutation of the the set {1, . . . , M} satisfying

w(1)d(v(1), Xp) ≤ w(2)d(v(2), Xp) ≤ · · · ≤ w(M)d(v(M), Xp) . (7.1)

To simplify the notation we will denote the entries wid(vi, Xp) and
w(i)d(v(i), Xp) in the above vectors by di(Xp) and d(i)(Xp), respectively.

The p−facility OMP on A(G) is defined as

OMp(λ) := min
Xp⊂A(G)

fλ(Xp) ,

with

fλ(Xp) := 〈λ, d≤(Xp)〉 =
M∑
i=1

λid(i)(Xp) and λ = (λ1, . . . , λM ) ∈ RM
0+. (7.2)

The function fλ(Xp) is called the Ordered p-Median Function. Note
that the linear representation of this function is defined point-wise, since it
changes when the order of the vector of distances is modified.

The single facility problem is a particular case of the above problem when
p = 1. Let
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d(x) := (w1d(v1, x), . . . , wMd(vM , x))

and let
d≤(x) := (w(1)d(v(1), x), . . . , w(M)d(v(M), x))

a permutation of the elements of d(x), satisfying

w(1)d(v(1), x) ≤ w(2)d(v(2), x) ≤ . . . ≤ w(M)d(v(M), x).

Using the above notation, let d(i)(x) := w(i)d(v(i), x).

The single facility OMP on A(G) is defined as

OM1(λ) := min
x∈A(G)

fλ(x) ,

with

fλ(x) :=
M∑
i=1

λid(i)(x) and λ = (λ1, . . . , λM ) ∈ RM
0+. (7.3)

For the sake of simplicity, in the single facility case, we denote the objective
value by OM(λ) instead of OM1(λ).

We illustrate the above concepts with a simple example.

v1

v2

v3

v4 v5

v63

1

2

3

3

2

2

3

1

2

(d3, d6, d1, d5, d2, d4)

(d6, d3, d5, d1, d2, d4)

Fig. 7.1. The network used in Example 7.1

Example 7.1
Consider the network G = (V,E) with V = {v1, . . . , v6} and E = {[v1, v2], [v1,
v3], [v1, v4], [v2, v3], [v2, v4], [v2, v5], [v3, v5], [v4, v5], [v3, v6], [v5, v6]} given in Fig-
ure 7.1. The edge lengths are the numbers depicted on the edges and the node
weights are w1 = w2 = w5 = 1 and w3 = w4 = w6 = 2.
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On the edge [v3, v6] the black dot marks the point EQ = ([v3, v6], 1/2). No-
tice that w1d(EQ, v1) = w5d(EQ, v5) = 2.5 and at the same time d3(EQ) =
1 = d6(EQ). For all the points x ∈ [v3, EQ] the ordering of the weighted dis-
tances from the nodes to x is d3(x) ≤ d6(x) ≤ d5(x) ≤ d1(x) ≤ d2(x) ≤ d4(x).
Similarly, the points y ∈ [EQ, v6] satisfy d6(y) ≤ d3(y) ≤ d5(y) ≤ d1(y) ≤
d2(y) ≤ d4(y). We take two different λ-parameters λ1 = (0, 0, 0, 2, 2, 1) and
λ2 = (3, 0, 0, 0, 0, 1) in order to evaluate the objective function at EQ. Since
d≤(EQ) = (1, 1, 2.5, 2.5, 3.5, 10) the result is:

fλ1(EQ) = 2 × 2.5 + 2 × 3.5 + 10 = 21,
fλ2(EQ) = 3 × 1 + 10 = 13.

7.2 Preliminary Results

In this section we proceed to introduce some concepts related to the OMP
that will be important in the development of our analysis for this family of
problems on networks. The general idea is to identify some sets of points,
defined by their geometrical properties, that will be useful to find the optimal
solutions of different instances of OMP.

We start recalling the concept of a bottleneck point. A point x on an edge
e = [vi, vj ] ∈ E is called a bottleneck point of node vk, if wk �= 0, and

d(x, vk) = d(x, vi) + d(vi, vk) = d(x, vj) + d(vj , vk).

Let BNi denote the set of all bottleneck points of a node vi ∈ V and let

BN :=
M⋃
i=1

BNi be the set of all bottleneck points of the graph.

Define NBN :=
M⋃
i=1

wi<0

BNi. A point in NBN is called a negative bottleneck

point.
For all vi, vj ∈ V, i �= j define

EQ
′
ij := {x ∈ A(G) : wid(vi, x) = wjd(vj , x)}. (7.4)

Let EQij be the relative boundary of EQ
′
ij , i.e. the set of endpoints of the

closed subedges forming the elements in EQ
′
ij and let EQ :=

⋃
i,j
i�=j

EQij . The

points in EQ are called equilibrium points of G (see [150]). The reader may
note that we take the relative boundary of these subsets to avoid the fact that
EQ includes a continuum of points (see Figure 7.2). In order to simplify the
presentation, we denote by EQkl

ij ⊆ EQij the equilibrium points of nodes vi,
vj on the edge [vk, vl], for any i, j ∈ {1, . . . M} and k, l so that [vk, vl] ∈ E.
Note that |EQkl

ij | ≤ 2. In the case that |EQkl
ij | = 1 we denote by EQkl

ij the
unique element of the set EQkl

ij .
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i j

1

2

Fig. 7.2. Infinite points in EQ′
ij

Two points a, b ∈ EQ are called consecutive, if there is no other c ∈ EQ
on a shortest path between a and b. The points in EQ establish a partition
on G with the property, that for two consecutive elements a, b ∈ EQ the
permutation, which gives the order of the vector d≤(x), is the same for all x
on a shortest path from a to b. Note that the equilibrium points include the
well-known center-bottleneck points [103]. It can be easily seen by examples
that this inclusion is strict. In Figure 7.3 the weighted distance functions from
vertices vi and vj to another point z within the edge [u, v] are shown. We get
two equilibrium points x and y, where only y is a center-bottleneck.

We also define the set of ranges (canonical set of distances) R ⊆ R+ by

R := {r ∈ R+ | ∃EQ ∈ EQij : di(EQ) = r = dj(EQ) or

∃vi, vj ∈ V, vi �= vj : r = wid(vj , vi)}. (7.5)

Ranges correspond to weighted distance values between equilibrium points
and nodes.

A point x is called an r-extreme point or pseudo-equilibrium with range
r ∈ R, if there exists a node vi ∈ V with r = wid(x, vi).

Finally, let us denote by PEQ the set of all pseudo-equilibria with respect
to all ranges r ∈ R.

PEQ(r) = {y ∈ A(G) | wid(vi, y) = r, vi ∈ V } with r ∈ R,

PEQ =
⋃
r∈R

PEQ(r). (7.6)
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wid(vi, z)

wjd(vj , z)

u x y v

Fig. 7.3. x, y are equilibria but only y is a center-bottleneck

Note that V ⊆ PEQ, which follows directly from the above definition, and
also EQ ⊆ PEQ, since every equilibrium EQ ∈ EQij of two nodes vi and vj is
an r-extreme point with r = di(EQ) = dj(EQ). The above definition extends
the concept of r−extreme in Pérez-Brito et al. [162].

All the above introduced sets will be necessary to characterize optimal
solution sets for different instances of OMP. We identify finite sets of points
where some optimal solution of a problem can always be found. These sets are
called finite dominating sets (FDS) (see [103]), and they allow us to design
algorithms to find exact solutions. Moreover, we can calculate the complexity
of these algorithms, which depends strongly on the cardinality of the FDS.

Another interesting peculiarity of the ordered median problem is, that the
objective function does not have a unified linear representation on the whole
space we are working in. The representation may change in the neighborhood
of x when wid(x, vi) = wjd(x, vj) for some i, j ∈ {1, . . . , M}. It is well-known
that the set of points at the same distance of two given points vi, vj belongs
to the bisector between them.

Bisectors play a crucial role to develop the theory of the ordered median
problems in networks, because they will be always related to the solution set.

Following we identify these bisectors, and we describe how to compute
them efficiently.
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Definition 7.1 The set Bisec(vi, vj) = EQ′
ij consisting of points

{x : wid(x, vi) = wjd(x, vj), i �= j} is called bisector of vi and vj with respect
to d.

It is obvious from the definition, that the set EQij (the equilibrium points
of vi and vj) is included in the bisector of vi and vj with respect to d. Note
as well that EQ is different from the union of the sets BNij , of the center-
bottleneck points on the edge [vi, vj ], introduced by Kariv and Hakimi [118].

Let us recall, that in the planar case bisectors are curves (or lines). On the
contrary, in our case, bisectors can take many different shapes. They can be
connected subedges, as well as unions of a disconnected group of subedges or
even isolated points.

For algorithmic purposes one should note that the set EQ can be computed
by intersecting all distance functions on all edges. Since a distance function has
maximally one breakpoint on every edge, we can use a sweep-line technique
to determine EQ on one edge in O((M + k) log M), where k ≤ M2 is the
number of intersection points. The sweep-line methods is one of the fastest
ways to compute intersections of line segments (see [21]). Therefore, we can
compute EQ for the whole network in O(N(M + k) log M) time. Of course,
this is a worst-case bound and the set of candidates can be further reduced by
some domination arguments: Take for two candidates x, y the corresponding
weighted (and sorted) distance vectors d≤(x), d≤(y). If d≤(x) is in every
component strictly smaller than d≤(y), then there is no positive λ for which
fλ(y) ≤ fλ(x). This domination argument can be integrated in any sweep-line
technique reducing, in most cases, the number of candidates.

Apart from the standard sweep-line technique we can also use a differ-
ent machinery to generate the equilibrium points. Consider a particular edge
ei = (vs, vt). Let x denote a point on ei (for convenience x will also denote
the distance, along ei, of the point from vs). For each vj ∈ V , d(x, vj) is a
piecewise linear concave function with at most one breakpoint (if the maxi-
mum of d(vj , x) is attained at an interior point, this is a bottleneck point).
Assuming that all internodal distances have already been computed, it clearly
takes constant time to construct dj(x) and the respective bottleneck point.
If wj > 0, dj(x) is concave and otherwise dj(x) is convex. To compute all
the equilibrium points on ei, we calculate in O(M2) total time the solutions
to the equations dj(x) = dk(x), where vj , vk ∈ V , vj �= vk. To conclude, in
O(M2) total time we identify the set of O(M) bottleneck points and the set
of O(M2) equilibrium points on the edge ei.

7.3 General Properties

In this section we collect some geometrical properties of the OMf and OMP
that will be used later when analyzing the OMP in networks.

We start by proving the NP -hardness of the multifacility version of the
problem on general networks.
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Theorem 7.1 The p-facility ordered median problem is NP-hard.

Proof.
Taking the λ weights all equal to one, the p-facility ordered median problem
reduces to the p-facility median problem for which Kariv and Hakimi [119]
proved NP-hardness. Hence, the result follows. �

In the following we will address the interesting question of how the optimal
value of the ordered median problem behaves as a function of the parameters
λ. To do this, we consider a closed, convex set Ω and allow any λ to vary in
Ω.

Lemma 7.1 The function OM(λ) is a continuous, concave function of λ ∈ Ω.
Moreover, if the set Cand of candidates to be optimal solutions is finite then
OM(λ) is piecewise linear.

Proof.
One has

OM(λ) = min
x∈Cand

M∑
i=1

λid(i)(x).

Let us denote by σx the permutation that gives the order in the weighted
distance vector for the point x. Then, we have

OM(λ) = min
x∈Cand

M∑
i=1

λiwσx(i)d(vσx(i), x).

Therefore, OM(λ) is the pointwise minimum of linear functions. Hence, it is
concave. Moreover, if Cand is finite, OM(λ) is the minimum of a finite number
of linear functions and then the function is piecewise linear and concave. �

A straightforward consequence of this result is, that OM(λ) always achieves
its minimum value at some extreme points of Ω.

In Chapter 4, we proved that when wi ≥ 0, for i = 1, ...,M , and the
λ-vector satisfies 0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λM , the ordered median function is
convex on the plane with respect to any metric generated by norms. Next we
present an analogous result for trees using the convexity concept by Dearing
et al. [52].

Lemma 7.2 Let T = (V,E) be a tree network and wi ≥ 0, i = 1, . . . , M . If
0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λM then the function fλ(x) is convex on T .

Proof.
Let λ satisfy 0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λM . By [52], wid(x, vi) is convex for
x ∈ A(T ) and i = 1, . . . , M . Let σ ∈ P(1 . . . M) be a fixed permutation of the
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set {1, 2, . . . , M} and x ∈ A(T ). The function
n∑

i=1

λiwσ(i)d(x, vσ(i)) is convex.

Therefore,

g(x) = max
τ∈P(1...M)

{
M∑
i=1

λiwτ(i)d(x, vτ(i))

}
,

is also convex as maximum of convex functions.
Since the λi’s are non-decreasing, the permutation σ ∈ P(1 . . . M), which

sorts the weighted distance functions wid(x, vi) in the vector d≤(x) for a given
x ∈ A(T ), is identical to the permutation τ∗, which defines g(x) for this x
(see e.g. Theorem 368 in Hardy et al. [98]). Therefore, we obtain

fλ(x) = max
τ∈P(1...M)

{
M∑
i=1

λiwτ(i)d(x, vτ(i))

}
,

and hence the desired result follows. �

The above result can be partially extended to the p-facility OMP. Let
OMp(λ) denote the optimal objective value of the p-facility ordered median
problem. Clearly, for p = 1, . . . , M , OMp(λ) is a monotone function of p with
OMM (λ) = 0. We know that OMp(λ) may not be convex even for metric
spaces induced by tree networks (examples can be found in [79]). We will try
now to derive some partial convexity results by relating the objective value
OMp(λ) for two distinct values of p. The following lemma is needed.

Lemma 7.3 Let c1 ≥ · · · ≥ cm be a sequence of real numbers, and let b1 ≥
· · · ≥ bm be a sequence of m nonnegative real numbers. For j = 1, . . . , m − 1,

(b1+ · · ·+bm)(b1cj+1+ · · · bm−jcm) ≤ (b1+ · · · bm−j)(b1c1+b2c2+ · · ·+bmcm).

The proof of this lemma can be found in Francis et al. [79]. Based on this
result we can now state some interesting consequences also taken from [79].

Theorem 7.2 Let λ = (λ1, . . . , λM ) be a nonnegative vector satisfying λ1 ≥
· · · ≥ λM . For p = 2, . . . , M , suppose that the solution to the p-facility ordered
median problem is attained by setting p new facilities at X∗ = {x1, x2, . . . , xp},
where exactly t new facilities 0 ≤ t ≤ p, are in A(G) \ V . Then, for any q,
1 ≤ p < q < M ,

OMq(λ)

(
M−p+t∑

i=1

λi

)
≤ OMp(λ)

(
M−q+t∑

i=1

λi

)
.

Proof.
Without loss of generality, assume that {x1, . . . , xt} ⊂ A(G) \ V ,
(xt+1, . . . , xp) = (vM−(p−t)+1, . . . , vM ) and
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w1d(X∗, v1) ≥ w2d(X∗, v2) ≥ · · · ≥ wMd(X∗, vM )

note that wM−(p−t)+1d(X∗, vM−(p−t)+1) = · · · = wMd(X∗, vM ) = 0. Con-
sider now a feasible solution to the ordered q-median problem where new fa-
cilities are located at each point of the subset X ′ = {v1, . . . , vq−p, x1, . . . , xp}.
(We augment q − p new facilities to X∗ and set them at {v1, . . . , vq−p}.)
Using Lemma 7.3 with m = M − (p − t), j = q − p, (c1, . . . , cm) =
(w1d(X∗, v1), . . . , wmd(X∗, vm)), and λi = bi for i = 1, . . . , m, we have

(λ1 + · · ·λm)(wq−p+1d(X∗, vq−p+1)λ1 + · · · + wmd(X∗, vm)λm−j) ≤
≤ (λ1 + · · · + λm−j)(w1d(X∗, v1)λ1 + · · · + wmd(X∗, vm)λm) =
= OMp(λ)(λ1 + · · ·λm−j).

By definition, the last inequality is now written as

(λ1 + · · · + λm)gλ(0, . . . , 0, wq−p+1d(X∗, vq−p+1), . . . , wmd(X∗, vm), 0, . . . , 0)
≤ OMp(λ)(λ1 + · · ·λm−j) ,

where gλ is such that

fλ(X) = gλ(w1d(v1, X), . . . , wMd(vM , X))

is the ordered median function. Since X∗ ⊂ X ′, we obtain

wjd(X ′, vj) ≤ wjd(X∗, vj) j = 1, . . . , M.

Using Theorem 368 in Hardy et al. [98],

fλ(X ′) = gλ(0, . . . , 0, wq−p+1d(X ′, vq−p+1), . . . , wmd(X ′, vm), 0, . . . , 0) ≤
≤ gλ(0, . . . , 0, wq−p+1d(X∗, vq−p+1), . . . , wmd(X∗, vm), 0, . . . , 0).

Therefore, (λ1 + · · · + λm)fλ(X ′) ≤ OMp(λ)(λ1 + · · · + λm−j).
Finally, note that from optimality OMq(λ) ≤ fλ(X ′). Therefore,

(λ1 + · · · + λm)OMq(λ) ≤ OMp(λ)(λ1 + · · · + λm−j).

Substituting m = M − (p − t), j = (q − p), we have

OMq(λ)

(
M−p+t∑

i=1

λi

)
≤ OMp(λ)

(
M−q+t∑

i=1

λi

)
.

�

Recall that in the node restricted (discrete) p-facility ordered median prob-
lem all new facilities must be in V . Applying the above theorem to this
discrete case with q = p + 1, we obtain:
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OMM−1(λ)(∑1
i=1 λi

) ≤ OMM−2(λ)(∑2
i=1 λi

) ≤ · · · ≤ OM1(λ)(∑M−1
i=1 λi

) .

In particular, for the p-median problem, where λ = 1 = (1, . . . , 1), for
p = 2, 3, . . . , M − 1, we have

OMp(1)
(M − p)

≤ OMp−1(1)
(M − p + 1)

.

The following "hub-and-spoke" tree example demonstrates, that the above
inequalities are the tightest possible for the discrete ordered median problem.

Example 7.2
Consider a star tree network ("hub-and-spoke tree"), T = (V,E), where V =
(v1, . . . , vM ) and E = {[v1, v2], . . . , [v1, vM ]}. Each edge has a unit length,
and wi = 1, i = 1, . . . , M . For any vector λ satisfying the hypothesis of
Theorem 7.2, it is easy to verify that OMp(λ) =

∑M−p
i=1 λi, for p = 1, . . . , M−1,

and OMM (λ) = 0 (another equivalent example is a complete graph with unit
lengths and node weights).

More generally, we have the following property for the discrete p-facility
ordered median problem:

Proposition 7.1 Let λ = (λ1, . . . , λM ) be a nonzero, nonnegative vector,
satisfying λ1 ≥ · · · ≥ λM . Consider the discrete p-facility ordered median
problem. For each i, define ci = wi minj �=i d(vi, vj) and let c = mini=1,...,M ci.
Suppose that M ≥ 3. The following are equivalent:

1.

OMM−1(λ)

(
M−1∑
i=1

λi

)
= OM1(λ)λ1.

2. For all p = 1, . . . , M − 1,

OMp(λ)

(
M−1∑
i=1

λi

)
= OM1(λ)

(
M−p∑
i=1

λi

)
.

3. There exists a node vk ∈ V , such that wid(vk, vi) = c, for all vi ∈ V ,
i �= k.

Proof.
We start by showing that (3) implies (2). For all j, j = 1, . . . , M − 1, let
λ∗j =

∑M−j
i=1 λi. Indeed, if there is a node vk with wid(vk, vi) = c for i �= k,

then by establishing new facilities at any subset X ∈ V which contains vk,
|X| = p, the objective value of the corresponding solution will be cλ∗p. But
since cλ∗p is a lower bound on OMp(λ), we get OMp(λ) = cλ∗p. Clearly, for
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p = 1, the new facility is optimally located at vk, and so OM1(λ) = cλ∗1.
Thus, OMp(λ)λ∗1 = OM1(λ)λ∗p.

Clearly, (2) implies (1). We conclude by showing that (1) implies (3).
Note that OMM−1(λ) is attained by establishing new facilities at all nodes

but one, say vt. Moreover, OMM−1(λ) = λ1wt minj �=t d(vj , vt). The optimality
of OMM−1(λ) implies that vt must satisfy wt minj �=t d(vj , vt) = c, where c is
defined above. Thus, OMM−1(λ) = cλ1. Using (1) we conclude that

OM1(λ) = cλ∗1.

Suppose that OM1(λ) is attained by establishing a new facility at a node
vk. From the definition wid(vi, vk) ≥ c for each i = 1, . . . , M , i �= k. There-
fore, if maxi �=k wid(vi, vk) > c, we would get that OM1(λ) > cλ∗1, contradict-
ing OM1(λ) = cλ∗1. We conclude that maxi �=k wid(vi, vk) = c, and, therefore
wid(vi, vk) = c for each i = 1, . . . , M , i �= k. This proves (3). �

To conclude this analysis we remark that for the special case of the discrete
p-median problem, the following stronger property holds.

Proposition 7.2 Consider the discrete p-median problem. For each i =
1, . . . , M , define ci = wi min

j �=i
d(vi, vj), and let c = min

i=1,...M
ci. Suppose that

M ≥ 3. The following are equivalent:

1. There exists an integer p′, 1 < p′ < M , such that

OMp′(1) = OM1(1)
(M − p′)
(M − 1)

.

2. For all p = 1, . . . , M

OMp(1) = OM1(1)
(M − p)
(M − 1)

.

3. There exists a node vk ∈ V , such that wid(vk, vi) = c, for all vi ∈ V ,
i �= k.
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On Finite Dominating Sets for the Ordered
Median Problem

8.1 Introduction

Since the seminal paper by Hakimi [84], much of the work related to location
problems on networks has been devoted to identify a finite set of points where
some optimal solution of a problem must belong to. This set, called finite
dominating set (FDS), is very useful in a wide range of optimization problems,
in order to restrict the number of possible candidates to be an optimal solution.

The goal of this chapter is to identify the set of candidates for optimal
solutions to the OMP on networks and to study its structure as well as to
show that the properties of this set depend on the number of facilities to be
located.

Previous to the paper by Puerto and Rodríguez-Chía [170], it was an
open problem whether polynomial size FDS would exist for the general p-
facility version of the ordered median problem. In that paper, the authors
prove that for the general ordered p-median problem on networks it is not
possible to obtain an FDS with polynomial cardinality even on path graphs. In
this chapter we describe known FDS for different instances of OMP. Moreover,
we include examples that show how those FDS obtained for particular cases
are no longer valid even for slightly modified models. An overview of the
literature involving characterizations of FDS shows a lot of papers that succeed
to find such kind of sets. An excellent paper on this subject, is the one by
Hooker et al. [103] that contains characterizations of FDS for a large number
of problems of Location Theory. This chapter, following the line of [170], also
provides a negative result regarding the polynomiality of the FDS for the
general OMP. The reader may notice that the main difference with respect
to existence proofs is that there is not a standard line to follow in proving
negative results, which essentially rely on counterexamples.

Recently, much effort have been spent to obtain FDS for some instances of
the OMP (see [150, 117, 172, 116]). Obtaining an FDS allows the development
of different types of algorithms to solve problems by enumerating a (finite)
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candidate set. The main results in this chapter can be summarized in the
following.

• The node set V constitutes an FDS for the ordered p-median problem when
λ1 ≥ . . . ≥ λM ≥ 0. For arbitrary nonnegative λ-weights, we also obtain
that V ∪ EQ is an FDS for the single-facility ordered median problem.
([150])

• The set PEQ is an FDS for the ordered p-median problem where the λ-
weights are defined as:

a = λ1 = . . . = λk �= λk+1 = . . . = λM = b, (8.1)

for a fixed k, such that, 1 ≤ k < n [116] (see the definition of PEQ in
(7.6)).

• The set F = ((V ∪ EQ) × PEQ) ∪ T ⊂ A(G) × A(G) contains an optimal
solution of the ordered 2-median problem in any network for any choice of
nonnegative λ-weights [172] (see definition of T in Theorem 8.6).

• The set V ∪ EQ ∪ NBN is an FDS for the single facility ordered median
problem with general node weights (the w-weights can be negative). More-
over, for the case of a directed network with nonnegative w-weights, there
is always an optimal solution in the node-set V [117].

• For any integer p there exists a path graph with 2p nodes and a nonnegative
vector λ ∈ R2p with the following properties: There is a family of 2p ordered
median problems on the above path, such that the solution to each one of
these problems contains a point (facility), which is not in the solution of
any other problem in this family. In particular, an FDS for this family is
of exponential cardinality [170].

8.2 FDS for the Single Facility Ordered Median Problem

As we have mentioned before, the paper by Nickel and Puerto [150] contains
the first results concerning FDS for some instances of the ordered median
problem. The first one is an FDS for the single facility ordered median prob-
lem, a set that we denote as Cand.

Theorem 8.1 An optimal solution for the single facility ordered median prob-
lem with nonnegative λ-weights can always be found in the set Cand := EQ∪V .

Proof.
Starting from the original graph G, build a set of new subgraphs G1, . . . , GK

by inserting all points of EQ as new nodes. Now every subgraph Gi is defined
by either

1. Two consecutive elements of EQ on an edge or
2. An element vi ∈ V \EQ and the adjacent elements of EQ
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and the corresponding edges. In this situation for every subgraph Gi the
permutation of d≤(x) is constant (by definition of EQ). Therefore, for all
x ∈ A(Gi) we have

M∑
i=1

λid(i)(x) =
M∑
i=1

λiwπ(i)d(vπ(i), x) ,

where π ∈ P(1 . . . M). Therefore, we can replace the objective function by a
classical median-objective. Now we can apply Hakimi’s node dominance result
in every Gi and the result follows. �

In the rest of this section, we present two extensions of this FDS for the
OMP on networks. The first one describes the structure of the FDS for the sin-
gle facility ordered median problem with positive and negative node weights.
The second result refers to the case of directed networks and nonnegative node
weights. The interested reader is referred to [117] for further details.

For the first case we have the following result:

Theorem 8.2 The set V ∪EQ∪NBN is a finite dominating set for the single
facility ordered median problem with general node weights.

Proof.
Let G be an undirected graph. Augment G by inserting the equilibria in EQ
and negative bottleneck points from NBN as new nodes. A(G) is now decom-
posed into sub-edges, where each sub-edge connects two adjacent elements of
V ∪ EQ ∪ NBN.

From the definition of equilibrium points, it follows that there exists a
permutation of the weighted distance functions in {dj(x)}M

j=1, which is fixed
for all the points x on every sub-edge. Therefore, the ordered median function
reduces to the classical median function on every sub-edge. Since we included
the negative bottleneck points NBN in the decomposition of the network, the
distance functions are now piecewise linear and concave on every sub-edge.
Therefore, the desired result follows. �

In order to analyze the second case we need to introduce some additional
concepts related to directed networks.

Let GD = (V,E) be a directed network, and let x be a point on the edge e =
[vi, vj ] ∈ E. Following Mirchandani and Francis [142], the distance between
a point x ∈ A(GD) and vi ∈ V is given by d̄i(x) = wi(d(x, vi) + d(vi, x)).
Denote by

d̄(x) := (d̄1(x), . . . , d̄M (x))

the vector of weighted distances from x to the nodes vi ∈ V and back. Again,
we sort the entries in d̄(x) in non-decreasing order. The resulting vector is
denoted by
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d̄≤(x) := (d̄(1)(x), . . . , d̄(M)(x)), (8.2)

where (·) is a permutation of {1, . . . , M} such that d̄(1)(x) ≤ . . . ≤ d̄(M)(x)
holds.

For any given M -dimensional, nonnegative vector λ = (λ1, . . . , λM ) ∈ RM
0+

the ordered median problem on the directed graph GD is now defined as:

min
x∈A(GD)

fλ(x) :=
M∑
i=1

λid̄(i)(x). (8.3)

In order to derive an FDS for Problem (8.3), we have to take a closer
look at the distance functions. Based on their definitions we get the following
lemma.

Lemma 8.1 Let GD = (V,E) be a directed network, e = [vi, vj ] ∈ E an
edge of the network and x ∈ A(GD) a point in the interior of this edge.
Then for a node vk ∈ V , the distance function d̄k is constant on the inte-
rior of the edge [vi, vj ], i.e. d̄k(x) = c ∈ R, ∀x ∈ [vi, vj ]\{vi, vj}. Moreover,
if wk ≥ 0 (respectively wk < 0) then d̄k(vi), d̄k(vj) ≤ d̄k(x) (respectively
d̄k(vi), d̄k(vj) ≥ d̄k(x)) for all x ∈ [vi, vj ].

Proof.
Let x be a point in the interior of the edge e = [vi, vj ] and vk ∈ V . For
x ∈ [vi, vj ] it follows that

d̄k(x) = wk(d(x, vk) + d(vk, x))
= wk(d(x, vj) + d(vj , vk) + d(vk, vi) + d(vi, x))
= wk(d(vj , vk) + d(vk, vi) + d(vi, vj)) = c.

If wk ≥ 0 then for vi we have

d̄k(vi) = wk(d(vi, vk) + d(vk, vi))
≤ wk(d(vi, vj) + d(vj , vk) + d(vk, vi)) = d̄k(x) ,

where x ∈ [vi, vj ], x �= vi, vj . Analogously for vj we obtain that d̄k(vj) ≤
d̄k(x). If wk < 0, the reverse inequality holds and the desired result follows.

�

From the above lemma it is clear, that there are 4 possibilities for the
shape of a distance function d̄k with wk > 0 on a directed edge e = [vi, vj ],
see also Figure 8.1:

1. d̄k is constant on e, i.e. d̄k(x) = c, ∀x ∈ [vi, vj ].
2. d̄k(vi) < d̄k(x) = c, ∀x ∈ [vi, vj ] and x �= vi.
3. d̄k(vj) < d̄k(x) = c, ∀x ∈ [vi, vj ] and x �= vj .
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vi vj vi vj vi vj vi vj

d̄k(x) d̄k(x)

d̄k(vi)

d̄k(x)

d̄k(vj)

d̄k(x)

d̄k(vi)

d̄k(vj)

Fig. 8.1. The 4 possible positive distance functions on a directed edge with wk > 0

4. d̄k(vi), d̄k(vj) < d̄k(x) = c, ∀x ∈ [vi, vj ] and x �= vi, vj .

In case wk < 0, dk(·) may have one of the above 4 possible shapes with <
replaced by >. Based on the previous observations we get, that the objective
function fλ(·) is constant on the interior of an edge, since it is a sum of
constant functions. Furthermore, if all node weights are nonnegative, we get
a possibly smaller objective value only at the endpoints as shown by the
following theorem.

Theorem 8.3 The ordered median problem on directed networks with non-
negative node weights always has an optimal solution in the node-set V . If in
addition λ1 > 0 and wi > 0, ∀i = 1, . . . , M , then any optimal solution is in
V .

Proof.
Let e = [vi, vj ] ∈ E and let x be an interior point of the edge [vi, vj ]. It is
sufficient to show that

max{fλ(vi), fλ(vj)} ≤ fλ(x) =
M∑

k=1

λkd̄(k)(x) . (8.4)

Without loss of generality we prove fλ(vi) ≤ fλ(x). Let us consider vi and
let vk ∈ V be an arbitrary node. From the observation above we know that
d̄k(vi) ≤ d̄k(x) , k = 1, . . . , M . Therefore, d̄(vi) ≤ d̄(x), and then also d̄≤(vi) ≤
d̄≤(x).

Equation (8.4) follows by taking the scalar product with λ.
Next, suppose that λ1 > 0, and wj > 0, for j = 1, ...,M . Therefore, we

obtain 0 ≤ d̄(j)(vi) ≤ d̄(j)(x), for j = 1, ...,M , and 0 = d̄(1)(vi) < d̄(1)(x).
Hence, since λ1 > 0, we get fλ(vi) < fλ(x), and the result follows. �
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8.3 Polynomial Size FDS for the Multifacility Ordered
Median Problem

This section is devoted to characterize finite dominating sets for some partic-
ular cases of the multifacility OMP. We obtain three different types of results.
First, we establish a generalization of the well-known Theorem of Hakimi for
median problems, which states that there always exists an optimal solution
for the OMP with λ1 ≥ λ2 ≥ . . . ≥ λM ≥ 0 in V . Then, we consider the case
where the set of λ parameters only takes two different values. Finally, we also
characterize an FDS for the two-facility case without any hypothesis on the
structure of the λ weights (see [172]).

Let us start considering the problem of finding an FDS for the p−facility
case when λ1 ≥ λ2 ≥ . . . ≥ λM ≥ 0. The result is the following.

Theorem 8.4 The ordered p-median problem with λ1 ≥ λ2 ≥ . . . ≥ λM ≥ 0
has always an optimal solution X∗

p contained in V .

Proof.
Since by hypothesis λ1 ≥ λ2 ≥ . . . ≥ λM ≥ 0 we have (see [98]) that

fλ(Xp) =
M∑
i=1

λid(i)(Xp) = min
π∈P(1...M)

{
M∑
i=1

λidπ(i)(Xp)

}
.

Assume that Xp �⊂ V .
Then, there must exist xi ∈ Xp with xi �∈ V . Let e = [v, w] be the edge

containing xi and l(e) its length. Denote by Xp(s) = Xp \{xi}∪{x(s)} where
x(s) := (e, s) for s ∈ [0, 1]. Therefore, d(v, x(s)) = sl(e).

The function g defined as g(s) =
∑M

i=1 λid(i)(Xp(s)) is concave for all
s ∈ [0, 1] because it is the composition of a concave and a linear function, i.e.

g(s) = min
π∈P(1...M)

{∑
λidπ(i)(Xp(s))

}
and each

dπ(j)(Xp(s)) = min
{
d(vπ(j), x1), . . . , d(vπ(j), x(s)), . . . , d(vπ(j), xp)

}
with

d(vπ(j), x(s)) = min
{
d(vπ(j), v) + sl(e), d(vπ(j), w) + (1 − s)l(e)

}
is concave.

Hence, g(s) = fλ(Xp(s)) ≥ min{fλ(Xp(0)), fλ(Xp(1))} and the new solu-
tion set Xp(s) contains instead of xi a vertex of G.

Repeating this scheme a finite number of times the result follows. �
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Although different, this result resembles the correction given by Hooker
et al. [103] to the dominance result (see Result 7 in [103]) of Weaver and
Church [205] for the so called vector assignment N -median model. In that
model, V is found to be a FDS for the vector assignment p-median model
assuming, that the fractions of time a node vi is served by the l-th closest
facility verify, that the nearer servers are used at least as frequently as the
more distant ones. In other words, the fractions are ranked in non-decreasing
sequence of the distance to the servers. This is exactly the hypothesis of
Theorem 8.4.

8.3.1 An FDS for the Multifacility Ordered Median Problem when
a = λ1 = . . . = λk �= λk+1 = . . . = λM = b

We have just seen that for λ1 ≥ · · · ≥ λM ≥ 0 the node set V constitutes an
FDS for the ordered p-median problem and that for arbitrary λ ≥ 0, V ∪ EQ
is an FDS for the single facility ordered median problem. We demonstrate
by a simple counter-example that this latter dominance result for the single
facility case does not hold for the p−facility case.

v1 v2

v3

v4

v5

v6

v7 v8

2 1

1

1

2

1

2 1
3

1

1

50

1

4 2

Fig. 8.2. Tree network of Example 8.1

Example 8.1
Consider the tree network of Figure 8.2. Observe, that V ∪ EQ is not an FDS
for the ordered 2-median problem with λ = (0.2, 0.2, . . . , 0.2, 1). If we restrict
X2 to be in V ∪ EQ , the optimal solution is given by

X2 =
{
EQ12

13 =
(
[v1, v2], 4

9

)
, EQ57

57 =
(
[v5, v7], 1

2

)}
,
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with objective value fλ(X2) = 8 2
15 = 8.13̄. If we drop this restriction we

obtain a better solution, namely

X∗
2 =

{
x∗ =

(
[v1, v2], 2

3

)
, EQ57

57 =
(
[v5, v7], 1

2

)}
,

with an optimal objective function value of 8.0 (see also Figure 8.3). Note
that x∗ is neither an equilibrium point nor a vertex.

v1 EQ12
13 x∗ v2

x1

2

4

6 d1

d2

d3, d4

v5 EQ57
57 v71 3x2

2

4

6

8 d5

d6

d7

d8

Fig. 8.3. The distance functions along [v1, v2] and [v5, v7] of Example 8.1

Despite this negative result, we are able to characterize a polynomial
size FDS for an important class of ordered p-median problems (see Kalcsics
et al. [116]). Let 1 ≤ k < M , λk = (a, . . . , a, b . . . , b) ∈ RM

0+, where

a = λ1 = · · · = λk �= λk+1 = · · · = λM = b .

Note that the λ−vectors corresponding to the center, centdian or k−centrum
problem are of this type.

For a ≥ b Theorem 8.4 ensures that V is an FDS for the problem. Thus,
only the case with a < b has to be further investigated.

Example 8.1 already points out the two main characteristics of a potential
FDS for the case a < b. First, one of the solution points belongs to the set
V ∪ EQ : EQ57

57. Second, the other solution point, x∗, is related to the one in
V ∪ EQ. Namely, there exist two nodes v1 and v5 allocated to x∗ and EQ57

57,
respectively, such that d1(x∗) = d5(EQ57

57). In general, we will show in the
following that there always exists an optimal solution X∗

p such that

• one or more solution points belong to the set V ∪EQ, i.e. X∗
p ∩(V ∪EQ) �= ∅,

and
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• for every point in X∗
p\(V ∪ EQ) there exists another solution point in

X∗
p ∩ (V ∪ EQ) and two nodes allocated to each of the two points such

that the weighted distances of these two nodes to their respective solution
points are equal.

The important point is not just to prove existence of a finite size FDS
for the problem but to identify it. This dominating set can then be used for
developing algorithms to solve the problem while the existence itself is of
limited use. For the sake of readability the following proof of the FDS is split
into a sequence of four results. Moreover, we first give an informal description
of the main arguments of the proofs.

Let Xp = {x1, . . . , xp} ⊆ A(G). We define the following sets:

Il := {i ∈ {1, . . . , M} | d(Xp, vi) = d(xl, vi)} \
l−1⋃
j=0

Ij , l = 1, . . . , p,

of the indices of nodes which are allocated to xl, l = 1, . . . , p, where I0 := ∅.
Note that ties are resolved by allocating nodes to solution points with smallest
indices. The objective function fλ(Xp) can now be rewritten with respect to
Il as

fλ(Xp) =
M∑
i=1

λiw(i)d(Xp, v(i)) =
∑
i∈I1

λiw(i)d(x1, v(i))︸ ︷︷ ︸
=:f1(x1)

+ . . .

+
∑
i∈Ip

λiw(i)d(xp, v(i))︸ ︷︷ ︸
=:fp(xp)

.

For a fixed permutation (·) and fixed allocations Il, the functions fl, l ∈
{1, . . . , p}, are, as a sum of concave functions, also concave in xl.

Now consider the tree network given in Figure 8.2. Let X2 = {x1, x2} with
x1 =

(
[v1, v2], 11

12

)
and x2 =

(
[v5, v7], 3

8

)
, see Figure 8.3. The vector of ordered

distance functions for this set of points is d≤(X2) = (0.25, 1.25, 1.25, 2.5, 3, 4.5,
5, 5.5). Using λ = (0.2, 0.2, . . . , 0.2, 1) we get fλ(X2) = 9.05.

Starting from X2 we try to obtain a better solution. From Figure 8.3
observe that fixing x2 and moving x1 on its edge a little to the left or right
will neither change the order of the distance functions in the vector d≤(X2)
nor the allocation of nodes to the solution points. Hence, the permutation
(·) and the index sets I1 and I2 remain the same and fλ(·) is concave with
respect to x1. As a result we can find a descent direction and obtain a better
solution.

The formal argument is as follows. Define for t ∈ R :

x1(t) :=
(
[v1, v2], 11

12 + t
)

and
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X2(t) := {x1(t), x2}.
Let di(t) := wid(X2(t), vi), i ∈ {1, . . . , M}. The vector of distance functions
with respect to t is d(X2(t)) = (di(t))i=1,...,M = (5.5 + 6t, 0.25 − 3t, 1.25 −
3t, 1.25 − 3t, 3, 2.5, 5, 4.5). For t = 0 we obtain d≤(X2(t)) = (0.25 − 3t, 1.25 −
3t, 1.25−3t, 2.5, 3, 4.5, 5, 5.5+6t). Now observe, that the order of the distance
functions does not change for − 1

12 ≤ t ≤ 1
12 . This means that we can move

the point x1 → x1(t) by a small amount on its edge (to the left) without
disturbing the permutation. Therefore, we can write the objective function as
fλ(X2) := 9.05 + 4.2t which is a concave function for t ∈ [− 1

12 , 1
12 ]. Moreover,

any value of t, − 1
12 ≤ t < 0, will yield a lower objective value.

In the above example the order of the distance functions did not change
at all for t ∈ [− 1

12 , 1
12 ]. But obviously, even a change in the ordering of only

the first k − 1 or last k + 1 vertices is not going to be a problem, and we can
still argue that the objective function value will not increase. The following
lemma addresses the circumstances, under which we can move a point while
not increasing the objective function value, and how far we can move it.

Lemma 8.2 Let G = (V,E) be an undirected network with nonnegative node
weights, Xp = {x1, . . . , xp} ⊆ A(G), x̃ = (e, t) ∈ Xp with e ∈ E and t ∈ [0, 1]
an arbitrary solution point and λk = (a, . . . , a, b, . . . , b) ∈ RM

0+. Then there
exists a point x

′
= (e, t

′
), t

′ ∈ [0, 1], such that fλ(X
′
p) ≤ fλ(Xp), where X

′
p :=

Xp\{x̃} ∪ {x′}, and either

x
′ ∈ V or d(k)(X

′
p) = d(k+1)(X

′
p) (8.5)

holds.

Proof.
Let Xp = {x1, . . . , xp} ⊆ A(G) with xl = (el, sl), l = 1, . . . , p, such that Xp

does not satisfy one of the relations in (8.5). W.l.o.g. let x1 = x̃ ∈ A(G).
Furthermore, we assume that
i) d(n)(Xp) �= d(n+1)(Xp) for all n ∈ {1, . . . , M − 1} and
ii) � ∃vi ∈ V : wid(vi, x1) = wid(vi, xl), i.e. none of the nodes is at the same
distance from x1 as to another solution point xl �= x1.

Define for t : Xp(t) := {x1(t), x2, . . . , xp}, where x1(t) := (e1, s1 + t). Let
T := [ t, t ] be an interval with −s1 ≤ t < 0 < t ≤ 1 − s1, such that i) and ii)
hold for Xp(t) for all t ∈ T . This interval exists since i) and ii) are satisfied
for t = 0 and all distance functions di(·) are continuous on an edge.

Let vi := v(n), for some n = 1, . . . , M , be allocated to x1, i.e. d(n)(Xp) =
di(x1). Then by the above assumptions on Xp and the definition of T we have
d(n)(Xp(t)) = di(x1(t)), ∀t ∈ T . For all nodes vj allocated to xl ∈ Xp, xl �= x1,
d(r)(Xp(t)) = dj(xl), for some r �= n, is constant. Therefore, d(·)(Xp(t)) is
either concave or constant with respect to t ∈ T , since di(x1(t)) is concave on
e1.
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In summary, we have that di(Xp(t)) = d(n)(Xp(t)) is a concave func-
tion for t ∈ T , n = 1, . . . , M . Moreover, since the inequality d(n)(Xp(t)) <
d(n+1)(Xp(t)), n = 1, . . . , M − 1, holds for all t ∈ T , it follows that the or-
der of the distance functions does not change. As a result, fλ(Xp(t)) is also
concave in the interval T . Assume w.l.o.g. that the objective function is non-
increasing for t < 0. Hence, we may decrease t until either x1(t) ∈ V or
d(k)(Xp(t)) = d(k+1)(Xp(t)).
Now, we prove that the two assumptions made on Xp do not imply any loss
of generality:

i) Let n ∈ {1, 2, . . . , M − 1} such that di(Xp) = d(n)(Xp) = d(n+1)(Xp) =
dj(Xp), where i := (n) and j := (n + 1). Note that n �= k, since otherwise
Xp would satisfy (8.5). Hence, the elements di(Xp) and dj(Xp) possibly swap
positions in the vector d≤(Xp(t)), i.e. di(Xp(t)) ≤ dj(Xp(t)) for t ≤ 0 and
di(Xp(t)) > dj(Xp(t)) for t > 0. However, both functions di(Xp) and dj(Xp)
are still concave with respect to t ∈ T and both are still multiplied by the
same λ-value, a or b (since n �= k). Therefore, this change has no influence on
the concavity and the slope of the objective function fλ(Xp(t)).

ii) Concerning the re-allocation of nodes, let vi ∈ V be a node such that
wid(vi, x1) = wid(vi, xl) holds for another solution point xl �= x1 and x1 is
not the bottleneck point of this node on edge e1 (otherwise the allocation will
not change with respect to x1(t), t ∈ T ). One of the following two cases can
occur:

1. vi is allocated to x1(t) for t ≤ 0 and to xl, l = 2, . . . , p, for t > 0. Thus,
we have di(Xp(t)) = di(x1(t)) for t ≤ 0 on edge e1 and di(Xp(t)) =
di(xl), t > 0, on edge el. In order to be re-allocated, the distance function
of vi on edge e1, di(x1(t)) has to be increasing for t ≤ 0. After the change
of allocations we obtain di(Xp(t)) = di(xl) on el, which is constant with
respect to t (see the two left most edges of Figure 8.4). Thus, di(Xp(t)) is
concave for t ∈ T .

x1 xl

e1 el

x1 xl

e1 el

di(x1(t))

di(Xp(t))

di(xl)
di(x1(t))

di(Xp(t))

di(xl)

Fig. 8.4. vi changes its allocation from x1(t) to xl respectively from xl to x1(t)
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2. vi is allocated to xl for t ≤ 0 and to x1(t) for t > 0. As above, di(Xp(t))
is concave for t ∈ T since it is the minimum of a linear and a constant
function (see the two edges on the right-hand side of Figure 8.4).

�

Note that the above result does not hold if one or more node weights are
negative. In this case di(Xp(t)) may be convex with respect to t and hence
the ordered median function may no longer be concave in the interval T .

From Lemma 8.2 it follows that we can move an arbitrary solution point
on its edge either to the left or to the right without increasing the objective
function value until a point is attained for which (8.5) holds. This is illustrated
in the following example continuing the discussion preceding Lemma 8.2.

Example 8.2
Consider the network of Example 8.1 and the initial solution X2 = {x1 =(
[v1, v2], 11

12

)
, x2 =

(
[v5, v7], 3

8

)}. For λ7 = (0.2, 0.2, . . . , 0.2, 1) it is possible
to improve the objective function value by moving the point x1 to the left
up to the point

(
[v1, v2], 10

12

)
. This yields d(7)(X2(− 1

12 )) = d7(x2) = 5 =
d1(x1(− 1

12 )) = d(8)(X2(− 1
12 )). Hence, (8.5) holds.

In the previous lemma we could choose a single solution point and move it
along its edge until condition (8.5) was fulfilled. Obviously, we can repeat this
procedure for all points in Xp. This leads to the following corollary:

Corollary 8.1 Let Xp = {x1, . . . , xp} ⊆ A(G) be a solution to the ordered
p-median problem with nonnegative node weights, p ≥ 2 and λk ∈ RM

0+, 1 ≤
k ≤ M − 1. Then there exists a solution X

′
p with fλ(X

′
p) ≤ fλ(Xp) such that

either X
′
p ⊆ V or d(k)(X

′
p) = d(k+1)(X

′
p) holds.

Proof.
Assume that Xp �⊆ V and d(k)(Xp) < d(k+1)(Xp). Then, according to
Lemma 8.2, we start by moving one solution point after the other until we
obtain a new solution X

′
p, where either all solution points are nodes or finally

d(k)(X
′
p) = d(k+1)(X

′
p) holds. �

In the following we will deal with the difficulties which occur when the kth

and (k + 1)st vertices in the ordered vector of the distance functions have the
same value. Resolving these difficulties will lead us to the proof of the FDS.

We first give a formalized description of the set of solution points ad-
dressed in the second part of the characterization of our FDS introduced at
the beginning of this section. For every point in X∗

p\(V ∪ EQ), there exists
another solution point in X∗

p ∩ (V ∪ EQ) and two nodes allocated to each of
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the two points such that the weighted distances of these nodes to their respec-
tive solution points are equal. Let us recall now the definition of the set of
ranges R previously defined in (7.5). Ranges correspond to function values of
equilibria or node to node distances. In terms of the general characterization
of the FDS, let R

′
be the set of ranges of the points in X∗

p ∩ (V ∪ EQ). Then,
for every other solution point x not in this set there exists a node vi allocated
to x and a range r ∈ R

′
such that wid(x, vi) = r.

Recall that by PEQ we denote the set of all pseudo-equilibria with respect
to all ranges r ∈ R. Note that V ⊆ PEQ, which follows directly from the above
definition, and also EQ ⊆ PEQ, since every equilibrium EQ ∈ EQij of two
nodes vi and vj is an r-extreme point with r = di(EQ) = dj(EQ).

Example 8.3
The set of ranges on the edge [v1, v2] of the network given in Example 8.1 is
{0, 1, 2, 2.6̄, 3, 4, 6} (see Figure 8.3). The point x∗ = ([v1, v2], 2

3 ) is a pseudo-
equilibrium of range 4.

Our goal is to prove that PEQ is an FDS for the ordered p-median problem
with p ≥ 2 and λk ∈ RM

0+, 1 ≤ k ≤ M − 1. In addition, any optimal solution
X∗

p must satisfy X∗
p ∩ (V ∪EQ) �= ∅. The first result proves the existence while

the latter allows us to identify an FDS for any given problem.
Using Lemma 8.2 we could move an arbitrary solution point along its edge

to the left or to the right until we have d(k)(Xp) = d(k+1)(Xp). The goal is
to find a method to continue this process without increasing the objective
function value. If we are in this situation of equality, the idea is to move two
or more solution points simultaneously preserving the relationship d(k)(Xp) =
d(k+1)(Xp) and the permutation of the distance functions at the positions k

and k + 1. In Example 8.2 we have d(7)(X2(− 1
12 )) = 5 = d(8)(X2(− 1

12 )). Here
we can continue moving x1 to the left if we simultaneously move x2 to the
right in such a way that d(7)(X2(·)) = d(8)(X2(·)) is preserved.

Before formalizing this approach, we introduce additional notation. Ob-
serve that we stop moving a point if for two vertices v(k) and v(k+1) we had
rk := d(k)(Xp) = d(k+1)(Xp). But obviously there may be more than two
nodes allocated to solution points whose weighted distance to their respective
points is rk. Therefore, let Xp = {x1, . . . , xp} ⊆ A(G) be a solution to the or-
dered p-median problem with Xp �⊆ V and d(k)(Xp) = d(k+1)(Xp) = rk, rk ∈
R. Define n, n as the two indices with 1 ≤ n ≤ k < k +1 ≤ n ≤ M such that

d(n−1)(Xp) < d(n)(Xp) = . . . = rk = . . . = d(n)(Xp) < d(n+1)(Xp) ,

where d(0)(Xp) := −∞ and d(M+1)(Xp) := +∞. Note that n − n ≥ 1, i.e.
n < n, by the assumption on Xp.

Furthermore, define XL ⊆ Xp as the (sub)set of points of Xp such that for
every xl ∈ XL there exists a node vi ∈ V allocated to xl with rk = di(xl) =
d(n)(Xp) and (n) = i. W.l.o.g. we assume that XL := {x1, . . . , xL} consists of
the first L solution points of Xp, 1 ≤ L ≤ p. Note that by assumption L ≥ 2.
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We first state a lemma for the special case n − n + 1 > L, which means
that there exists a solution point x which has at least two nodes, vi and vj ,
allocated to it with weighted distance rk. In this case x ∈ Xp is an equilibrium
of these two nodes, yielding x ∈ EQij . Therefore, it is possible to prove the
FDS using the results of Lemma 8.2.

Lemma 8.3 Let Xp = {x1, . . . , xp} ⊆ A(G) be a solution to the ordered p-
median problem with nonnegative node weights, p ≥ 2 and λk ∈ RM

0+, 1 ≤ k ≤
M−1. Then there exists a solution X

′
p with fλ(Xp

′) ≤ fλ(Xp) such that either
n−n+1 = L holds for the new solution or X

′
p ⊆ PEQ with X

′
p∩(V ∪EQ) �= ∅.

Proof.
Let Xp, p ≥ 2, be a solution. Given Xp we know from Corollary 8.1 that there
exists another solution Xp = {x1, . . . , xp} ⊆ A(G), xl = (el, sl), l = 1, . . . , p,
with fλ(Xp) ≤ fλ(Xp) such that Xp ⊆ V or d(k)(Xp) = d(k+1)(Xp) =: rk.
Note that if the former case holds the desired result follows.
Let VX := Xp ∩ V and define RX as the set of ranges of the nodes in VX , i.e.

RX :=
{{r ∈ R | ∃vi ∈ V,∃vj ∈ VX , vi �= vj : r = wid(vi, vj)} if VX �= ∅

∅ otherwise .

Now for Xp let L, XL, n and n be defined as above and assume that n−n+1 >
L.

Then, there exist xl ∈ XL and vi, vj ∈ V, vi �= vj , such that d(n1)(Xp) =
di(xl) = rk = dj(xl) = d(n2)(Xp), where (n1) = i, (n2) = j, and vi and vj are
both allocated to xl (with respect to Xp). Thus, xl ∈ EQij is an equilibrium
of the two nodes vi and vj with range rk. As a result, rk ∈ R and all the
points of the set XL are rk-extreme points. Let xm ∈ Xp\(XL ∪ VX). Using
the same arguments as in Lemma 8.2, we can fix all other solution points and
just move xm → xm(t) on its edge until xm(t) is a node or di(xm(t)) =: r ∈
({rk} ∪ RX) ⊆ R for some node vi allocated to xm(t). In this case, xm(t) is a
pseudo-equilibrium with range r. This procedure can be applied to all solution
points not belonging to XL ∪ V .

It is also obvious that for those solution points xl ∈ VX ∩ XL, the above
procedure can be applied. Therefore, if n−n+1 > L we have Xp ⊆ PEQ and
Xp ∩ (V ∪ EQ) �= ∅ and the desired result follows. �

Lemma 8.3 characterizes an FDS for the ordered p-median problem with
λk = (a, . . . , a, b . . . , b) except for n − n + 1 = L. Dealing with this case will
finally complete the identification of the FDS. Here we really have to move
solution points simultaneously in order to find a non-ascent direction for the
objective function.
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Theorem 8.5 The ordered p-median problem with nonnegative node weights,
p ≥ 2 and λk ∈ RM

0+, 1 ≤ k ≤ M − 1, always has an optimal solution X∗
p ⊆

A(G) in the set PEQ. Moreover, X∗
p ∩ (V ∪ EQ) �= ∅.

Proof.
Let Xp, p ≥ 2, be an optimal solution. We know from Lemma 8.3 that there
exists another optimal solution Xp = {x1, . . . , xp} ⊆ A(G), xl = (el, sl), l =
1, . . . , p, with fλ(Xp) = fλ(Xp) such that either n − n + 1 = L holds for the
new solution or Xp ⊆ PEQ with Xp ∩ (V ∪ EQ) �= ∅. Note that if the latter
case holds, the desired result follows.
Consider for Xp the elements VX , RX , L,XL, n and n as defined above. Now
we analyze the case n−n+1 = L. Observe that VX ∩XL = ∅ (see the proof of
Lemma 8.3). Thus, for every xl ∈ XL there exists a unique vil

∈ V allocated
to xl with dil

(xl) = rk. First, we assume that:
i) d(n)(Xp) �= d(n+1)(Xp) for all n ∈ {1, . . . , M} \ ({M} ∪ {n, . . . , n}),
ii) none of the solution points xl ∈ XL is a bottleneck point of some node
vi ∈ V and
iii) � ∃vi ∈ V : wid(vi, xl1) = wid(vi, xl2), i.e. no node is at the same distance
from two solution points xl1 , xl2 ∈ Xp.

Define for t ∈ R : Xp(t) := {x1( t
∇1

), . . . , xL( t
∇L

), xL+1, . . . , xp}, where
∇l := ±wil

l(el) is the slope of the distance function dil
(·) of node vil

at the
point xl on edge el, and xl( t

∇l
) := (el, sl + t

∇l
), l = 1, . . . , L. Note that the

distance functions dil
(·) are all linear in a sufficiently small interval around

the points xl. Otherwise xl would be a bottleneck point of node vil
.

Let T := [ t, t ] ∈ R be an interval with t < 0 < t and sl + t
∇l

∈ (0, 1), ∀l ∈
{1, . . . , L}, t ∈ T, such that i) and iii) hold for Xp(t) and ii) for xl( t

∇t
), 1 ≤

l ≤ L, for all t ∈ T . This interval exists since i), ii) and iii) hold for t = 0
and all distance functions di(·) = wid(·, vi) are continuous on any edge.

Let n /∈ {n, . . . , n} and vi = v(n). By the above assumptions on Xp and
the definition of T , we have that d(n)(Xp(t)) = di(xl( t

∇l
)), for all t ∈ T , if vi

is allocated to xl ∈ XL and d(n)(Xp(t)) = di(xl) if vi is allocated to a solution
point in Xp\XL. In both cases d(n)(Xp(t)) is linear with respect to t ∈ T .

On the other hand, let n1, n2 ∈ {n, . . . , n}, n1 �= n2, and let node v(n1) =:
vi and node v(n2) =: vj be allocated to xl1 and xl2 , respectively. By definition
of T we have that xl1 , xl2 ∈ XL. Note that xl1 �= xl2 , since n − n + 1 = L.
Thus,

di(xl1(
t

∇l1

)) = di(xl1) + sgn(∇l1)wi
tl(el1)
∇l1

= d(n1)(Xp) + t = rk + t

= d(n2)(Xp) + t = dj(xl2) + sgn(∇l2)wj
tl(el2)
∇l2

= dj(xl2(
t

∇l2

)) for all t ∈ T,
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where sgn(x) is the sign function of x. Hence, di(xl1(
t
∇l1

)) = d(n1)(Xp(t)) =

d(n2)(Xp(t)) = dj(xl2(
t
∇l2

)), ∀t ∈ T , and we are increasing or decreasing rk by
|t|. This means that we are simultaneously moving each solution point xl ∈ XL

on el by xl → xl( t
∇t

), while preserving the relationship d(n)(Xp(t)) = . . . =
d(n)(Xp(t)). See Figure 8.5 for an example with n = k and n = k + 1.

xl1→ xl1 ( t
∇l1

) xl2 ( t
∇l2

) ← xl2

el1 el2

di=d(k) dj=d(k+1)|t|

Fig. 8.5. Simultaneous movement of xl1 and xl2 on el1 and el2

As a result, all entries d(n)(Xp(t)) are linear with respect to t ∈ T . This
fact together with the assumption that d(n)(Xp(t)) �= d(n+1)(Xp(t)), ∀ t ∈
T, n ∈ {1, . . . , M}\({M} ∪ {n, . . . , n}), implies that the objective function
fλ(Xp(t)) is also linear with respect to t ∈ T and hence, constant over T ,
since Xp = Xp(0) is already optimal. Consequently, any Xp(t) with t ∈ T is
also optimal.

In summary, the objective function fλ(Xp(t)) is constant over the interval
T , and we can either decrease t or increase t by an arbitrarily small value
without changing the objective function value fλ(Xp(t)). Assume w.l.o.g. that
we increase t. Then, one of the following two cases can occur:

rk + t ∈ RX. Then, either xl( t
∇l

) = vi ∈ V is a node for some l ∈ {1, . . . , L}
or xl( t

∇l
) is an equilibrium EQij of two nodes vi and vj which are both

allocated to xl( t
∇l

) such that d(n1)(Xp(t)) = di(xl( t
∇l

)) = rk + t =

dj(xl( t
∇l

)) = d(n2)(Xp(t)), where vi = v(n1) and vj = v(n2). Then all

the remaining points xl( t
∇l

), l ∈ {1, . . . , L}, are pseudo-equilibria with
range rk + t. In the latter case we extend RX by the ranges of vi. Now we
can again, as already described above, move the remaining solution points
xm ∈ Xp\XL independently from each other until we obtain a new opti-
mal solution X∗

p ∈ PEQ such that all solution points are pseudo-equilibria
with respect to a range of one of the points in X∗

p ∩ (V ∪ EQ).
rk + t �∈ RX. In this case it must exist a solution point xl ∈ Xp\XL to-

gether with a node vil
allocated to xl (with respect to Xp(t)) such
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that d(n)(Xp(t)) = dil
(xl) = rk + t, where vil

= v(n). We redefine
XL := XL ∪ {xl} and also Xp(t) := {x1( t

∇1
), . . . , xL+1( t

∇L+1
),

xL+2, . . . , xp}, where w.l.o.g. l = L + 1. Then, we can apply the same
argument as above in order to move the L + 1 solution points simultane-
ously.

Now we show that the assumptions i) - iii) previously made for Xp do not
imply any loss of generality.

i) As in Lemma 8.2, a possible swap of the elements in the vector d≤(Xp)
has no influence on the slope of the objective function fλ(Xp(t)).

ii) If xl ∈ XL would be a bottleneck point of some node vi allocated to xl,
then the distance function of this node di(xl( t

∇l
)) = d(n)(Xp(t)), vi = v(n),

would be concave with respect to t and therefore also fλ(Xp(t)), i.e. we could
find a descent direction for t, which contradicts the assumption that Xp is
optimal.

iii) Let vi ∈ V be a node such that wid(vi, xl1) = wid(vi, xl2), i.e. vi

possibly changes its allocation between the solution points xl1 and xl2 for t < 0
or t > 0, where one or both points are in XL, w.l.o.g. xl1 ∈ XL (otherwise,
xl1 and xl2 are fixed with respect to t ∈ T ). But, similar to Lemma 8.2, a
re-allocation of vi ∈ V from, w.l.o.g., the solution point on el1 to the solution
point on edge el2 can only occur if the distance function of node vi on el1 , that
is di(xl1(

t
∇1

)), has, with respect to t, a greater slope than di(x2( t
∇2

)) on edge
e2. Hence, the function d(n)(Xp(t)) = di(Xp(t)), v(n) = vi, is concave over T
for some n = 1, . . . , M , which leads again to a contradiction to the optimality
of Xp. �

Since PEQ is an FDS for the p-facility OMP with λ = (a, . . . , a, b, . . . , b),
a < b, a natural question that arises now refers to the number of elements
contained in the set PEQ. Taking K = |EQ| and M = |V |, we obtain a range
r for every equilibrium and every pair of nodes u, v ∈ V, u �= v, yielding in
total |R| = O(K +M2) ranges. Since every distance function di(·) can assume
a value r ∈ R in at most two points on an edge e ∈ E, we have O(NM)
r-extreme points and as a result |PEQ| = O(NM(K + M2)).

8.3.2 An FDS for the Ordered 2-Median Problem with General
Nonnegative λ-Weights

The previous section gives an FDS for the p-facility ordered median problem
with a special structure on the λ-weights. Nevertheless, determining an FDS
without additional hypothesis on the vector λ was not addressed. In this
section, following the presentation in Puerto et al. [172], we study partially
this problem identifying a finite set of candidates to be optimal solutions of
the 2-facility ordered median problem without additional hypothesis on the
structure of λ.
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Before starting to prove the main result in this section, we define several
sets which will be used later.

Let Xp = (x1, . . . , xp) ∈ A(G) × . . . × A(G) and xk ∈ [vik
, vjk

], for any
k = 1, . . . , M , we define the following sets:

Uk(Xp) = {v ∈ V : d(v,Xp) = d(v, xk)},
U=

k (Xp) = {v ∈ Uk(Xp) : d(v, xk) = d(v, xm)
= min

i=1,...,p
d(v, xi), for some m �= k},

U<
k (Xp) = Uk(Xp) \ U=

k (Xp),
U ik

={v ∈ Uk(Xp) : d(v, xk)
= l(xk, vik

) + d(vik
, v) ≤ l(xk, vjk

) + d(vjk
, v)},

Uik
= U ik

\ (U=
k (Xp) ∪ U jk

).

Remark 8.1

• Uk(Xp) is the set of nodes whose demand can be covered optimally by xk,
that is, the set of nodes that can be allocated to xk.

• U=
k (Xp) is the set of nodes that can be allocated either to xk or to xm for

some m �= k.
• U<

k (Xp) is the set of nodes allocated to xk that cannot be allocated to a
different service facility.

• U ik
is the set of nodes which can be served optimally by xk through vik

.
• Uik

is the set of nodes included in U<
k (Xp), such that, their corresponding

distances to their service, xk, increase when xk is displaced towards vjk
.

• Notice that based on their definitions, then Uik
⊆ U ik

and Uik
∩ U jk

= ∅.
Moreover, Uik

, U jk
and (U=

k (Xp)∩U ik
)\U jk

constitutes a partition of the
set Uk(Xp), i.e., these sets are pairwise disjoint and their union is Uk(Xp).

We say, that there exist ties in the vector of weighted distances between
the services x1, . . . , xp and their demand nodes if there exist vk, vl ∈ V such
that wkd(vk, Xp) = wld(vl, Xp).

The nodes of U=
k (Xp) can be allocated to xk and to some other element

of the vector Xp. However, if xk is moved a small enough amount ξ either
towards vjk

or towards vik
, then some of these nodes will not be still assigned

to xk and some of them will be assigned only to xk (since the existing tie is
destroyed). Let xk(ξ) denote the position of xk after it has been moved an
amount ξ towards vjk

; i.e., if xk = ([vik
, vjk

], t) then xk(ξ) = ([vik
, vjk

], t + ξ).

Lemma 8.4 If a point xk ∈ (vik
, vjk

) is moved an amount ξ towards vjk
the

contribution to the slope of fλ(Xp) is
(∑

vl∈Uik
wlλσ(l) −

∑
vl∈Ujk

wlλσ(l)

)
provided that no ties exist in the vector of weighted distances and being σ(·)
the permutation of the weighted distances defined in (7.1).
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Proof.
Since we have assumed that there are no ties in the vector of distances,
the weights λ1, . . . , λM are not reallocated after moving xk a small enough
amount. This is, because the order of the sequence of weighted distances (7.1)
does not change.

The nodes of U=
k (Xp) can be allocated to xk or to xm, for some m ∈

{1, 2, ..., p} \ {k}, but if xk is moved an amount ξ towards jk, a new point
xk(ξ) will be generated.

1. The nodes of Uik
are still assigned to xk(ξ), but the distances to xk(ξ)

increase and their contribution to fλ(Xp) has slope
∑

vl∈Uik
wlλσ(l).

2. The nodes of U jk
are allocated to xk(ξ), because the distance from xk(ξ)

to vjk
decreases. Thus, −∑

vl∈Ujk
wlλσ(l) is the contribution of U jk

to the
slope of fλ(Xp).

3. The nodes of (U=
k (Xp) ∩ U ik

) \ U jk
are allocated to xm for some m ∈

{1, . . . , p} \ {k} and their contribution to fλ(Xp) is null.

Hence, the result follows. �

Let mvik , mvjk be the slopes of fλ when xk is displaced a small enough
amount towards the node vik

and the node vjk
, respectively. Lemma 8.5 shows

that there is always a direction (either towards vik or towards vjk) where the
value of the objective function of the problem does not get worse when xk is
moved an amount ξ; provided that no ties are allowed in the vector of ordered
distances.

Lemma 8.5 If xk ∈ (vik
, vjk

), then either mvik or mvjk is non positive pro-
vided that no ties exist in the vector of distances.

Proof.
Using the sets of Remark 8.1, we can write down the slopes mvik and mvjk

as:
mvik =

∑
vl∈Ujk

wlλσ(l) −
∑

vl∈Uik

wlλσ(l)

mvjk =
∑

vl∈Uik

wlλσ(l) −
∑

vl∈Ujk

wlλσ(l)

Then:

mvik + mvjk =

⎛⎝ ∑
vl∈Uik

wlλσ(l) +
∑

vl∈Ujk

wlλσ(l)

⎞⎠−
⎛⎝ ∑

vl∈Uik

wlλσ(l) +
∑

vl∈Ujk

wlλσ(l)

⎞⎠ .

Since Uik
⊆ U ik

and Ujk
⊆ U jk

then mvik + mvjk ≤ 0 and the result follows.
�
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Remark 8.2 From the above lemma one concludes that there always exists a
movement that strictly decreases the objective function except when mvik =
mvjk = 0. Nevertheless, in the latter case we can move xk towards vik

as well
as towards vjk

without increasing the objective function.

Now we are in position to state the result that describes an FDS for the
ordered 2-median problem. (See [172].)

Theorem 8.6 Consider the following sets:

T = {X2 = (x1, x2) ∈ A(G) × A(G) : ∃vr, vs ∈ U<
1 (X2) and vr′ , vs′ ∈

U<
2 (X2) such that wrd(vr, x1) = wr′d(vr′ , x2) and wsd(vs, x1) =

ws′d(vs′ , x2). Moreover, if wr = wr′ and ws = ws′ , then the slopes
of the functions d(vr, ·) and d(vs, ·), in the edge that x1 belongs
to, must have the same signs at x1 and the slopes of the functions
d(vr′ , ·) and d(vs′ , ·), in the edge that x2 belongs to, must have
different signs at x2}, and

F = ((V ∪ EQ) × PEQ) ∪ T ⊂ A(G) × A(G). (8.6)

The set F is a finite set of candidates to be optimal solutions of the 2-facility
ordered median problem in the graph G = (V,E).

Remark 8.3 The structure of the set F is different from previously discussed
FDS. Indeed, the set F is itself a set of candidates for optimal solutions because
it is a set of pairs of points. That means that we do not have to choose the
elements of this set by pairs to enumerate the whole set of candidates. The
candidate solutions may be either a pair of points belonging to (V ∪ EQ) ×
PEQ or a pair belonging to T , but they never can be one point of PEQ and
another point of any pair in T . For this reason, we consider pairs of points in
A(G) × A(G).

Proof.
The proof consists of the following. For any X2 = (x1, x2) �= F there exist
movements of its elements that transform the pair X2 into a new pair X∗

2 =
(x∗1, x

∗
2) without increasing the objective value of the problem.

Let X2 = (x1, x2) be a candidate to be optimal solution for the 2-facility
ordered median problem. First, we assume that x1 ∈ V ∪EQ, and x2 �∈ Y and
(x1, x2) �∈ T . Then, x2 belongs to the subedge (y, y′), such that, y, y′ ∈ PEQ
are two different and consecutive points of PEQ on the edge where x2 belongs
to.

Since x1 ∈ (V ∪ EQ) and x2 �∈ PEQ then there is no vi ∈ V , such that,

wid(vi, x1) = wjd(vi, x2).

Moreover, the above inequality does not hold for any pair (x1, x) for any
x ∈ (y, y′). This means that the set U<

2 (X2) does not change when we move
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x2 in the subedge (y, y′). In addition, since x1 ∈ (V ∪ EQ) and x2 /∈ PEQ, the
vector of ordered weighted distances can only have ties between the elements
of the set U<

1 (X2). Thus, there are no reassignments of the λ-weights after
any movement of x2 in the subedge (y, y′). Hence, the problem of finding the
best location of the second facility in (y, y′) is a 1-facility median problem in
U<

2 (X2), and an optimal solution always exists on the extreme points of the
interval (y, y′). This implies that the new pair X ′

2 = (x1, x
′
2) ∈ (V ∪EQ)×PEQ

is not worse than (x1, x2).
In the following we analyze the situation in which neither x1 nor x2 belong

to (V ∪ EQ). We distinguish four possible cases:

Case 1: There exist no ties in the vector of weighted distances between the
nodes and their service facilities.

Case 2: There exists one tie in the vector of weighted distances between the
nodes and their service facilities.

Case 3: There exist two ties in the vector of weighted distances between the
nodes and their service facilities.

Case 4: There exist more than two ties in the vector of weighted distances
between the nodes and their service facilities.

It is worth noting that in these cases, since neither x1 nor x2 belong to PEQ,
the ties in the vector of weighted distances (see (7.1)) have to occur between
weighted distances from two nodes: one associated to x1 and the other to x2.
Indeed, if there would exist two equal weighted distances between two nodes
associated with the same service, this service would be an equilibrium point.

Case 1: Using Lemma 8.5, we can move x1 or x2 without increasing the
objective value while a tie does not occur.

Case 2: There exist vr ∈ U1(X2) and vr′ ∈ U2(X2) such that wrd(vr, x1) =
wr′d(vr′ , x2). Assume that x1 belongs to the edge [vi1 , vj1 ] and that x2 be-
longs to the edge [vi2 , vj2 ]. Moreover, denote by λσ(r) and λσ(r′) the λ-weights
assigned to vr and vr′ , respectively. We can assume without loss of generality
that σ(r′) = σ(r)+1, vr ∈ Uj1 and vr′ ∈ Uj2 . For sake of simplicity, we denote
by VT = {vr, vr′} ∪ U=

1 (X2).
In this case, if we move x1, a small enough amount ξ1, towards vj1 and

x2, a small enough amount ξ2, towards vj2 , such that ξ1wr = ξ2wr′ , we have
that the change in the objective value of the problem is:
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mvj1 (ξ1) + mvj2 (ξ2)=ξ1

( ∑
vt∈Ui1\VT

wtλσ(t) −
∑

vt∈Uj1\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Uj1\Uj2 )

wtλσ(t) − wrλσ(r)

)
+ξ2

( ∑
vt∈Ui2\VT

wtλσ(t) −
∑

vt∈Uj2\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Uj2\Uj1 )

wtλσ(t) − wr′λσ(r)+1

)
+

∑
vt∈U=

1 (X2)\(Uj1∪Uj2 )

min{ξ1, ξ2}wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Uj1∩Uj2 )

max{ξ1, ξ2}wtλσ(t) ,

and if we move the same amounts as before, x1 and x2 towards vi1 and vi2

respectively, we have that the change in the objective value of the problem is:

mvi1 (ξ1) + mvi2 (ξ2)= ξ1

( ∑
vt∈Uj1\VT

wtλσ(t) −
∑

vt∈Ui1\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Ui1\Ui2 )

wtλσ(t) + wrλσ(r)

)
+ξ2

( ∑
vt∈Uj2\VT

wtλσ(t) −
∑

vt∈Ui2\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Ui2\Ui1 )

wtλσ(t)wtλσ(t) + wr′λσ(r)+1

)
+

∑
vt∈U=

1 (X2)\(Ui1∪Ui2 )

min{ξ1, ξ2}wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Ui1∩Ui2 )

max{ξ1, ξ2}wtλσ(t) .

Since Ujq
⊆ U jq

, Uiq
⊆ U iq

for q = 1, 2, U=
1 (X2) \ (U j1 ∪ U j2) ⊆ U=

1 (X2) ∩
(U i1 ∩ U i2), U=

1 (X2) \ (U i1 ∪ U i2) ⊆ U=
1 (X2) ∩ (U j1 ∩ U j2) then mvj1 (ξ1) +

mvj2 (ξ2) + mvi1 (ξ1) + mvi2 (ξ2) is a non positive. Therefore, there exists a
movement of x1 and x2 that does not increase the objective value.

Notice that the initial assumption vr ∈ Uj1 and vr′ ∈ Uj2 is not restrictive
because if vr ∈ U j1 \Uj1 (vr′ ∈ U j2 \Uj2) then the term wrλσ(r) (wr′λσ(r)+1)
in the above two expressions would appear with negative sign. Moreover, if
vr ∈ U=

1 (X2), we would have that wrd(vr, v1) = wr(vr, x2). However, since we
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have assumed that wrd(vr, x1) = wr′d(vr′ , x2), it follows that wrd(vr, x2) =
wr′d(vr′ , x2), that is, x2 ∈ (V ∪ EQ), what contradicts the hypothesis that
x2 /∈ (V ∪ EQ). A similar argument can be used if vr′ ∈ U=

1 (X2).

Case 3: There exist vr, vs ∈ U1(X2) and vr′ , vs′ ∈ U2(X2) such that wr =
wr′ , ws = ws′ , d(vr, x1) = d(vr′ , x2) and d(vs, x1) = d(vs′ , x2), we will distin-
guish two different subcases.
Case 3.1: If wr �= wr′ or ws �= ws′ the pairs in this subcase are included in
T and therefore belong to the set of candidates to be optimal solutions.
Case 3.2: If wr = wr′ and ws = ws′ , what in turns implies d(vr, x1) =
d(vr′ , x2) and d(vs, x1) = d(vs′ , x2). In order to obtain an easy understanding,
let VT = {vr, vr′ , vs, vs′}∪U=

1 (X2) and assume without loss of generality that:

i) x1 ∈ [vi1 , vj1 ], σ(r′) = σ(r) + 1.
ii) x2 ∈ [vi2 , vj2 ], σ(s′) = σ(s) + 1.

We will distinguish four additional subcases. It should be noted that any other
configuration reduces to one of them interchanging the name of the points x1

and x2.

3.2.1 The slopes of the functions d(vr, ·) and d(vs, ·) on the edge [vi1 , vj1 ] have
the same sign at x1 and the slope of the functions d(vr′ , ·) and d(vs′ , ·) on
the edge [vi2 , vj2 ] have the same sign at x2.

3.2.2 The slopes of the functions d(vr, ·) and d(vs, ·) on the edge [vi1 , vj1 ] have
different sign at x1 and the slopes of the functions d(vr′ , ·) and d(vs′ , ·) on
the edge [vi2 , vj2 ] have different sign at x2.

3.2.3 The slopes of the functions d(vr, ·) and d(vs, ·) on the edge [vi1 , vj1 ] have
different sign at x1 and the slopes of the functions d(vr′ , ·) and d(vs′ , ·) on
the edge [vi2 , vj2 ] have the same sign at x2.

3.2.4 The slope of the function d(v, ·) for some v ∈ {vr, vr′ , vs, vs′} is not
defined at the service facility that covers v.

Now, we prove that there exists a movement for the first two cases that
does not increase the objective value.

3.2.1 Since the sign of the slopes of the functions d(vr, ·) and d(vs, ·) at x1

are the same, we can assume without loss of generality that vr, vs ∈ Uj1 .
In the same way, we assume that vr′ , vs′ ∈ Uj2 .
If we move, the same small enough amount, x1 and x2 towards vj1 and
vj2 respectively, we have that the slope of these movements is

mvj1 + mvj2=
∑

vt∈Ui1\VT

wtλσ(t) −
∑

vt∈Uj1\VT

wtλσ(t) +
∑

vt∈Ui2\VT

wtλσ(t) −
∑

vt∈Uj2\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Uj1∪Uj2 )

wtλσ(t) +
∑

vt∈U=
1 (X2)\(Uj1∪Uj2 )

wtλσ(t)

−wrλσ(r) − wr′λσ(r)+1 − wsλσ(s) − ws′λσ(s)+1,
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and if we move, by the same amount, x1 and x2 towards vi1 and vi2

respectively, we have that the slope of these movements is

mvi1 + mvi2=
∑

vt∈Uj1\VT

wtλσ(t) −
∑

vt∈Ui1\VT

wtλσ(t) +
∑

vt∈Uj2\VT

wtλσ(t) −
∑

vt∈Ui2\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Ui1∪Ui2 )

wtλσ(t) +
∑

vt∈U=
1 (X2)\(Ui1∪Ui2 )

wtλσ(t)

+wrλσ(r) + wr′λσ(r)+1 + wsλσ(s) + ws′λσ(s)+1.

Hence, since Ujq
⊆ U jq

, Uiq
⊆ U iq

for q = 1, 2; U=
1 (X2) \ (U j1 ∪ U j2) ⊆

U=
1 (X2)∩(U i1 ∪U i2) and U=

1 (X2)\(U i1 ∪U i2) ⊆ U=
1 (X2)∩(U j1 ∪U j2), we

have that mvj1 + mvj2 + mvi1 + mvi2 is non positive. Therefore, at least
one of these two movements cannot increase the value of the objective
function.
Notice that using the arguments of Case 2, the initial assumption vr, vs ∈
Uj1 and vr′ , vs′ ∈ Uj2 is not restrictive.

3.2.2 Since the sign of the slopes of the functions d(vr, ·) and d(vs, ·) at x1

are different, we can assume without loss of generality that vr ∈ Uj1 and
vs ∈ Ui1 . In the same way, we assume that vr′ ∈ Uj2 and vs′ ∈ Ui2 .
If we move the same small enough amount, x1 and x2 towards vj1 and vj2

respectively, we have that the slope of these movements is

mvj1 + mvj2=
∑

vt∈Ui1\VT

wtλσ(t) −
∑

vt∈Uj1\VT

wtλσ(t) +
∑

vt∈Ui2\VT

wtλσ(t) −
∑

vt∈Uj2\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Uj1∪Uj2 )

wtλσ(t) +
∑

vt∈U=
1 (X2)\(Uj1∪Uj2 )

wtλσ(t)

−wrλσ(r) − wr′λσ(r)+1 + wsλσ(s) + ws′λσ(s)+1.

Besides, if we move the same amount, x1 and x2 towards vi1 and vi2

respectively, we have that the slope of these movements is

mvi1 + mvi2=
∑

vt∈Uj1\VT

wtλσ(t) −
∑

vt∈Ui1\VT

wtλσ(t) +
∑

vt∈Uj2\VT

wtλσ(t) −
∑

vt∈Ui2\VT

wtλσ(t)

−
∑

vt∈U=
1 (X2)∩(Ui1∪Ui2 )

wtλσ(t) +
∑

vt∈U=
1 (X2)\(Ui1∪Ui2 )

wtλσ(t)

+wrλσ(r) + wr′λσ(r)+1 − wsλσ(s) − ws′λσ(s)+1.

Hence, since Ujq
⊆ U jq

, Uiq
⊆ U iq

for q = 1, 2; U=
1 (X2) \ (U j1 ∪ U j2) ⊆

U=
1 (X2)∩(U i1 ∪U i2) and U=

1 (X2)\(U i1 ∪U i2) ⊆ U=
1 (X2)∩(U j1 ∪U j2), we

have that mvj1 +mvj2 +mvi1 +mvi2 is a non positive amount. Therefore, at
least one of these two movements cannot increase the objective function.
Notice that using the arguments of Case 2, the initial assumption is not
restrictive.



8.3 Polynomial Size FDS for the Multifacility Ordered Median Problem 233

3.2.3 The pairs in this subcase are included in T and therefore, belong to the
set of candidates to be an optimal solution (see Example 8.5).

3.2.4 Assume without loss of generality that the slope of the function d(vr, ·)
is not defined at x1 when vr ∈ U j1 ∩ U i1 (the distance d(vr, ·) has a
breakpoint at x1). In this case, if we move x1 and x2 as in 3.1 or 3.2,
we have that the expressions of mvj1 + mvj2 and mvi1 + mvi2 are equal
to the ones obtained in cases 3.1 or 3.2, respectively (depending on the
relative position of the nodes {vr′ , vs, vs′} and their corresponding service
facility), except the term wrλσ(r) that appears in these two expressions
with negative sign. Therefore, mvj1 + mvj2 + mvi1 + mvi2 is again non
positive. A similar argument can be used when more than one of the
slopes of the distance functions are not defined.

Notice that in 3.2.1, 3.2.2 and 3.2.4, we have assumed that {vr, vr′ , vs, vs′} ∩
U=

1 (X2) = ∅. However, this hypothesis is not restrictive, because using the
arguments of Case 2, we obtain that this intersection is always empty.

Case 4: There exist vr1 , . . . , vrQ
∈ U1(X2) and vr′1 , . . . , vs′

Q
∈ U2(X2), with

q > 2, such that wrl
d(vrl

, x1) = wr′
l
d(vr′

l
, x2) and wrl

= wr′
l

for l = 1, . . . , Q
(notice that, if wrl

�= wr′
l
for some l = 1, . . . , Q, we are in an instance of Case

3.1 and the pair (x1, x2) belongs to T ). We assume, that x1 belongs to the
edge [vi1 , vj1 ] and that x2 belongs to the edge [vi2 , vj2 ]. We distinguish two
subcases:

4.1 There exist no vrlc
, vrld

∈ U1(X2) with lc, ld ∈ {1, . . . , Q} and vr′
lc

, vr′
ld

∈
U2(X2) such that the slopes of the functions d(vrlc

, ·) and d(vrld
, ·) on the

edge [vi1 , vj1 ] have different signs at x1 and the slopes of the functions
d(vr′

lc
, ·) and d(v′rld

, ·) on the edge [vi2 , vj2 ] have different signs at x2.
4.2 There exist vrlc

, vrld
∈ U1(X2) with lc, ld ∈ {1, . . . , Q} and vr′

lc
, vr′

ld
∈

U2(X2) such that the slopes of the functions d(vrlc
, ·) and d(vrld

, ·) on
the edge [vi1 , vj1 ] have different sign at x1 and the slopes of the functions
d(vr′

lc
, ·) and d(vr′

ld
, ·) on the edge [vi2 , vj2 ] have the same sign at x2.

In the first case, the four nodes that define each two ties in the sequence of
ordered weighted distances are either in Case 3.2.1 or 3.2.2. Therefore, using
the same arguments as in cases 3.2.1 and 3.2.2, there exists a movement of
x1 and x2 that does not get a worse objective value. The second case is a
particular instance of 3.2.3 and X2 is also included in T .

We have proved that in all the cases mvi1 + mvi2 + mvj1 + mvj2 ≤ 0 when
X2 = (x1, x2) �∈ F . Thus, if mvi1 + mvi2 or mvj1 + mvj2 are different from
zero there exists a movement of X2 = (x1, x2) to a new pair X ′

2 which strictly
decreases the objective value. Otherwise, if mvi1 + mvi2 = mvj1 + mvj2 =
0, then the movements of x1 and x2, respectively, towards vi1 and vi2 as
well as towards vj1 and vj2 do not increase the objective value. One of these
two displacements avoid cycling since one of them has not been used in the
opposite direction in the previous step (see Remark 8.2).
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The movement from X2 to X ′
2 is valid whenever the sets Uk(X ′

2), U=
k (X ′

2),
U<

k (X ′
2), U ik

and U jk
(associated to X ′

2) for k = 1, 2 do not change. Hence, if
the maximal displacement without increasing the objective value transforms
X2 into X ′′

2 and X ′′
2 �∈ F , we repeat the same process a finite number of times

until a pair X∗
2 ∈ F is reached.

�

The following examples show that the set F cannot be reduced, because
even in easy cases on the real line all the points are necessary. The first
example shows a graph where the optimal solution X2 = (x1, x2) verifies that
x1 is an equilibrium point and x2 is not a equilibrium point, which belongs
to PEQ \ (V ∪ EQ) for a given r. In the second example the optimal solution
X2 = (x1, x2) belongs to the set T .

Example 8.4
Consider the graph G = (V,E) where V = {v1, v2, v3, v4} and E = {[v1, v2],
[v2, v3], [v3, v4]}. The length function is given by l([v1, v2]) = 3, l([v2, v3]) =
20, l([v3, v4]) = 6. The w−weights are all equal to one and the λ-modeling
weights are λ1 = 0.1, λ2 = 0.2, λ3 = 0.4, λ4 = 0.3, see Figure 8.6.

It should be noted that this example does not have an optimal solution
on the edge [v2, v3], because any point of this edge is dominated by v2 or v3.
In addition, by symmetry many of the elements of PEQ have been eliminated
from consideration.

In Figure 8.6 we represent the nodes (dots), the equilibrium points (ticks)
and element of PEQ (small ticks). Notice that in this example there are no
pairs in T .

| |
3 10 6

| |

v1 v2 v3 v4

Fig. 8.6. Illustration of Example 8.4

The optimal solution is given by x1 = ([v1, v2], 1.5) and x2 = ([v3, v4], 1.5)
(see Table 8.1). It is easy to check that x1 is an equilibrium point between
v1 and v2, and x2 ∈ {y ∈ A(G) : wid(vi, y) = 1.5, vi ∈ V }. It is worth
noting that the radius 1.5 is given by the distance from the equilibrium point
generated by v1 and v2 to any of these nodes.

Example 8.5
Let G = (V,E) be a graph with

V = {v1, v2, v3, v4, v5} and
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Table 8.1. Evaluation of the candidate pairs of Example 8.4.

Candidate pair X2 Objective value

([v1, v2], 0), ([v3, v4], 0) 3

([v1, v2], 0), ([v3, v4], 1.5) 2.85

([v1, v2], 0), ([v3, v4], 3) 2.7

([v1, v2], 1.5), ([v3, v4], 0) 2.7

([v1, v2], 1.5), ([v3, v4], 1.5) 2.4

([v1, v2], 1.5), ([v3, v4], 3) 2.55

E = {[v1, v2], [v2, v3], [v3, v4], [v4, v5]}.
The length function is given by l([v1, v2]) = 5, l([v2, v3]) = 20, l([v3, v4]) = 5.1,
l([v4, v5]) = 1. The w-weights are all equal to one and the λ-modeling weights
are λ1 = 0, λ2 = 1, λ3 = 0, λ4 = 1, λ5 = 1.1, see Figure 8.7.

In Figure 8.7, we use the same notation as in Figure 8.6 and in addition,
pairs in T are represented by (�). By domination and symmetry arguments
not all the candidates are necessary and therefore, they are not depicted.

| | |
5 20 5.1 1

| | |� | �| |
v1 v2 v3 v4 v5

Fig. 8.7. Illustration of Example 8.5

In this example the optimal solution is given by x1 = ([v1, v2], 2) and
x2 = ([v3, v4], 3.1) (see Table 8.2). Therefore, the optimal pair (x1, x2) belongs
to the set T . Indeed, d(x1, v1) = d(x2, v4) and d(x1, v2) = d(x2, v5) and the
slopes of d(·, v1), d(·, v2) in the edge [v1, v2] at x1 are 1,−1, respectively; and
the slopes of d(·, v4), d(·, v5) in the edge [v3, v4] at x2 are −1,−1, respectively.

We conclude this section with a remark on the structure of the set F .
The reader may notice that F itself is a set of pairs of candidates to optimal
solutions for the 2-facility OMP (it is straightforward to check that |F | is
O(N3M6)). The difference with previous approaches is that this set is not a
set of candidates for each individual facility; on the contrary, it is the set of
candidates for any combination of facilities in the optimal solution.
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Table 8.2. Evaluation of the candidate pairs of Example 8.5.

Candidate pair X2 Objective value

([v1, v2], 0), ([v3, v4], 0) 11.81

([v1, v2], 0), ([v3, v4], 2.55) 11.6

([v1, v2], 0), ([v3, v4], 3.05) 10.6

([v1, v2], 0), ([v4, v5], 0) 10.61

([v1, v2], 0), ([v4, v5], 0.5) 11.66

([v1, v2], 0), ([v4, v5], 1) 11.71

([v1, v2], 0.5), ([v4, v5], 0.5) 11.16

([v1, v2], 1), ([v4, v5], 0) 10.61

([v1, v2], 1), ([v4, v5], 1) 11.71

([v1, v2], 1.45), ([v3, v4], 2.55) 10.005

([v1, v2], 1.95), ([v3, v4], 3.05) 8.455

([v1, v2], 2), ([v3, v4], 3.1) 8.41

([v1, v2], 2.05), ([v3, v4], 3.05) 8.455

([v1, v2], 2.45), ([v3, v4], 2.55) 9.005

([v1, v2], 2.5), ([v3, v4], 0) 14.31

([v1, v2], 2.5), ([v3, v4], 2.5) 9.06

([v1, v2], 2.5), ([v3, v4], 2.55) 8.955

([v1, v2], 2.5), ([v3, v4], 2.6) 8.95

([v1, v2], 2.5), ([v3, v4], 3.05) 8.905

([v1, v2], 2.5), ([v3, v4], 3.6) 8.96

([v1, v2], 2.5), ([v4, v5], 0) 9.11

([v1, v2], 2.5), ([v4, v5], 0.5) 9.16

([v1, v2], 2.5), ([v4, v5], 1) 10.21

8.4 On the Exponential Cardinality of FDS for the
Multifacility Facility Ordered Median Problem

In this section, based on the results in [170], we prove that there is no FDS of
polynomial cardinality for the general ordered p-median problem on networks.
In order to do that, we consider a network N with underlying graph G = (V,E)
where V = {v1, . . . , v2p}, E = {[v1, v2], [v2, v3], . . . , [v2p−1, v2p]} and p is a
fixed natural number. In this graph we impose that d(v2i−1, v2i) = 2i for
i = 1, . . . , p; and d(v2i, v2i+1) = K for i = 1, . . . , p−1 where K = 4

∑p
i=1 2i+1

(a large enough amount) (see Figure 8.8).
The w-weights associated to each node are assumed to be equal to one

and the weights defining the objective function, the λ-weights, are given as
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| |
v1 v2

· · ·
M21

| |
22

· · ·
M

v3 v4

| |
23

· · ·· · ·
v5 v6

| |
2p

· · ·
v2p−1 v2p

Fig. 8.8. Illustration of the graph

follows:

λ1 = 0, λ2 = λ3 = 2p, λ4 = p and λi =
22p + 1
22p+1

(λi−2 +λi−1) for i = 5, . . . , 2p.

(8.7)
Under these conditions our goal is to find p points on A(G), Xp = {x1, . . . , xp},
solving the following problem:

min
Xp⊆A(G)

fλ(Xp) :=
2p∑

i=1

λσi
d(vi, Xp), (8.8)

where σ is a permutation of {1, . . . , 2p}, such that, σk < σl if d(vk, Xp) ≤
d(vl, Xp) for each k, l ∈ {1, . . . , 2p} (in this case, we say that the λ-weight λσi

is assigned to the node vi).

Remark 8.4 Notice that, the λ-weights defined in (8.7) satisfy the relation-
ships:

2max{λi−2, λi−1} > 2λi > λi−2 + λi−1 for all i = 5, . . . , 2p, (8.9)
2λ4 = λ2 = λ3 > λ1 = 0, (8.10)
2λ2 > λ4 + λ5 + λ8. (8.11)

Moreover, the components of the vector λ = (λ1, . . . , λ2p) satisfy the following
chain of inequalities:

λ2 = λ3 > . . . > λ2p−3 > λ2p−1 > λ2p > λ2p−2 > λ2p−4 > . . . > λ4 > λ1 = 0.

Therefore:
i) λ2j+1 > λ2(j+1)+1, for j = 1, . . . , p − 2 (the sequence of λ-weights with

odd indexes (> 1) is decreasing).
ii) λ2(j+1) > λ2j , for j = 2, . . . , p− 1 (the sequence of λ-weights with even

indexes (> 2) is increasing).
iii) λ2j−1 > λ2i, for any i, j ∈ {2, . . . , p} (a λ-weight with odd index (> 1)

is always greater than any other with an even index (> 2)).
iv) λ2j < λk if k > 2j, j > 1 and λ2j+1 > λk if k > 2j + 1, j ≥ 1.

We will prove that the optimal policy to solve Problem (8.8) is to locate
a service facility on each edge [v2i−1, v2i] for i = 1, . . . , p and to assign λi to
vi for i = 1, . . . , 2p.

Lemma 8.6 If Xp = {x1, . . . , xp} is an optimal solution of Problem (8.8)
then xi ∈ [v2i−1, v2i] for i = 1, . . . , p.
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Proof.
First, we prove that the nodes v2i and v2i+1 for any i = 1, . . . , p, are not
covered by the same service facility. Suppose, on the contrary, that there
exists j ∈ {1, . . . , p}, such that, v2j and v2j+1 are served by the same service
facility x ∈ Xp. This implies that the following terms would appear in the
objective function:

λσ2j
d(v2j , x) + λσ2j+1d(v2j+1, x).

Notice that d(v2j , x) + d(v2j+1, x) ≥ K. Moreover:

1. If both σ2j and σ2j+1 are different from 1, we have that λσ2j
≥ λ4, λσ2j+1 ≥

λ4, and at least one of these inequalities is strict.
2. If σ2j = 1, then d(v2j+1, x) ≥ K

2 . In a similar way, the case σ2j+1 = 1
implies that d(v2j , x) ≥ K

2 .

In all cases

λσ2j
d(v2j , x) + λσ2j+1d(v2j+1, x) >

K − 1
2

λ4 = 2λ4

p∑
i=1

2i = λ2

p∑
i=1

2i.

The inequality above contradicts the optimality of Xp. Indeed, consider X ′
p =

{x′1, . . . , x′p} such that x′i is located at the midpoint of the edge [v2i−1, v2i] for
i = 1, . . . , p. Then, since λ2 ≥ λi for i = 1, . . . , 2p, we have that fλ(X ′

p) ≤
λ2

∑p
i=1 2i. Therefore, v2i and v2i+1 for i = 1, . . . , p, can not be covered by

the same service facility.
Hence, in what follows, we can assume without loss of generality that each

service facility xi covers the demand of v2i−1 and v2i for i = 1, . . . , p.
The fact that xi ∈ [v2i−1, v2i] follows directly from the isotonicity property

of the ordered median objective with nonnegative λ-weights (see Theorem 1
in [78]). Indeed, if xi is moved to its closest node in the interval [v2i−1, v2i]
for i = 1, . . . , p, the new vector of distances of {v1, . . . , v2p} from the servers
is smaller than the old vector. �

Remark 8.5 Since all the w−weights are equal to one, by symmetry argu-
ments and without loss of generality, we only consider solutions of this problem
satisfying that d(v2i−1, xi) ≤ d(v2i, xi) for i = 1, . . . , p, and consequently, by
the structure of the graph, d(v2i, xi) ≤ d(v2i+2, xi+1) for i = 1, . . . , p − 1.
Hence,

i) σ2i−1 < σ2i for i = 1, . . . , p,
ii) σ2i < σ2i+2 for i = 1, . . . , p − 1.

The above assertions imply that σ2p = 2p. Moreover, by Lemma 8.6 and for
the sake of the readability, we can represent the graph of Figure 8.8 as a graph
with only p edges where the edges with length K are omitted (see Figure 8.9).



8.4 Exponential Cardinality of FDS for the Multifacility OMP 239

| |λσ1 λσ2

v1 v2

| |λσ3 λσ4

v3 v4

| |λσ5 λσ6

v5 v6

| |λσ7 λσ8

v7 v8

...
...

| |λσ2p−3 λσ2p−2

v2p−3 v2p−2· · ·

| |λσ2p−1 λσ2p

v2p−1 v2p· · ·

Fig. 8.9. The new representation of the graph where σ2i > σ2i−1 for i = 1, . . . , p
and σ2i+2 > σ2i for i = 1, . . . , p− 1

8.4.1 Some Technical Results

To get to the final result about the exponential cardinality of the FDS for the
p−facility ordered median problems, we need some technical results. These
results are not necessary for the understanding of the further statements but
we include them here for the sake of the completeness of the chapter.

Lemma 8.7 If Xp is an optimal solution of Problem (8.8) then for k =
2, . . . , p, λ2k is assigned to v2i for some i, i = 1, . . . , p.

Proof.
Suppose on the contrary that λ2k is assigned to v2j−1 for some j, j = 1, . . . , p.
We can assume without loss of generality that 2k is the maximum possible
even index of a λ-weight assigned to v2j−1 with j = 1, . . . , p. Recall that k
must be less than p since σ2p = 2p (see Remark 8.5). In what follows we
distinguish two cases depending on the type of node where λ2k+1 has been
assigned to.

Case 1: λ2k+1 is assigned to v2j′ for some j′, j′ = 1, . . . , p.
By Remark 8.5 i) we have that σ2j > σ2j−1 = 2k. Thus, by Remark 8.4
iv), we must have that λσ2j

> λσ2j−1 = λ2k. Hence, since Xp is optimal,
xj must be located as far as possible from v2j−1. Besides, since σ2j−1 =
2k < 2k + 1 = σ2j′ then d(v2j−1, xj) ≤ d(v2j′ , xj′). Therefore, we have that
d(v2j−1, xj) = d(v2j′ , xj′) and we can reassign the λ-weights, so that λ2k is
assigned to v2j′ and λ2k+1 to v2j−1.

Case 2: λ2k+1 is assigned to v2j′−1 for some j′, j′ = 1, . . . , p.
Assume that d(v2j−1, xj) �= d(v2j , xj) and d(v2j′−1, xj′) �= d(v2j′ , xj′). Under
this assumption, we can move xj and xj′ towards v2j and v2j′ , respectively,
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by the same small enough amount, ξ, without any reassignment of the λ-
weights (see Figure 8.10).This is possible because 2k + 2 = σ2j′′ for some j′′,
j′′ = 1, . . . , p (recall that λ2k is the maximum index of a λ-weight assigned to
a node with odd index) and d(v2j′−1, xj′) as well as d(v2j−1, xj) are strictly
smaller than d(v2j′′ , xj′′). These movements imply the following change in the
objective function:

ξ(λ2k + λ2k+1 − λσ2j
− λσ2j′ ).

This amount is negative. Indeed, since σ2j > 2k + 1 and σ2j′ > 2k + 1, by
Remark 8.4 iv), we get λσ2j

+ λσ2j′ > 2λ2k+2 and, by (8.9), we have that
2λ2k+2 > λ2k + λ2k+1. This is a contradiction because Xp was an optimal
solution.

| |λ2k+1 λσ2j′
v2j′−1 v2j′... ...

| |λ2k+1 λσ2j′
v2j′−1 v2j′... ...

| |λ2k λσ2j

v2j−1 v2j

· · ·

xj′

xj

| |λ2k λσ2j

v2j−1 v2j

· · ·

x′j′

x′j

Fig. 8.10. Illustration to Case 2 of Lemma 8.7

In what follows, we study the cases d(v2j−1, xj) = d(v2j , xj) and
d(v2j′−1, xj′) = d(v2j′ , xj′).

Case 2.1: d(v2j′−1, xj′) = d(v2j′ , xj′).
Since σ2j′−1 = 2k+1 we can assume without loss of generality that σ2j′ = 2k+
2. Now, since λ2k+1 and λ2k+2 have been already assigned and, by Remark 8.5
i), σ2j > 2k we get that σ2j > 2k + 2 = σ2j′ . This means, by Remark 8.5
ii), that j > j′. Moreover, since σ2j > 2k then, by Remark 8.4 iv), λσ2j

>
λσ2j−1 = λ2k. Hence, xj must be located as far as possible from v2j−1 because
Xp is optimal. Besides, the relationship σ2j−1 = 2k < 2k + 1 = σ2j′−1 implies
that d(v2j−1, xj) ≤ d(v2j′−1, xj′). Therefore, we obtain that d(v2j−1, xj) =
d(v2j′−1, xj′). This permits reassigning the λ-weights so that λ2k is assigned
to v2j′−1, λ2k+1 to v2j′ and λ2k+2 to v2j−1 (see Figure 8.11). However, this
allocation induces a contradiction because 2k is the maximum even index of
a λ-weight assigned to a node with odd index.

Case 2.2: d(v2j−1, xj) = d(v2j , xj). The analysis of this case is analogous to
the Case 2.1 and also induces a contradiction.

After this case analysis, we conclude that the optimal assignment of the
λ-weights satisfies that each λ2k for any k = 2, . . . , p, is allocated to v2i for
some i, i = 1, . . . , p. �
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| |λ2k+1 λ2k+2

v2j′−1 v2j′... ...

| |λ2k λ2k+1

v2j′−1 v2j′... ...
| |λ2k λσ2j

v2j−1 v2j

· · ·

xj′

xj

| |λ2k+2 λσ2j

v2j−1 v2j

· · ·

xj′

xj

Fig. 8.11. Illustration to Case 2.1 of Lemma 8.7

The result above describes the optimal assignment of the λ-weights with
even index, k > 2. However, it is still missing the case λ2. The following result
analyzes this case.

Lemma 8.8 If Xp is an optimal solution of Problem (8.8) then λ2 must be
assigned to v2.

Proof.
First, notice that if λ2 were assigned to v2i for some i, i = 1, . . . , p then,
by Remark 8.5 ii) and since λ1 is already assigned to a v2j−1 for some j,
j = 1, . . . , p, we would have that i = 1.

In order to prove the result, we proceed by contradiction assuming that λ2

is assigned to v2j−1 for some j, j = 1, . . . , p. Therefore, since by Lemma 8.7,
for k = 2, . . . , p, λ2k is assigned to v2i for some i with i = 1, . . . , p, and λ2 is
assigned to v2j−1, then there exists only one jo ∈ {1, . . . , p} such that λ2jo−1

is assigned to a node v2i for some i, i = 1, . . . , p. Depending on the value of
jo, we distinguish the following cases:

| |λ1 λ3

v1 v2

| |λ1 λ2

v1 v2

| |λ2 λ4

v3 v4

x1

x2 | |λ3 λ4

v3 v4

x1

x2

Fig. 8.12. Illustration to Case 1 of Lemma 8.8

Case 1: jo = 2 (see Figure 8.12).
If λ3 is assigned to v2i for some i, i = 1, . . . , p, then, by Remark 8.5 ii) and
Lemma 8.7, λ3 must be assigned to v2 (i = 1) and λ4 to v4. By Remark 8.5 i),
σ1 < 3 and σ3 < 4 then σ1 ≤ 2 and σ3 ≤ 2. Therefore, λ1 is assigned either to
v1 or v3 and the same occurs with λ2. In any case, to minimize the objective
function, we must have that d(v1, x1) = d(v2, x2) = d(v3, x3), and it implies
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that we can reassign the λ-weights such that λ1 goes to v1, λ2 to v2 and λ3 to
v3. Since the objective value does not change, we get the thesis of the Lemma.

Case 2: jo = 3 (see Figure 8.13).
If λ5 is assigned to v2i for some i, i = 1, . . . , p, then, by Remark 8.5 ii)
and Lemma 8.7, λ4 must be assigned to v2, λ5 to v4 and λ2i to v2i for any
i = 3, . . . , p. Since λ4, λ5 and λ6 have been already allocated and Remark 8.5
i) ensures that σ1 < 4, σ2 < 5 and σ3 < 6 then σ1 ≤ 3, σ3 ≤ 3 and σ5 ≤ 3.
Moreover:

i) Since λ4 < λ5 then d(v1, x1) ≤ d(v3, x2). (Otherwise the objective function
may decrease). Indeed, if d(v1, x1) > d(v3, x2) we move x1 and x2 towards
v1 and v4, respectively, such that, x′1 and x′2, the new locations of x1

and x2, satisfy that d(v1, x
′
1) = d(v3, x2) and d(v3, x

′
2) = d(v1, x1). This

movement induces the following change in the objective function:(
d(v1, x1) − d(v3, x2)

)
(λ4 − λ5) < 0,

what contradicts the optimality of Xp.
ii) Since σ3 ≤ 3, σ5 ≤ 3 and σ2 = 4, Xp must satisfy that d(v2, x1) ≥

d(v3, x2) and d(v2, x1) ≥ d(v5, x3). In addition, we have by construction
that d(v2, x1) ≤ 2 then d(v3, x2) ≤ 2 and d(v5, x3) ≤ 2. This allows us
to use the same arguments of Case 2.i to prove that d(v3, x2) ≥ d(v5, x3)
because λ5 > λ6.

Therefore, λ1 must be assigned to v1, λ2 to v5 and λ3 to v3. In addition,
since λ1, λ2, λ3, λ4, λ5, λ6 have been already assigned and λ8 is assigned to
v8; Remark 8.5 i) implies that λ7 is assigned to v7. Repeating this argument
for any i > 4 we have that λ2i−1 is assigned to v2i−1. Thus, σ2i−1 = 2i − 1
and σ2i = 2i for any i = 4, . . . , p.

| |λ1 λ4

v1 v2

| |λ3 λ5

v3 v4

| |λ2 λ6

v5 v6

x1

x2

x3

| |λ1 λ2

v1 v2

| |λ3 λ4

v3 v4

| |λ5 λ6

v5 v6

x′1

x′2

x′3

Fig. 8.13. Illustration to Case 2 of Lemma 8.8

This assignment of the λ-weights implies that d(v2i, xi) = d(v2i+1, xi+1)
for any i = 3, . . . , p − 1. Indeed, since σ2i = 2i < 2i + 1 = σ2i+1 then
d(v2i, xi) ≤ d(v2i+1, xi+1), and since λ2i+1 > λ2i+2 we deduce that xi+1 is
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located as close as possible to v2i+1, i = 3, . . . , p − 1. Hence, it implies that
d(v2i, xi) = d(v2i+1, xi+1) for any i = 3, . . . , p − 1.

Moreover, with this assignment of the λ-weights and since, by (8.11), 2λ2 >
λ4 +λ5 +λ8 the optimal location for x1, x2 and x3 must be: x1 = v1, x2 = v3,
x3 = v5.

However, this is a contradiction, because we will prove that the above
configuration of Xp does not provide an optimal solution of Problem (8.8).
Indeed, move x1, x2 and x3 to the new positions x′1, x′2 and x′3, respectively,
where x′1 = v1 + 1, x′2 = v3 + 1, x′3 = v5 + 3. Using the condition d(v2i, xi) =
d(v2i+1, xi+1) for any i = 3, . . . , p, this movement allows us to displace three
units length: 1) xi towards v2i−1 for any even index i = 4, . . . , p; and 2) xj

towards v2j for any odd index j = 4, . . . , p; without any reassignment of the
λ-weights corresponding to these nodes. Therefore, these movements produce
the following change in the objective function:

+λ1 +λ2 +λ3 +λ4 −λ5 − 3λ6 − 3(λ7 −λ8)+ 3(λ9 −λ10)− 3(λ11 −λ12)+ . . . .

We prove that this amount is negative. Indeed, by the definition of the λ-
weights, see (8.7) and (8.9)-(8.11), they satisfy that +λ1+λ2+λ3+λ4−λ5−3λ6

is negative. Besides,

−3(λ7 − λ8) + 3(λ9 − λ10) − 3(λ11 − λ12) + . . .

is negative because the sequence λ7 − λ8, λ9 − λ10, ... is decreasing. This fact
contradicts the optimality of Xp since the objective function decreases.

Case 3: jo = 4. The proof is similar to the one in Case 2, and therefore it is
omitted.

Case 4: jo > 4 (see Figure 8.14 and 8.15).
Using Remark 8.5 ii), Lemma 8.7 and a similar argument to that used in Case
2.i, λ1 must be assigned to v1, λ2 to v3, λ2i+2 to v2i for i = 1, . . . , jo − 2,
λ2i−3 to v2i−1 for i = 3, . . . , jo − 2, λ2jo−3 to v2jo−3, λ2jo−5 to v2jo−1, λ2jo−1

to v2jo−2, and λi to vi for i = 2jo, . . . , 2p.
Moreover, notice that, λσ2i−1 > λσ2i

for i > 1. Hence, following a similar argu-
ment to the one in Case 2, we obtain that d(v2i, xi) = d(v2j−1, xj) whenever
σ2j−1 − σ2i = 1.

For this assignment of the λ-weights, using (8.7) and (8.9)-(8.11), the op-
timal location of x1, x2, x3, x4 and x5 must be x1 = v1, x2 = v3, x3 = v5,
and either

1. x4 = v7 + 4 and x5 = v9 + 2 if jo = 5 (Figure 8.14).

or

2. x4 = v7 + 2 and x5 = v9 + 4 if jo > 5 (Figure 8.15).
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However, this is a contradiction, because we will prove that the above con-
figuration of Xp does not provide an optimal solution of Problem (8.8). Move
x1, x2, x3, x4 and x5 to the new positions x′1, x′2, x′3, x′4 and x′5, respectively,
where x′1 = v1 + 1, x′2 = v3 + 1, x′3 = v5 + 4, and

1. x′4 = v7 + 4 and x′5 = v9 + 3 if jo = 5 (Figure 8.14).
2. x′4 = v7 + 3 and x′5 = v9 + 4 if jo > 5 (Figure 8.15).

| |λ1 λ4

v1 v2

| |λ2 λ6

v3 v4

| |λ3 λ8

v5 v6

| |λ7 λ9

v7 v8

| |λ5 λ10

v9 v10

x1

x2

x3

x4

x5

| |λ1 λ2

v1 v2

| |λ3 λ4

v3 v4

| |λ6 λ8

v5 v6

| |λ7 λ9

v7 v8

| |λ5 λ10

v9 v10

x′1

x′2

x′3

x4

x′5

Fig. 8.14. Illustration to Case 4 i) of Lemma 8.8

These displacements permit us to move xi towards either v2i−1 or v2i for
i = 6, . . . , p using the condition d(v2i, x

′
i) = d(v2j−1, x

′
j) when σ2j−1−σ2i = 1;

without any reassignment of their corresponding λ-weights. The change of the
objective function is as follows:
i) If jo = 5:

+λ1+λ2+λ3+λ4+λ5−4λ8−λ10−(λ11−λ12)+(λ13−λ14)−(λ15−λ16)+. . . .

By (8.7) and (8.9)-(8.11), we have that +λ1 +λ2 +λ3 +λ4 +λ5 − 4λ8 −λ10 is
negative (by the definition of the λ-weights). Besides, −(λ11 − λ12) + (λ13 −
λ14)− (λ15 − λ16) + . . . is negative because the sequence λ11 − λ12, λ13 − λ14,
λ15 − λ16, . . . is decreasing.

ii) If jo > 5:

+λ1+λ2+λ3+λ4+λ5−4λ8−λ10+
∑

{j≥0,7+6j<2jo−3}
(−1)j+1 ·0·(λ7+6j−λ12+6j)

+
∑

{j≥0,9+6j<2jo−3}
(−1)j+14(λ9+6j − λ14+6j) +

∑
{j≥0,11+6j<2jo−3}

(−1)j+1(λ11+6j − λ16+6j)

+r(−1)jr (λ2jo−3 − λ2jo−1) +
p−1∑
j=jo

t(−1)jt+(j−jo)(λ2j+1 − λ2j+2),

where
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t =

⎧⎨⎩0 if ∃jt s.t. 2jo − 3 = 7 + 6jt

4 if ∃jt s.t. 2jo − 3 = 9 + 6jt

1 if ∃jt s.t. 2jo − 3 = 11 + 6jt

; r =

⎧⎨⎩0 if ∃jr s.t. 2jo + 1 = 7 + 6jr

4 if ∃jr s.t. 2jo + 1 = 9 + 6jr

1 if ∃jr s.t. 2jo + 1 = 11 + 6jr.

In case i) we proved that +λ1 + λ2 + λ3 + λ4 + λ5 − 4λ8 − λ10 is negative.

| |λ1 λ4

v1 v2

| |λ2 λ6

v3 v4

| |λ3 λ8

v5 v6

| |λ5 λ10

v7 v8

| |λ7 λ12

v9 v10

x1

x2

x3

x4

x5

| |λ1 λ2

v1 v2

| |λ3 λ4

v3 v4

| |λ6 λ8

v5 v6

| |λ5 λ10

v7 v8

| |λ7 λ12

v9 v10

x′1

x′2

x′3

x′4

x5

Fig. 8.15. Illustration to Case 4 ii) of Lemma 8.8

Moreover,∑
{j≥0,9+6j<2jo−3}

(−1)j+14(λ9+6j − λ14+6j) +
∑

{j≥0,11+6j<2jo−3}
(−1)j+1(λ11+6j − λ16+6j)

+r(−1)jr (λ2jo−3 − λ2jo−1) +
p−1∑
j=jo

t(−1)jt+(j−jo)(λ2j+1 − λ2j+2)

is negative, because we can decompose the expression above in different sums,
where each one of them constitutes a decreasing sequence in absolute value
with alternate signs and being its first element negative.

Since in all the possible cases we get a contradiction, the initial hypothesis
that λ2 is assigned to a vertex with odd index is inconsistent. Therefore, using
Lemma 8.7 we conclude that λ2 can only be assigned to v2. �

8.4.2 Main Results

Once the previous results have been stated, we can prove the main results in
this section:

Theorem 8.7 If Xp is an optimal solution of Problem (8.8) then λσi
= λi

for i = 1, . . . , 2p.

Proof.
First, we prove that λ1 must be assigned to v2i−1 for some i, i = 1, . . . , p.
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Indeed, if σ2i = 1 for some i, i = 1, . . . , p then, by Remark 8.5 i), σ2i−1 < 1.
However, this is impossible because σ2i−1 ∈ {1, . . . , 2p}.

Second, by lemmas 8.7 and 8.8, we have that every λ2k for k = 1, . . . , p,
is assigned to v2i for some i, i = 1, . . . , p. Moreover, Remark 8.5 ii), implies
that σ2i = 2i, (i.e. λ2i is assigned to v2i) for i = 1, . . . , p. Therefore, using
a recursive argument and Remark 8.5 i), we obtain that σ1 = 1 (i.e. λ1 is
assigned to v1), σ3 = 3 and so on. Thus, the result follows. �

Remark 8.6 The above result has been proven assuming that |v2i+1−v2i+2| =
2|v2i−1 −v2i|. However, the reader may notice that the result also holds when-
ever |v2i+1 − v2i+2| ≥ 2|v2i−1 − v2i|.

In order to disprove the polynomial cardinality of any finite dominat-
ing set (FDS) for the multifacility ordered median problem, we consider the
graph G of Figure 8.8 (assume that p is even). Let P = {1, . . . , p} and
J = {j1, j2, . . . , j p

2−1, j p
2
} ⊆ P , such that, 1 = j1 < j2 < . . . < j p

2−1 < j p
2

= p.
On the graph G we formulate the following (p

2 )-facility ordered median prob-
lem:

min
X p

2
⊂A(G)

2p∑
i=1

λ′σi
w′id(vi, X p

2
) , (8.12)

where λ′ = (0, . . . , 0, λ1, . . . , λp), such that, λi is defined by (8.7) for i =
1, . . . , p, w′2j−1 = w′2j = 1 for each j ∈ J and w′2j−1 = w′2j = 0 for each
j ∈ P \ J .

Moreover, since w′2j−1d(v2j−1, X p
2
) = w′2jd(v2j , X p

2
) = 0 ∀j ∈ P \ J , the

first p positions of the ordered sequence of weighted distances between each
node and its service facility are given by w′2j−1d(v2j−1, X p

2
), w′2jd(v2j , X p

2
)

with j ∈ P \J (indeed, these positions are always zeros). Thus, we can assume
without loss of generality that the λ-weights allocated to v2j−1 and v2j for
any j ∈ P \ J are the first p components of the vector λ′, that is, 0.

Notice that the nodes v2j−1 and v2j ∀j ∈ P \ J are not really taken into
account in the objective value because w′2j−1 = w′2j = 0. Thus, this problem
reduces to locate p

2 service facilities on a graph with p
2 edges. Indeed, if we

consider

V ′ =

p
2⋃

i=1,ji∈J

{v2ji−1, v2ji
} :=

p
2⋃

i=1

{v′2i−1, v
′
2i},

and the path graph G′ induced by the set of nodes V ′, Problem (8.12) can be
reformulated as

min
X p

2
⊂A(G′)

p∑
i=1

λσi
d(v′i, X p

2
). (8.13)
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Observe that the components of the vector λ = (λ1, . . . , λp) coincide with the
first p entries of (8.7) and therefore, they satisfy (8.9)-(8.11), σi ∈ {1, . . . , p}.
In addition, σi < σj if d(v′i, X p

2
) ≤ d(v′j , X p

2
) (the w-weights are all equal to

one).

Theorem 8.8 If X p
2

is the optimal solution of Problem (8.12) then xi =
v2ji−1 + zi with z1 = 1 and zi = 2ji−1 − zi−1 for i = 2, . . . , p

2 .

Proof.
To prove this result we consider the equivalent formulation of Problem (8.12)
given in (8.13). Applying Theorem 8.7 and Remark 8.6, we get that the λ-
weight allocated to the node v′i is λi for i = 1, . . . , p.

In addition, the solution X p
2

satisfies the relationship

d(v′2i, xi) = d(v′2i+1, xi+1) for i = 1, . . . ,
p

2
− 1.

Indeed, since λ2i and λ2i+1 are assigned to v′2i and v′2i+1 respectively, for
i = 1, . . . , p

2 − 1, then d(v′2i, xi) ≤ d(v′2i+1, xi+1). Moreover, xi+1 must be
located as close as possible to v′2i+1 because λ2i+1 > λ2i+2, which in turn
implies that d(v′2i, xi) = d(v′2i+1, xi+1).

Next, we prove that d(v′1, x1) = 1. Notice that, by Remark 8.5, we have
that d(v′1, x1) ≤ 1. If d(v′1, x1) < 1 then we would move x1 towards v′2 a small
enough amount, ξ. This movement would allow us to move xi towards v′2i−1

for any even index i = 2, . . . , p
2 , and xj towards v′2j for any odd index j =

2, . . . , p
2 , the same amount ξ, without any reassignment of the λ-weights. These

movements would produce the following change in the objective function:

ξ
(
− (λ2 − λ1) +

p
2∑

k=2

(−1)k−1(λ2k−1 − λ2k)
)
.

This amount is negative because −(λ2−λ1) is negative and {λ2k−1−λ2k}k≥2 is
a decreasing sequence of positive values, that is, λ2k−1−λ2k > λ2k+1−λ2k+2 >
0 for k = 1, . . . , p

2 . However, this is not possible since X p
2

is optimal. Therefore,
we obtain that x1 = v′1 + 1 and that X p

2
is the unique solution satisfying

that d(v2i−1, xi) ≤ d(v2i, xi) for i = 1, . . . , p (see Remark 8.5). Finally, since
d(v′2i, xi) = d(v′2i+1, xi+1) for i = 1, . . . , p

2 − 1, the result follows. �

Our next result proves that there is no polynomial size cardinality FDS
for the multifacility ordered median problem. The proof consists of building a
family of O(MM ) problems on the same graph with different solutions (each
solution contains at least one point not included in the remaining), M being
the number of nodes.

Theorem 8.9 There is no polynomial size FDS for the multifacility ordered
median problem.
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Proof.
Consider Problem (8.12), by Theorem 8.8 and Remark 8.5, for each choice
of the set J ⊆ P , we have an unique optimal solution satisfying that
d(v2i−1, xi) ≤ d(v2i, xi) for i = 1, . . . , p, such that, the service facility lo-
cated on the edge [v2p−1, v2p] has a different location, recall that j p

2
= p.

Thus, since there are
(
2p−2
p
2−2

)
different choices of the set J , any FDS for the

considered problem contains at least
(
2p−2
p
2−2

)
elements.

Therefore, we have found a family of problems for which a valid FDS is at
least of order O(MM ) where M denotes the number of nodes (recall that for
our case M = 2p). �



9

The Single Facility Ordered Median Problem on
Networks

In this chapter we analyze different aspects of the single facility OMP on
networks. We focus mainly on the development of efficient solution algorithms.
In addition, we consider geometrical properties that help to understand the
underlying structure of these problems on networks. Table 9.1 summarizes the
algorithmic results presented in this chapter.

Table 9.1. Summary of Complexity Results for ordered median problems.

Complexity bounds
Networks

Undirected Directed
General Trees Line

General(1)

Ordered Median
O(NM2 log M) O(M3 log M) O(M3 log M) O(NM log M)

Concave
Ordered Median O(M2 log M) O(M2) (5) O(M2) O(M2 log M)

Convex
Ordered Median O(NM2 log M) O(M log2 M) O(M log2 M) O(M2 log M)

k-centrum (2) O(NM log M) (3) O(M log M) O(M) (4) O(M2 log M)

We start by analyzing two examples that indicate the geometrical subdi-
vision induced on the networks by the equilibrium points and the behavior of
the OMf for different choices of the λ-weights. We devote a complete section to
the single facility k-centrum problem. In this section, we include algorithms to
1 Arbitrary node-weights.
2 Nonnegative node-weights.
3 Unweighted. See Proposition 9.8.
4 See Corollary 9.3.
5 See Section 9.3.2.
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solve the k-centrum problem on the line, tree graphs and on general networks
(see Tamir [187].) Some of these algorithms are nowadays slightly inferior to
some others developed later. Nevertheless, we have decided to include them
for the sake of completeness and because all of them provide some insight into
the structure of the OMP. Needless to say, that we have also included the
fastest algorithms in the respective section (the linear time algorithm for the
problem on the line [154]).

In the last section, we study, according to Kalcsics et al. [117], the single
facility ordered median problem on general undirected and directed networks
and present O(NM2 log M) and O(NM log M) algorithms, respectively. For
(undirected) trees the induced bound is O(M3 log M). We show how to im-
prove this bound to O(M log2 M) in the convex case.

9.1 The Single Facility OMP on Networks: Illustrative
Examples

In this section we illustrate the geometry of the OMP on networks and state
some properties of the single facility ordered median problem. We start re-
calling the localization result which generalizes the well-known Theorem of
Hakimi [84] and gives some insight into the connection between median and
center problems: Theorem 8.1 proves that an optimal solution for the single
facility OMP can always be found in the set Cand := EQ ∪ V .

Theorem 8.1 also gives rise to some geometrical subdivision of the graph
G where the problem is solved. As it was indicated in its proof, we can assign
to every subgraph Gi, i = 1, . . . , k a M-tuple giving in the j-th position the
j-th nearest vertex to all points in Gi. As an example, we have in Figure 9.1
a graph with 3 nodes and all weights wi and edge lengths equal to 1. The
partition of the graph G into the subgraphs Gi, i = 1, . . . , k, can be seen as a
kind of high order Voronoi diagram of G related to the Voronoi partition of
networks introduced in [85].

Example 9.1
Consider the network given in Figure 9.2 with w1 = w2 = w5 = 1 and
w3 = w4 = w6 = 2. In Table 9.2 we list the set EQ, where the labels of
the rows EQij indicate that i, j are the vertices under consideration and the
columns indicate the edge e = [vr, vs]. The entry in the table gives for a point
x = (e, t) the value of t (if t is not unique an interval of values is shown).

Having the equilibrium points, to solve the OMP for different choices of
λ-parameters, we only have to evaluate the objective function with a given
set of λ-values for the elements in EQ and determine the minima. Table 9.3
gives the solutions for some specific choices of λ. To describe the solution set
we use the notation EQij

kl to denote the part of EQij which lies on the edge
[vk, vl].
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v1

v2 v3

EQ23

EQ12 EQ13
(

2
1
3

)

(
1
2
3

) (
1
3
2

)

(
3
1
2

)

(
2
3
1

) (
3
2
1

)
Fig. 9.1. A 3-node network with EQ = {EQ12, EQ13, EQ23, v1, v2, v3} and the
geometrical subdivision

v1

v2

v3

v4 v5

v63

1

2

3

3

2

2

3

1

2

Fig. 9.2. The network used in Example 9.1

We have seen in the previous chapters that OM(λ) is a continuous, piece-
wise linear, concave function of λ ∈ Ω, being Ω closed and convex; so we can
state that OM(λ) always achieves its minimum value at some extreme points
of Ω. This fact together with the linearity of fλ(x) for fixed x can be combined
to derive an upper bound as well. Let λ1 be the extreme point of Ω satisfying:
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Table 9.2. Equilibrium points in Example 9.1.

[v1, v2] [v1, v3] [v1, v4] [v2, v3] [v2, v4] [v2, v5] [v3, v5] [v3, v6] [v4, v5] [v5, v6]

EQ12
1
2

2
3

5
6

2
3

1
2

EQ13
2
3

4
9

2
3

1
2

EQ14 1 2
3

0 0 8
9

8
9

1
6

EQ15
5
6

1
2

1
6

1
6

1
2

EQ16 1 1 8
9

8
9

0 5
6

EQ23
1
3

2
3

2
3

1
2

EQ24
2
3

2
3

1
2

EQ25 [ 3
4
, 1] 1 1

2
0 0 1

4

EQ26
2
3

8
9

1
3

1
6

EQ34
1
4

1
6

1
3

5
6

1
4

EQ35
1
6

1
9

1
3

1
3

1 1

EQ36 [ 5
6
, 1] 1 1

3
5
6

1
2

0

EQ45
1
2

1
3

1
3

1
9

1
3

EQ46 0 0 0 1
2

[ 2
3
, 1] [ 2

3
, 1] 1 0

EQ56
1
2

2
3

1
9

2
3

Table 9.3. Optimal solutions in Example 9.1.

obj. function corresponding λ set of optimal solutions obj. value

center λ = (0, 0, 0, 0, 0, 1) EQ23
46, EQ35

34, EQ56
34 5

2-centra λ = (0, 0, 0, 0, 1
2
, 1

2
)

[EQ23
45, EQ23

56],
[EQ35

34, EQ35
14],

[EQ56
14, EQ56

12]

5

3-centra λ = (0, 0, 0, 1
3
, 1

3
, 1

3
) EQ23

26
40
9

median λ = ( 1
6
, 1

6
, 1

6
, 1

6
, 1

6
, 1

6
) EQ23

16 = v3 3

cent-dian λ = ( λ̂
6
, λ̂

6
, λ̂

6
, λ̂

6
, λ̂

6
, 6−5λ̂

6
) EQ56

34, 0 ≤ λ̂ ≤ 36
43

,
v3 otherwise

− 17
12

λ̂ + 5, −5λ̂ + 8

noname λ = ( 1
4
, 1

4
, 0, 0, 1

4
, 1

4
) EQ23

16, EQ56
12

13
4

OM(λ1) = min
λ∈Ω

OM(λ)

and denote by ext(Ω) the set of extreme points of Ω. Then, it can be easily
seen that for any graph G:

OM(λ1) ≤ fλ(x) ≤ max
λ∈ext(Ω)

fλ(x) for any x ∈ A(G).
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We also include in this section a result on the size of the set of optimal
solutions for these problems. Once the parameter λ specifying the objective
function fλ(x) is fixed, we denote for any permutation σ ∈ P(1 . . . M):

fλ,σ(x) :=
M∑
i=1

λiwσ(i)d(x, vσ(i)).

Lemma 9.1 Let x1, x2 be two different optimal solutions of the single facility
ordered median problem, then

d(x1, x2) ≤ min
σ∈P(1...M)

(fλ,σ(x1) + fλ,σ(x2)∑M
i=1 λiwσ(i)

)
.

Proof.
Using the triangular inequality we have for any σ ∈ P(1 . . . M):

wσ(j)d(x1, x2) ≤ wσ(j)d(x1, vσ(j)) + wσ(j)d(x2, vσ(j)).

Multiplying both sides by λj and adding in j:

d(x1, x2)
M∑

j=1

λjwσ(j) ≤
M∑

j=1

λjwσ(j)d(x1, vσ(j)) +
M∑

j=1

λjwσ(j)d(x2, vσ(j)).

Since this inequality holds for any σ, it also holds for the minimum, i.e.:

d(x1, x2) ≤ min
σ∈P(1...M)

(fλ,σ(x1) + fλ,σ(x2)∑M
i=1 λiwσ(i)

)
.

�

It should be noted that this bound is tight. To see this consider the fol-
lowing easy example.

v1 v2

1

Fig. 9.3. The network used in Example 9.2

Example 9.2
Consider the network given in Figure 9.3 with w1 = w2 = 1 and λ1 = λ2 = 1.
In this case the entire edge [v1, v2] is optimal and OM(λ) = 1. Furthermore,
let x1 = v1 and x2 = v2 then,

1∑M
j=1 λjwσ(j)

(
fλ,σ(x1) + fλ,σ(x2)

)
=

1
2
(1 + 1) = 1.

Since d(x1, x2) = 1 it also equals the value of the bound of Lemma 9.1.
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9.2 The k-Centrum Single Facility Location Problem

This section is devoted to the single facility k-centrum location problem.
This problem is a particular case of the OMP for a specific choice of λ̄ =
(0, . . . , 0, 1, (k). . ., 1), which allows us to develop some special properties. More-
over, the study of the k-centrum single facility problem is interesting because
it will be used later to extend some algorithmic results for the general single
facility ordered median problem. Most of the results in this section follow the
presentation in Tamir [187].

In the single facility k-centrum problem on G = (V,E) we wish to find
a point x in A(G), minimizing the sum of the k farthest weighted distances
to the nodes from x. Specifically, suppose that each node vi, i = 1, ...,M , is
associated with a nonnegative weight wi. For each vector (x1, ..., xM ) ∈ RM ,
recall that rk(x1, ..., xM ) (see 1.15) is the sum of the k-largest entries in the
set of reals {x1, ..., xM}. The objective function of the single facility k-centrum
problem is to find a point x of A(G) minimizing

fλ̄(x) = rk(w1d(x, v1), ..., wMd(x, vM )).

In the discrete version of the problem we also require x to be a node. A
minimizer of fλ̄(x) is called an absolute k-centrum, and an optimal solution
to the discrete problem is a discrete k-centrum. The unweighted single facility
k-centrum problem refers to the case where wi = 1, i = 1, ...,M .

From the definition it follows that if k = 1 the above model reduces to
the classical center problem, and when k = M we obtain the classical median
problem. Several special cases of the single facility k-centrum problem have
been discussed in the literature. To the best of our knowledge, the k-centrum
concept was first introduced by Slater [183]. Slater [183] as well as Andreatta
and Mason [4] considered the case of the discrete single facility on tree graphs,
and observed some properties including the convexity of the objective on tree
graphs. There are no algorithms with specified complexity in these papers.
Peeters [159] studied the single facility problem on a graph, which he called
the upper-k 1-median. He presented an O(M2 log M + NM) algorithm for
solving only the discrete version of this model, where the solution is restricted
to be a node.

This section develops polynomial time algorithms for finding a single fa-
cility k-centrum on path graphs, tree graphs and general graphs based on
results by Tamir [187]. Some of these results will be improved in the next
section analyzing algorithmic approaches to the general OMP.

The Single k-Centrum of a Path

We consider first the case of locating a single facility on a line (a path graph).
In this case we view x as a point on the real line, and each node vi is also
regarded as a real point. So we have
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fλ̄(x) = rk(w1|x − v1|, ..., wM |x − vM |),

with λ̄ = (0, . . . , 0, 1, (k). . ., 1). To compute fλ̄(x) in the case of the single facility
k-centrum problem on the line, we look at the k largest functions in the
collection {wi|x − vi| = max(wi(x − vi),−wi(x − vi))}, i = 1, ...,M . Since
k ≤ M , we may assume that for each i, and a real x, at most one of the
2 values, {wi(x − vi),−wi(x − vi)}, i.e., a nonnegative one, belongs to the
subcollection of the k largest function values at x. Thus, the single facility
k-centrum problem on the line amounts to find the minimum point of the
sum of the k largest linear functions in the collection consisting of the above
2M linear functions, {wi(x − vi),−wi(x − vi)}, i = 1, ...,M .

Nowadays, there are several approaches that solve efficiently this problem.
For the sake of completeness, we will present three approaches illustrating
the different tools which can be used to handle location problems on graphs.
Needless to say, the reader only interested in the fastest algorithm is referred
to Lemma 9.2 and the remaining material that presents a linear time algorithm
for the considered problem.

In our first approach to solve the above problem we consider the following
more general problem. Let [a, b] be an interval on the real line, and let k be
a positive integer. Given is a collection of q ≥ k linear functions {aix + bi},
i = 1, ..., q, defined on [a, b]. The objective is to find x∗, a minimum point of
fλ̄(x) = rk(a1x + b1, ..., aqx + bq) in [a, b].

It is known, that if we have a set of q linear functions, the sum of the
k largest functions is a convex, piecewise linear function. Dey [53] showed
that the number of breakpoints of this convex function is bounded above
by O(qk1/3). Katoh (see Eppstein [72]) demonstrated that the number of
breakpoints can achieve the bound Ω(q log k).

To find the optimum, x∗, we use the general parametric procedure of
Megiddo [132] with the modification in Cole [43]. We only note that the mas-
ter program that we apply is the sorting of the q linear functions, {aix + bi},
i = 1, ..., q, (using x as the parameter).

Proposition 9.1 The optimum x∗ of the function

fλ̄(x) = rk(a1x + b1, ..., aqx + bq)

in [a, b] can be found in O(q log q) time

Proof.
The test for determining the location of a given point x′ w.r.t. x∗ is based on
the linear time algorithm for finding the k-th largest element of a set of reals,
Blum et al. [22]. Due to the convexity of the function fλ̄(x), it is sufficient to
determine the signs of the one-sided derivatives at x′. This is done as follows.
Consider, for example, f+

λ̄
(x′), the derivative from the right. First, using the

algorithm in [22] we compute in linear time, the function value fλ̄(x′), and
the k-th largest linear function at x′. Then, we can have 2 different situations:
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1. If there is only one function in the collection of the q functions whose
value is equal to the k-th largest value at x′, then f+

λ̄
(x′) is the sum of

the slopes of the k linear functions corresponding to the k largest values
at x′.

2. Otherwise, let k′ < k, be the number of linear functions whose value at x′

is larger than the k-th largest value, and let A be the sum of the slopes
of these k′ functions. Let I be the subcollection of linear functions whose
value at x′ is equal to the k-th largest value. Again, using the algorithm
in [22] we compute the k − k′ largest slopes from the set of slopes of the
linear functions in I. Let B be the sum of these k − k′ slopes. We then
have f+

λ̄
(x′) = A + B.

We now conclude that with the above test the parametric approach in
[132, 43] will find x∗ in O(q log q) time.

�

Now we can state the following result:

Corollary 9.1 The algorithm described in the proof of Proposition 9.1 solves
the k-centrum problem on the line in O(M log M).

Proof.
For this problem it is enough to take q = 2M and the result follows. �

We can also get the result for the discrete k-centrum problem, which is
the following.

Corollary 9.2 The discrete k-centrum can be found in O(M log M) time.

Proof.
Because of convexity the solution to the discrete k-centrum problem (the dis-
crete k-centrum) is one of the two consecutive nodes bounding the absolute
k-centrum. The discrete solution can also be found directly by a simpler algo-
rithm. First, sort the nodes, and then, using the above linear time procedure
to compute the derivatives of fλ̄(x), perform a binary search on the nodes.
This approach also takes O(M log M) time. �

Finally the complexity can be improved for the unweighted case, and we
can find the solution in linear time.

Proposition 9.2 The unweighted k-centrum, (wi = 1, for i = 1, ...,M), can
be found in linear time.

Proof.
Define l =  (k + 1)/2! (for any real number y,  y! denotes the smallest
integer which is greater than or equal to y). It is easy to verify that the
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midpoint of the interval connecting the l-th smallest point in V with the l-th
largest point in V is a local minimum point. By the convexity of the objective
function, we conclude that it is an absolute k-centrum. Thus, by using the
linear time algorithm, in [22] we can find the unweighted k-centrum of an
unsorted sequence of M points on the line in O(M) time. �

Conceptually, the above characterization can be extended to the weighted
case. But it is not clear whether this can be used to obtain a linear time
algorithm for the weighted case. A necessary and sufficient condition in the
weighted case is that the k farthest weighted distances to nodes will be evenly
located on both sides of the centrum, i.e., the weight of those nodes on either
side of the centrum should be half of the total weight of the k nodes. In
the unweighted case the total weight is fixed, and is equal to k, while in the
weighted case, the total weight of the k furthest nodes is not known a priori.

Recently, a new approach has been developed to solve the absolute k-
centrum in linear time. It is included at the end of this section. However,
and for the sake of completeness, we also present another slightly inferior
algorithm which solves the weighted model for a fixed value of k, in O(M) time.
Specifically, for any fixed value of k, this algorithm will find the (weighted)
k-centrum x∗ on the line in O((k2 log k)M) time.

Again, we consider a general collection of q linear functions {aix + bi},
i = 1, ..., q. Let x∗ be a minimum point of the function fλ̄(x), defined above,
in [a, b].

We first prove the following statement:

Proposition 9.3 We can remove, in O(q) time, a fixed proportion of the
linear functions from the entire collection, without affecting the optimality of
x∗.

Proof.
First divide the collection of q functions into q/(k + 1) sets of k + 1 functions
each (for simplicity suppose that q/(k + 1) is integer). For each set of k + 1
functions, at most k of the functions will appear in the objective. Specifi-
cally, for each x, the minimum of the k + 1 functions in the set is ineffective,
and therefore can be dropped. The minimum of the k + 1 functions of a set,
called the minimum envelope, is a concave piecewise linear function with k
breakpoints. Because of the convexity of the objective, if we know the pair of
breakpoints bracketing x∗, we can then omit the minimum function (on the
interval connecting the pair) from this collection of k + 1 linear functions. �

We proceed as follows. For each one of the above q/(k + 1) sets of
k + 1 functions, we find in O(k log k) time its minimum envelope (Kariv and
Hakimi [118]). The total effort of this step is O(q log k).

Next we look at the set P1, consisting of the q/(k +1) median breakpoints
of the q/(k + 1) envelopes. We find the median point in P1, and check its
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position w.r.t. x∗ in O(q) time, as explained above, by implementing the
algorithm in [22]. Note that the time to check the location of a given point
with respect to x∗ is proportional to the number of linear functions in the
(current) collection. Thus, for at least half of the q/(k + 1) envelopes, we
know the position of their medians w.r.t. the centrum. We consider only these
[q/2(k+1)] envelopes and continue this binary search. For example, in the next
iteration each such envelope contributes its [k/4]-th or [3k/4]-th breakpoint,
depending on the location of the centrum x∗ w.r.t. its median. Let P2 be the
set of these [q/2(k + 1)] points.

We now check the position of the median element in P2, w.r.t. x∗. After
O(log k) iterations we identify O(q/(k(k + 1))) sets (envelopes) such that for
each one of them we have a pair of adjacent breakpoints (segment) bracketing
x∗. Thus, from each one of these O(q/(k(k + 1))) envelopes, we can eliminate
the linear function which coincides with the envelope on this segment.

To summarize, at the end of the first phase, in a total effort of O(q log k),
(O(log k) iterations of O(q) time each), we eliminate O(q/k2) functions. We
then recursively restart the process with the remaining subcollection of linear
functions. Again, it should be emphasized that the time to check the location
of a given point with respect to the centrum is proportional to the number of
linear functions in the remaining subcollection of linear functions. In particu-
lar, the total effort spent in the second phase is O(q(1 − 1/k2) log k).

At the last phase, the subcollection will consist of O(k2) functions, and
therefore, from the discussion above, the time needed to find x∗ for this sub-
collection is O(k2 log k).

Now we can calculate the complexity of this algorithm:

Proposition 9.4 The complexity of the above algorithm is O((k2 log k)q).

Proof.
To evaluate the complexity of the algorithm, suppose that we have a collection
of m linear functions. Let T (q) be the total effort to compute x∗, a minimum
point of the function, defined as the sum of the k largest functions in the
collection (in the single k centrum problem on a path q = 2M).

The recursive equation is

T (q) ≤ ckq + T (akq),

where ck = c log k, for some constant c, and ak = 1 − 1/(k + 1)2. Thus,
T (q) = O((k2 log k)q). �

We note in passing that with the same effort we can also find the discrete
k-centrum, since it is one of the pair of adjacent nodes bracketing the absolute
k-centrum.

Recently, a new approach to this problem has been presented by Ogryczak
and Tamir [154] who develop an O(M) procedure to minimize the sum of the
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k largest linear functions out of M . This technique can also be applied to get
a procedure for the k−centrum on a path in linear time.

To facilitate the presentation, we first introduce some notation. For any
real number z, define (z)+ = max(z, 0). Let y = (y1, y2, . . . , yM ) be a vector in
RM . Define θ(y) = (θ1(y), θ2(y), . . . , θM (y)) to be the vector in RM , obtained
by sorting the M components in y in non-increasing order, i.e., θ1(y) ≥ θ2(y) ≥
· · · ≥ θM (y). θi(y) will be referred to as the i-th largest component of y.
Finally, for k = 1, 2, . . . , M , we recall that rk(y) =

∑k
i=1 θi(y) is the sum of

the k largest components of y.
We will need the following lemma. For the proof, the reader is referred to

[154].

Lemma 9.2 For any vector y ∈ RM and k = 1, . . . , M ,

rk(y) =
1
M

(
k

M∑
i=1

yi + min
t∈R

M∑
i=1

[k(t − yi)+ + (M − k)(yi − t)+]

)
.

Moreover, t∗ = θk(y) is an optimizer of the above minimization problem.

It follows from the above lemma that rk(y) can be represented as the
solution value of the following linear program:

rk(y) = min
1
M

( M∑
i=1

[kd̂i + (M − k)d̃i + kyi]
)

s.t. d̃i − d̂i = yi − t, i = 1, . . . , M,

d̃i, d̂i ≥ 0, i = 1, . . . , M.

Substituting d̂i = d̃i − yi + t, we obtain

rk(y) = min

(
kt +

M∑
i=1

d̃i

)
s.t. d̃i ≥ yi − t, d̃i ≥ 0, i = 1, . . . , M.

Given the collection of functions, {gi(x)}M
i=1, and the polyhedral set Q ∈

Rd, let g(x) = (g1(x), . . . , gM (x)). The problem of minimizing rk(g(x)), the
sum of the k largest functions of the collection over Q, can now be formulated
as

min
(
kt +

∑M
i=1 d̃i

)
s.t. d̃i ≥ gi(x) − t, d̃i ≥ 0, i = 1, . . . , M

x = (x1, . . . , xd) ∈ Q.
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Now, let us consider the linear case. For i = 1, . . . , M , gi(x) = ai(x) + bi,
where ai = (ai

1, . . . , a
i
d) ∈ Rd, and bi ∈ R. With the above notation, the

problem can be formulated as the following linear program

min
(
kt +

∑M
i=1 d̃i

)
s.t. d̃i ≥ aix + bi − t i = 1, . . . , M,

d̃i ≥ 0, i = 1, . . . , M,

x = (x1, . . . , xd) ∈ Q.

Note that this linear program has M + d + 1 variables, d̃1, . . . , d̃M ,
x1, . . . , xd, t, and 2M + p constraints. This formulation constitutes a special
case of the class of linear programs defined as the dual of linear multiple-choice
knapsack problems. Therefore, using the results in [215], when d is fixed, an
optimal solution can be obtained in O(p + M) time (see also [135]).

Now we are going to solve the rectilinear k−centrum problem. For each
pair of points u = (u1, . . . , ud), v = (v1, . . . , vd) in Rd let d(u, v) denote the
rectilinear distance between u and v,

d(u, v) =
d∑

j=1

|vj − uj |.

Given is a set {v1, . . . , vM} of M points in Rd. Suppose that vi, i =
1, . . . , M , is associated with a nonnegative real weight wi. For each point
x ∈ Rd define the vector D(x) ∈ Rd by D(x) = (w1d1(x), . . . , wMdM (x)). For
a given k = 1, . . . , M , the single facility rectilinear k−centrum problem in Rd

is to find a point x ∈ Rd minimizing the objective rk(x) =
∑k

i=1 θi(D(x)).
Note that the case k = 1 coincides with the classical (weighted) rectilinear
1-center problem in Rd, while the case k = M defines the classical (weighted)
rectilinear 1-median problem, proposed by Hakimi. It is well known that the
last two problems can be formulated as linear programs. The center problem
(k = 1) is formulated as

min t

s.t. t ≥ widi(x), i = 1, . . . , M,

x = (x1, . . . , xd) ∈ Rd.

To obtain a linear program, we replace each one of the M nonlinear con-
straints t ≥ widi(x), by a set of 2d linear constraints. For i = 1, . . . , M ,
let ∆i = (δd

1 , . . . , δi
d) be a vector all of whose components are equal to +1

or -1. Consider the set of 2d linear constraints, t ≥ ∑d
j=1 δi

jwi(xj − vi
j),

δi
j ∈ {−1,+1}, j = 1, . . . , d. This linear program has d + 1 variables,

t, x1, . . . , xd and 2dM constraints. Therefore, when d is fixed, it can be solved
in O(M) time by the algorithm of Meggido [133].
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Similarly, the median problem (k = M) is formulated as,

min
∑M

i=1 zi

s.t. zi ≥
∑d

j=1 δi
jwi(xj − vi

j), i = 1, . . . , M,

δi
j ∈ {−1,+1}, j = 1, . . . , d, i = 1, . . . , M,

x = (x1, . . . , xd) ∈ Rd.

This linear program has M + d variables, z1, . . . , zM , x1, . . . , xd, and 2dM
constraints. This formulation is also a special case of the class of linear pro-
grams discussed by Zemel [215]. Therefore, when d is fixed, an optimal solution
can be obtained in O(M) time. The above formulation of the median problem
can be replaced by another, where the number of variables is Md + d and the
number of constraints is only 2dM .

min
∑M

i=1

∑d
j=1 yi,j

s.t. yi,j ≥ wi(xj − vi
j), j = 1, . . . , d, i = 1, . . . , M,

yi,j ≥ −wi(xj − vi
j), j = 1, . . . , d, i = 1, . . . , M,

x = (x1, . . . , xd) ∈ Rd.

The latter compact formulation is also solvable in O(M) time by the pro-
cedure of Zemel when d is fixed. In fact, it is easy to see from this formulation
that the d−dimensional median problem is decomposable into d 1-dimensional
problems. Therefore, it can be solved in O(dM) time.

We note in passing that when d is fixed, even the 1−centdian objective
function, defined by Halpern [87] as a convex combination of the center ob-
jective r1(x) and the median function rM (x) can be solved in linear time.

Apart from the above algorithm and to the best of our knowledge, for a
general value of k no linear time algorithms are reported in the literature even
for d = 1. In [187] the case d = 1 is treated as a special case of a tree network.
In particular, this one dimensional problem is solved in O(M) time when k is
fixed, and in O(M log M) time when k is variable. Subquadratic algorithms
for any fixed d and variable k are given in [117]. For example, for d = 2 the
algorithm there has O(M log2 M) complexity.

Using the above results, we can now formulate the rectilinear k−centrum
problem in Rd as the following optimization problem:

min
(
kt +

∑M
i=1 d̃i

)
(9.1)

s.t. d̃i ≥ widi(x) − t, d̃i ≥ 0, i = 1, . . . , M,

x = (x1, . . . , xd) ∈ Rd.

As above, to obtain a linear program we replace each one of the M nonlin-
ear constraints d̃i ≥ widi(x)−t by a set of 2d linear constraints. The rectilinear
k−centrum problem is now formulated as the linear programming problem,
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min
(
kt +

∑M
i=1 d̃i

)
s.t. d̃i + t ≥ ∑d

j=1 δj
i wi(xj − vi

j), i = 1 . . . , M,

δi
j ∈ {−1, 1}, j = 1, . . . , d, i = 1 . . . , M,

d̃i ≥ 0, i = 1, . . . , M.

Note that the linear program has M+d+1 variables, d̃1, . . . , d̃M , x1, . . . , xd,
t and 2dM + M constraints. This formulation is again a special case of the
class of linear programs defined as the dual of linear multiple-choice knapsack
problems. Therefore, using the results of Zemel [215], when d is fixed, an
optimal solution can be found in O(M) time. In the particular case of d = 1
the above problem reduces to the k-centrum problem on the line. Therefore,
we can state the following result:

Corollary 9.3 The single facility k-centrum problem on a line is solvable in
O(M) time.

We note in passing that the results for the rectilinear problems can be
extended to other polyhedral norms. For example, if we use the �∞ and let
the distance between u, v ∈ Rd be defined by d(u, v) = maxj=1,...,d |vj − uj |,
we get the following formulation for the respective k−centrum problem:

min
(
kt +

∑M
i=1 d̃i

)
s.t. d̃i + t ≥ widi(x), j = 1, . . . , d, i = 1, . . . , M,

d̃i + t ≥ −widi(x), j = 1, . . . , d, i = 1, . . . , M.

The Single k-Centrum of a Tree

Some of the above algorithms for a path graph (see Corollary 9.3) can be
extended to a tree T = (V,E), V = {v1, ..., vM}. We use a 2-phase approach.
In the first phase we identify a pair of adjacent nodes (an edge) such that the
absolute k-centrum is between them. In the second phase we have to solve the
above problem on the edge (segment) containing the absolute k-centrum. The
latter subproblem is a special case of the problem on a path discussed in the
previous section. Therefore, the total time for the second phase is O(M). We
will next show that the first phase can be performed in O(M log2 M) time.

From the discussion on path graphs we know that the objective function
is convex on each path of the tree. Therefore, we can apply the centroid
decomposition search procedure of Kariv and Hakimi [118]. They used this
search procedure to find the weighted 1-center of a tree. The procedure is
based on searching over a sequence of O(log M) nodes, which are centroids
of some nested sequence of subtrees (the total time needed to generate the
sequence is only O(M)). For each node in this sequence they have a simple
O(M) test to identify whether this node is the 1-center of the tree. Moreover,
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if the node is not the 1-center, the test identifies the direction from the node
towards the 1-center. All we need now to implement their search procedure is
an efficient test which finds a direction from a given node v to the absolute
k-centrum if v itself is not the absolute k-centrum.

Now we introduce the notation that we will need during the section.
Consider an arbitrary node v of the given tree T = (V,E). Let T1 =
(V1, E1), ..., Tq = (Vq, Eq), denote the set of all maximal connected compo-
nents obtained by the removal of v and all its incident edges from T . For
i = 1, ..., q, let ui be the closest node to v in Ti = (Vi, Ei). Let r be the k-th
largest element in the set of weighted distances of the nodes of T from v. For
i = 1, ..., q, let V +

i (V =
i ) be the index set of the nodes in Ti, whose weighted

distance from v is greater than (equal to) r. Let ti = |V +
i |, si = |V =

i |, and let
T+

i denote the subtree obtained by augmenting the edge (v, ui) to Ti. Also,

let V + =
q⋃

i=1

V +
i and V = =

q⋃
i=1

V =
i .

With the above notation we can state a simple test to determine whether

the k-centrum is in a given T+
j . Define t =

q∑
i=1

ti, and s =
q∑

i=1

si. Note that

t ≤ k ≤ t + s.
Consider a point x �= v, on the edge (v, uj), which is sufficiently close to

v. Then it is easy to check that the difference between the objective value at
x and the objective value at v is given by

d(v, x)(−Aj + Bj − Cj + Dj),

where, Aj =
∑

h∈V +
j

wh, Bj =
∑

h∈V +−V +
j

wh, Dj is the sum of the mj =
min(k − t, s − sj) largest weights in the set {wh : h ∈ V = − V =

j }, and Cj is
the sum of the k − t − mj smallest weights in the set {wh : h ∈ V =

j }.
It is now clear, that if v is not an absolute k-centrum, then the latter is

contained in the component T+
j , if and only if the above expression for the

difference is negative. v is an absolute k-centrum if and only if (−Aj + Bj −
Cj + Dj) is nonnegative for all j = 1, ..., q.

Proposition 9.5 The total time needed to calculate Aj , Bj , Cj for all j =
1, ..., q, is O(M). Terms Dj, j = 1, ..., q is O(M log M).

Proof.
It is clear from the definitions that the total effort needed to compute Aj , Bj ,
for all j = 1, ..., q, is O(M). For each j = 1, ..., q, Cj can be computed in O(sj)
time by using the linear time algorithm in Blum et al. [22]. Thus, the total
time to compute Cj for all j = 1, ..., q, is O(s) = O(M). The computation of
the terms Dj , j = 1, ..., q, is more involved.

We first sort the elements of the set {wh : h ∈ V =} in decreasing order.
Let L = (wh(1), wh(2), ..., wh(s)) denote the sorted list. We then compute the
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partial sums Wp =
∑

g=1,...,p wh(g), p = 1, ..., s. The total effort of this step is
O(s log s) = O(M log M).

To compute a term Dj , j = 1, ..., q, we now perform the following steps.
First, we delete from the list L, the elements {wh : h ∈ V =

j }, and obtain
the reduced sublist Lj . The effort needed is O(sj log s). Next, we identify the
mj-th largest element in Lj . Suppose that this is the element wh(y) in the list
L. The term Dj is now defined by Dj = Wy −∑{wh(z) : h(z) ∈ V =

j , z < y}.
The effort to compute Dj is O(sj log s). Therefore, the total effort to compute
all the terms Dj , j = 1, ..., q, is O(s log s) = O(M log M). �

And now we can state the following result:

Corollary 9.4 The absolute k-centrum of a tree can be found in O(M log2 M)
time.

Proof.
For a given node v, the total effort to compute the above difference for all
j = 1, ..., q, is O(M log M). Combined with the centroid decomposition, which
requires using this step O(log M) times, we will have an O(M log2 M) algo-
rithm to find the absolute k-centrum of a tree. �

As in the former section, the discrete k-centrum is one of the 2 nodes of
the edge containing the absolute k-centrum, so it can be calculated with the
same effort.

Proposition 9.6 The unweighted absolute k-centrum of a tree can be found
in O(M + k log M) time.

Proof.
First, observe that from the discussion in the previous section it follows that
the time needed for the second phase is only O(M). The first phase can be
performed in O(M + k log M) time. There are O(log M) iterations in the first
phase.

In the first iteration we find the centroid of the original tree, say v. We
compute the terms {Aj , Bj , Cj , Dj}, j = 1, ..., q, defined above. In the un-
weighted case Aj = tj , Bj = t− tj , Cj = k− t−mj , and Dj = mj , j = 1, ..., q.
The effort of this step is therefore proportional to the number of nodes. If v is
not the k-centrum, the k-centrum is in some subtree T+

j (since v is a centroid
the number of nodes in Tj is at most M/2).

Let V ′ be a subset of nodes in V −Vj , corresponding to a set of min([(k +
1)/2], |V − Vj | − 1) largest distances from v to nodes in V − Vj . From the
discussion on the unweighted k-centrum of a path in the previous section, we
conclude that the unweighted k-centrum is determined only by its distances
to the nodes of T+

j and the nodes in V ′.
Let T ′ denote the tree obtained by augmenting the node set V ′ to T+

j ,
and connecting each node vt ∈ V ′ to the centroid v with an edge of length
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d(vt, v). The number of nodes of T ′ is at most (k + 1)/2 + 1 + M/2. In the
second iteration T ′ replaces the original tree T . We find the centroid of T ′,
and proceed as above.

Since there are O(log M) iterations, the total effort of the first phase is
O(M + k log M). Thus, the time needed to locate a single k-centrum of a tree
in the unweighted case is O(M + k log M). �

We believe that the O(M log2 M) bound for the weighted case can be
improved to O(M log M).

The Single k-Centrum of a Graph

Peeters [159] studied the single facility problem on a general graph. He pre-
sented an O(M2 log M + NM) algorithm for solving the discrete case only.
Finding the absolute k-centrum is much more involved. We point out that
this latter task can be performed efficiently by using modern computational
geometry methods.

As in the 1-center problem on a graph, the solution approach is to find the
best local absolute k-centrum on each edge of the graph, and then select the
global absolute k-centrum as the best of the N local solutions.

In the preprocessing phase we compute the distances between all pairs of
nodes. This can be done in O(NM+M2 log M) time, Fredman and Tarjan [80].

Consider an edge of the graph. The edge will be viewed as a line segment.
In this case we have a collection of M “roof” functions, and we need the min-
imum point of the objective function defined as the sum of the k largest roof
functions in the collection (each such roof function represents the weighted
distance of a given node from the points on the edge, and it is the minimum
of 2 linear functions, defined on the edge, Kariv and Hakimi [118]). The ob-
jective function is piecewise linear, but it is not convex over the line segment
representing the edge. A naive approach to find an optimal point on the seg-
ment is to compute the O(M2) intersections points of the 2M linear functions,
and evaluate the objective function at each one of them. The effort will be
superquadratic in M . We show, how to improve upon this bound and obtain
a subquadratic algorithm.

Remark 9.1 It is clear that a minimum value of this objective is attained
at a breakpoint of the k-th largest function of the given collection of M roof
functions. Therefore, it will suffice to construct the piecewise linear k-th largest
function (a piecewise linear function defined on the real line is represented by
its sequence of breakpoints and their respective function values).

So now, we have that the main result of the section is the following:

Proposition 9.7 The single k-centrum on a graph can be found in O(NM
k1/3α(M/k) log2 M) time.
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Proof.
Agarwal et al. [1] present results on the complexity bound of the k-th largest
function of a collection of “segment” functions (a segment function is defined
over the real line. It is linear over some segment of its domain, and is -∞
elsewhere). This bound (combined with Dey [53]) is O(Mk1/3α(M/k)) (the
function α(M/k) is the inverse Ackermann function, which is a very slow
growing function of its argument. See Sharir and Agarwal [181]). This bound
is useful in our context, since each roof function can be represented by two
“segment” functions.

The k-th largest function of a collection of M segment functions can be
constructed in O(Mk1/3α(M/k) log2 M) time by the algorithm in Edelsbrun-
ner and Welzl [70], which generates the k-th largest function of a collection of
linear functions. As noticed above, the local k-centrum on an edge is a break-
point of the k-th largest function of the collection of the M roof functions
corresponding to that edge.

Therefore, with this approach the total time to find the global single k-
centrum will be O(NMk1/3α(M/k) log2 M) (this effort dominates the pre-
processing time). �

Finally we can state a similar result for the unweighted case:

Proposition 9.8 The unweighted single k-centrum can be found in O(NM
log M) time.

Proof.
In the unweighted case the slopes of each roof function are +1 and −1, and the
k-th largest function of the collection of the M roof functions corresponding
to a given edge, has O(M) breakpoints only (this follows from the fact that
the increasing (decreasing) part of a roof function can coincide with the piece-
wise linear k-th largest function on at most one interval connecting a pair of
adjacent breakpoints of the k-th largest function). We note that a k-th largest
function of an edge can be constructed in O(M log M) time. For the sake of
brevity we skip the details. The total time to find the global unweighted single
k-centrum is therefore O(NM log M) (this effort dominates the preprocessing
time). �

9.3 The General Single Facility Ordered Median
Problem on Networks

In this section we develop algorithms for models using the single facility or-
dered median function. We study the ordered median problem on several
metric spaces: networks with positive and negative node weights and tree net-
works. Moreover, we discuss also the problem defined on directed networks.
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Then, we present for the problem in general undirected and directed networks
O(NM2 log M) and O(NM log M) algorithms, respectively. For (undirected)
trees the induced bound is O(M3 log M). We show, how to improve this bound
to O(M log2 M) in the convex case. Further details on the material presented
in this section can be found in [117].

9.3.1 Finding the Single Facility Ordered Median of a General
Network

To introduce the algorithmic results we first recall some finite dominating sets
(FDS) for the OMP.

Theorem 8.1 proved that V ∪ EQ is an FDS for the ordered median prob-
lem with nonnegative weights. When some of the node weights are negative,
Theorem 8.1 may not hold. However, it is possible to extend the result so that
V ∪EQ∪NBN is a finite dominating set for the single facility ordered median
problem with general node weights (see 8.2 in Chapter 8).

We next show how to solve the ordered median problem on a general
network. We solve the problem independently on each one of the edges, in
O(M2 log M) time. Restricting ourselves to a given edge ei = [vs, vt], from
the above results we know that there exists a best point xi with respect to
the objective function, such that xi is either a node, an equilibrium point or a
negative bottleneck point. Hence, it is sufficient to calculate the objective at
the two nodes of ei, the set Ki of O(M2) equilibrium points, and the set Li

of O(M) negative bottleneck points on ei (note that if wj ≥ 0, j = 1, . . . , M ,
we can ignore the bottleneck points).

Generating the bottleneck and equilibrium points on ei

Let x denote a point on ei (for convenience x will also denote the distance
along ei, of the point from vs). For each vj ∈ V , dj(x) is a piecewise linear
concave function with at most one breakpoint (if the maximum of dj(vj) is
attained at an interior point, this is a bottleneck point). Assuming that all
internodal distances have already been computed, it clearly takes constant
time to construct dj(x) and the respective bottleneck point. If wj > 0, dj(x)
is concave and otherwise dj(x) is convex. To compute all the equilibrium
points on ei, we calculate in O(M2) total time the solutions to the equations
dj(x) = dk(x), where vj , vk ∈ V , vj �= vk. To conclude, in O(M2) total time
we identify the set L∗i of O(M) bottleneck points and the set Ki of O(M2)
equilibrium points. Let Ni = {vs, vt} ∪ L∗i ∪ Ki.

Computing the objective function at all points in Ni

First we sort in O(|Ni| log |Ni|) time the points in Ni. For any x in the
interior of the sub-edge connecting xq and xq+1, where xq, xq+1 are two con-
secutive elements in the sorted list of Ni, the order of {dj(x)}M

j=1 does not
change. In particular, the objective value at xq+1 can be obtained from the
objective value at xq in constant time. The first point in the sorted list
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is x = vs, and the objective value can be obtained in O(M log M) time.
Therefore, the time needed to compute the objective for all points in Ni is
O(M log M + |Ni| log |Ni|). To summarize the total effort needed to compute
a best solution on ei is

O(M2 + M log M + |Ni| log |Ni|) = O(M2 + |Ni| log |Ni|).

The time to find a single facility ordered median of a network is therefore
O(NM2 + NM2 log M) = O(NM2 log M).

The above complexity can be improved for some important special cases
discussed in the literature. For example, if wj ≥ 0 for all vj ∈ V , then we can
disregard the bottleneck points although this does not improve the complexity.
Moreover, if in addition λ1 ≥ λ2 ≥ . . . ≥ λM , then an optimal solution on ei is
attained either at vs or vt, [150]. The objective at each node can be computed
in O(M log M) and therefore, in this case, the optimal single facility ordered
median point is obtained in O(M2 log M) time.

The ordered median problem on a directed graph can be treated simi-
larly to the undirected case as the following analysis shows. Let GD = (V,E)
be a (strongly connected) directed graph. Following Handler and Mirchan-
dani [92], the weighted distance between a point x ∈ A(GD) and vj ∈ V
is given by d̄j(x) := wj(d(x, vj) + d(vj , x)). In addition, denote d̄(x) =:
(d̄1(x), . . . , d̄M (x)). The definitions of the other concepts carry over from the
undirected case.

The ordered median problem on a directed network can be written as

min
x∈A(GD)

fλ(x) :=
M∑

j=1

λj d̄(j)(x). (9.2)

First, we make some observations on the above distance functions.
Let e = [vi, vj ] ∈ e be an edge of the directed graph GD, directed from

vi to vj , and x a point in the interior of this edge. Then for a node vk ∈ V ,
the distance function d̄k(.) is constant on the interior (vi, vj) of the edge
[vi, vj ]. Moreover, if wk ≥ 0 (respectively wk < 0) then d̄k(vi), d̄k(vj) ≤ d̄k(x)
(respectively d̄k(vi), d̄k(vj) ≥ d̄k(x)) for all x ∈ (vi, vj). With this observation
we obtained a finite dominating set for this problem: The ordered median
problem on directed networks with nonnegative node weights always has an
optimal solution in the node-set V . If in addition λ1 > 0 and wi > 0, ∀i =
1, . . . , M , then any optimal solution is in V (see Theorem 8.3 in Chapter 8).

From the above results the case of nonnegative node weights can be solved
in O(M2 log M) time by evaluating the function at each node of the network.

The case with positive and negative weights can also be solved by evaluat-
ing at most O(N +M) = O(N) points in A(GD) (since for strongly connected
graphs N ≥ M). Indeed, since the functions d̄k(x) are constant in the interior
of an edge, we only need to evaluate the objective function at an arbitrary
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interior point xe of each edge e ∈ E. Based on the previous analysis, we can
solve the problem with positive and negative weights in O(NM log M) time.

We summarize the above results in the following Theorem.

Theorem 9.1 An ordered median of an undirected (directed) network can be
found in O(NM2 log M) (O(NM log M)) time. Moreover, if wj ≥ 0, for all
vj ∈ V , and in addition for the undirected case λ1 ≥ ... ≥ λM ≥ 0, then the
complexity bounds reduce to O(M2 log M).

9.3.2 Finding the Single Facility Ordered Median of a Tree

Throughout this section we will use the concept of convexity on trees as defined
in Dearing et al. [52]. Rodríguez-Chía et al. [177] showed that when wi ≥ 0,
for i = 1, ...,M , the ordered median function is convex on the plane with
respect to any metric generated by norms, if the λ-vector satisfies 0 ≤ λ1 ≤
λ2 ≤ . . . ≤ λM . In a previous chapter, Theorem 7.2 proves a similar result for
trees.

For trees the same discretization results as for general networks hold, with
the additional simplification that we have no bottleneck points on trees and
therefore, V ∪ EQ is a finite dominating set for the problem with arbitrary
weights.

From the analysis in the previous section (since N = M − 1) we can
conclude that a best solution on a tree can be found in O(M3 log M) time.
Improvements are possible for some important cases.

The Unweighted Case: wj = w for all vj ∈ V

In this case, each pair of distinct nodes, vj , vk contributes one equilibrium
point. Moreover, such a point is the midpoint of the path P [vj , vk], connecting
vj and vk. Thus,

∑
ei∈E |Ni| = O(M2). Let T (M) denote the total time needed

to find all the equilibrium points on the tree network. Then from the discussion
on a general network we can conclude that the total time needed to solve the
problem is O(T (M)+M2 log M+

∑
ei∈E |Ni| log |Ni|) = O(T (M)+M2 log M).

Next, we show that T (M) = O(M2 log M). More specifically, we show that
with the centroid decomposition approach, in O(log M) time we can locate
the equilibrium point defined by any pair of nodes {vi, vj}.

In the preprocessing phase we obtain, in O(M log M) total time a centroid
decomposition of the tree T , [136]. In a typical step of this process we are
given a subtree T ′ with q nodes, and we find, in O(q) time an unweighted
centroid, say v′, of T ′. We also compute in O(q) time the distances from v′ to
all nodes in T ′. v′ has the property that each one of the connected components
obtained from the removal of v′ from T ′, contains at most q

2 nodes.
Consider now a pair of nodes vi and vj and let α be a positive number sat-

isfying α ≤ d(vi, vj). The goal is to find a point x on the path P [vi, vj ] whose
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distance from vi is α (the equilibrium point is defined by α = d(vi, vj)/2).
We use the above centroid decomposition recursively. First, we consider the
centroid, say vk, of the original tree T . Suppose that vi is in a component
T ′ and vj is in a component T ′′. If T ′ = T ′′ we proceed recursively with T ′.
Otherwise, vk is on P [vi, vj ]. If d(vi, vk) ≥ α, x is in T ′. We proceed recur-
sively with T ′, where the goal now is to find a point on the path P [vi, vk],
whose distance from vi is α. If d(vi, vk) < α, x is in T ′′ and now recursively
we proceed with T ′′ looking for a point on P [vk, vj ], whose distance from vj

is d(vi, vj) − α. This process terminates after O(log M) steps, each consum-
ing constant effort. At the end we locate an edge containing the point x on
P [vi, vj ], whose distance from vi is exactly α. The point x is found in constant
time solving the linear equation di(x) = α.
A further improvement is possible, if we assume wj > 0 for all vj ∈ V and
λ1 ≥ λ2 ≥ . . . ≥ λM ≥ 0. From the previous section we know that in this case
it is sufficient to compute the objective function at the nodes only, since there
is an optimal solution which is a node. Then, we need to compute and sort,
for each node vj , the set of distances {wkd(vj , vk)}vk∈V . Provided that G is
a tree the total effort needed to obtain the M sorted lists of the distances is
O(M2), [188]. Therefore, in this case the problem is solvable in O(M2) time.

The Convex Case: wj ≥ 0 for all vj ∈ V, and 0 ≤ λ1 ≤ . . . ≤ λM

We first solve this case on a path graph in O(M log2 M) time. For a path
graph we assume that the nodes in V are points on the real line. Using the
convexity of the objective, we first apply a binary search on V , to identify
an edge (a pair of adjacent nodes), [vi, vi+1], containing the ordered median
x∗. Since it takes O(M log M) time to evaluate the objective at any point vj ,
the edge [vi, vi+1] is identified in O(M log2 M) time. Restricting ourselves to
this edge we note that for j = 1, . . . , M , wj |x − vj | is a linear function of the
parameter x.

To find the optimum, x∗, we use the general parametric procedure of
Megiddo [132] with the modification in Cole [43]. We only note that the master
program that we apply is the sorting of the M linear functions, {wj |x − vj |},
j = 1, ...,M (using x as the parameter). The test for determining the loca-
tion of a given point x′ w.r.t. x∗ is based on calculating the objective fλ(x)
and determining its one-sided derivatives at x′. This can clearly be done in
O(M log M) time. We now conclude that with the above test the parametric
approach in [132, 43] will find x∗ in O(M log2 M) time.

We now turn to the case of a general tree. As shown above, in this case
the objective function is convex on any path of the tree network. We will
use a binary search (based on centroid decomposition) to identify an edge
containing an optimal solution in O(log M) phases.

In the first phase of the algorithm we find in O(M) time an unweighted
centroid of the tree, say vk. Each one of the connected components obtained
by the removal of vk contains at most M

2 nodes. If vk is not an optimal
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ordered median, then due to the convexity of the objective, there is exactly one
component, say T j , such that any optimal solution is either in that component
or on the edge connecting the component to vk. We proceed to search in the
subtree induced by vk and T j . Since T j contains at most M

2 nodes, this search
process will have O(log M) phases, when at the end an edge containing an
optimal solution is identified. To locate the ordered median on an edge, we
use the above O(M log2 M) algorithm for path trees.

To evaluate the total complexity of the above algorithm, we now analyze
the effort spent in each one of the O(log M) phases. At each such iteration
a node (centroid) vk is given and the goal is to check the optimality of vk

and identify the (unique) direction of improvement if vk is not optimal. To
facilitate the discussion, let {vk(1), . . . vk(l)} be the set of neighbors of vk. To
test optimality, it is sufficient to check the signs of the derivatives of the
objective at vk in each one of the l directions (there is at most one negative
derivative).

We first compute and sort in O(M log M) time the multi-set {wjd(vj , vk)}
of weighted distances of all nodes of the tree from vk. Let Lk denote this
sorted list (we also assume that the weights {wi}i=1,...,M have already been
sorted in a list W ).

Suppose first, that all the elements in Lk are distinct. We refer to this
case as the nondegenerate case. Let σ denote the permutation of the nodes
corresponding to the ordering of Lk, i.e.,

wσ(1)d(vσ(1), vk) < ... < wσ(M)d(vσ(M), vk).

Then the derivative of the objective at vk in the direction of its neighbor
vk(t) is given by

−
∑

vσ(i)∈T k(t)

λiwσ(i) +
∑

vσ(i)∈V \T k(t)

λiwσ(i).

Equivalently, the derivative is equal to

M∑
i=1

λiwσ(i) − 2
∑

vσ(i)∈T k(t)

λiwσ(i).

It is therefore clear, that after the O(M log M) effort needed to find σ, we can
compute all l directional derivatives in O(M) time.

Next we consider the case where the elements in Lk are not distinct. As-
sume without loss of generality that wj > 0, for j = 1, ...,M . In this case we
partition the node set into equality classes, {U1, ..., Up}, such that for each
q = 1, ..., p, wjd(vj , vk) = cq for all vj ∈ Uq, and c1 < c2 < ... < cp. (Note
that c1 = 0 and vk ∈ U1.)

Consider an arbitrary perturbation where we add εj to the length of edge
ej , j = 1, ..., N . Let d′ denote the distance function on the perturbed tree
network. If ε is sufficiently small, all the elements in the set {wjd

′(vj , vk)}
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are distinct, and for each pair of nodes, vs, vt with vs ∈ Uq and vt ∈ Uq+1,
q = 1, ..., p − 1, wsd

′(vs, vk) < wtd
′(vt, vk). Therefore, as discussed above,

in O(M log M) time we can test whether vk is optimal with respect to the
perturbed problem, and if not find the (only) neighbor of vk, say vk(t), such
that the derivative in the direction of vk(t) is negative.

In the next lemma, we will prove that if vk is optimal for the perturbed
problem, it is also optimal for the original problem. Moreover, if vk is not op-
timal for the original problem and vi = vk(t) is a neighbor defining a (unique)
direction of improvement for the original problem, then it also defines the
(unique) improving direction for the perturbed problem.

This result will imply that in O(M log M) time we can test the optimality
of vk for the original problem, and identify an improving direction if vk is not
optimal.

Lemma 9.3 Let vi = vk(t) be a neighbor of vk, and let Ai and Ai(ε) denote
the derivatives of the objective fλ(x) at vk in the direction of vi for the original
and the perturbed problems respectively. Then Ai(ε) ≤ Ai.

Proof.
Because of the additivity property of directional derivatives it is sufficient to
prove the result for the case where V is partitioned into exactly two equality
classes, U1, U2, where U1 = {vk}, c1 = 0, and wjd(vj , vk) = c2 for all vj �= vk.

Consider an arbitrary neighbor vi = vk(t) of vk, and let T i be the com-
ponent of T , obtained by removing vk, which contains vi. Let ni denote
the number of nodes in T i. Let τ denote the permutation arranging the ni

nodes in T i in a non-increasing order of their weights, and the remaining
M − ni nodes in a non-decreasing order of their weights. We have vτ(t) ∈ T i,
t = 1, ..., ni, vτ(t) /∈ T i, t = ni + 1, ...,M , wτ(1) ≥ wτ(2) ≥ ... ≥ wτ(ni), and
wτ(ni+1) ≤ wτ(ni+2) ≤ ... ≤ wτ(M). Then, it is easy to verify that

Ai = −
ni∑

t=1

λtwτ(t) +
M∑

t=ni+1

λtwτ(t).

Next, to compute Ai(ε), consider the perturbed problem and the per-
mutation σ arranging the nodes in an increasing order of their distances
{wjd

′(vj , vk)}. Specifically, 0 = wkd′(vk, vk) = wσ(1)d
′(vσ(1), vk), and

wσ(1)d
′(vσ(1), vk) < ... < wσ(M)d

′(vσ(M), vk).

With the above notation it is easy to see that

Ai(ε) = −
∑

j|vσ(j)∈T i

λjwσ(j) +
∑

j|vσ(j) /∈T i

λjwσ(j).

We are now ready to prove that Ai(ε) ≤ Ai.
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We will successively bound Ai(ε) from above as follows: Suppose, that
there is an index j such that vσ(j) ∈ T i, and j > ni, i.e., there exists a node
vt ∈ T i such that in the expression defining Ai(ε), wt is multiplied by −λj

for some j > ni. Since |T i| = ni, there exists a node vs /∈ T i such that ws

is multiplied by λb for some index b ≤ ni, in this expression. Thus, from
b ≤ ni < j, we have λb ≤ λj , which in turn yields

−λjwt + λbws ≤ −λbwt + λjws.

The last inequality implies that if we swap ws and wt, multiplying the first by
λj and the second by −λb, we obtain an upper bound on Ai(ε). Applying this
argument successively and swapping pairs of nodes, as long as possible, we
conclude that there is a permutation σ′ of the nodes in V , such that each node
vσ′(j) ∈ T i is matched with −λj , for some 1 ≤ j ≤ ni, each node vσ′(j) /∈ T i

is matched with λj , for some ni < j ≤ M , and

Ai(ε) ≤ −
ni∑

j=1

λjwσ′(j) +
M∑

j=ni+1

λjwσ′(j).

Denote the right hand side of the last inequality by Bσ′
i (ε).

To conclude the proof, we consider the entire collection of all permutations
σ”, which assign every node in T i to a (unique) index 1 ≤ j ≤ ni, and every
node which is not in T i to a (unique) index ni < j ≤ M . For each such
permutation consider the respective expression

Bσ”
i (ε) = −

ni∑
j=1

λjwσ”(j) +
M∑

j=ni+1

λjwσ”(j).

From Theorem 368 in Hardy et al.[98], mentioned above, the maximum of the
above expression over all such permutations is achieved for the permutation τ ,
which arranges the ni nodes in T i in a non-increasing order of their weights,
and the remaining M − ni nodes not in T i in a non-decreasing order of their
weights. We note that this maximizing permutation is exactly the one defining
Ai. Therefore,

Ai(ε) ≤ Bσ′
i (ε) ≤ Bτ

i (ε) = Ai.

�

To summarize, to check the optimality of a node vk in the original problem,
we can use the following procedure:

Compute and sort the elements in the set {wjd(vj , vk)}. From the sorted
sequence define the equality classes {U1, ..., Up}. Arbitrarily select an ordering
(permutation) of the nodes in V , such that for any q = 1, ..., p − 1, and any
pair of nodes vj ∈ Uq, vt ∈ Uq+1, vj precedes vt. Let σ denote such a selected
permutation. The permutation defines a perturbed problem, which in turn cor-
responds to a nondegenerate case. Therefore, as noted above, in O(M log M)
time we can check whether vk is optimal for the perturbed problem. If vk is
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optimal for the perturbed problem, i.e., Ai(ε) ≥ 0 for each neighbor vi, by
the above lemma it is also optimal for the original problem. Otherwise, there
is a unique neighbor of vk, say vi = vk(t) such that the derivative of the per-
turbed problem at vk in the direction of vi is negative. From Lemma 9.3 to
test optimality of vk for the original problem, it is sufficient to check only the
sign of the derivative of the original problem at vk in the direction of vi. The
latter step can be done in O(M) time.

To conclude, the algorithm has O(log M) phases, where in each phase we
spend O(M log M) time to test the optimality of some node, and identify the
unique direction of improvement if the node is not optimal. At the end of
this process an edge of the given tree, which contains an optimal solution, is
identified. As explained above, the time needed to find an optimal solution on
an edge is O(M log2 M) time. Therefore, the total time to solve the problem
is O(M log2 M).

We note in passing that the above approach is applicable to the special
case of the k-centrum problem. Since testing optimality of a node for this
model will take only O(M) time, the total time for solving the k-centrum
problem will be O(M log M). This bound improves upon the complexity given
in Corollary 9.4 by a factor of O(log M).

The next theorem summarizes the complexity results for tree graphs we
have obtained above.

Theorem 9.2 An ordered median of an undirected tree can be computed in
O(M3 log M) time.

1. In the unweighted case, i.e., wj = w for all vj ∈ V , the time is
O(M2 log M). If, in addition, w > 0, and λ1 ≥ . . . ≥ λM ≥ 0, the time is
further reduced to O(M2).

2. If wj ≥ 0, for all vj ∈ V , and 0 ≤ λ1 ≤ . . . ≤ λM , the ordered median can
be found in O(M log2 M) time.
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The Multifacility Ordered Median Problem on
Networks

As we have seen in Chapter 8, there is no general FDS with polynomial car-
dinality which is valid for all instances of the ordered p-median problem on
networks. Of course, this fact does not contradict the existence of polynomial
size FDS for particular instances of OMP. This will be exactly the scope of
this chapter. We will consider instances of the multifacility ordered median
problem where a polynomial size FDS exists. Afterwards, our goal is to design
polynomial algorithms for these classes of the OMP.

The chapter is organized as follows. We start studying the multifacil-
ity k-centrum location problem. In the presentation we follow the results in
Tamir [187]. Then, in the following section we address the ordered p-median
problem with a special structure in the λ-modeling weights to present an al-
gorithm to find an optimal solution. Section 3 applies the characterization of
the FDS to develop a polynomial time algorithm for solving these problems
on tree networks. This polynomial time algorithm for trees is combined with
the general approximation algorithms of Bartal [14] and Charikar et al. [34] to
obtain an O(log M log log M) approximate solution for the p-facility ordered
median problem on general networks.

10.1 The Multifacility k-Centrum Problem

The p-facility k-centrum location problem on a graph G consists of finding a
subset Xp of A(G), |Xp| = p, minimizing

fλ̄(Xp) = rk(w1d(Xp, v1), ..., wnd(Xp, vn)) ,

where λ̄ = (0, (M−k). . . , 0, 1, (k). . ., 1), and rk(x) is the sum of the k largest entries
of x ∈ RM (recall that rk was defined in (1.15)).

In the node-restricted (discrete) version of the p-facility k-centrum problem
we also require Xp to be a subset of nodes. A minimizer of fλ̄(Xp) is called
an absolute k-centrum, and an optimal solution to the discrete problem is a
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discrete k-centrum. The unweighted p-facility k-centrum problem refers to the
case where wi = 1, i = 1, ...,M .

From the definition it follows that if k = 1 the above model reduces to the
classical p-center problem, and when k = M we obtain the classical p-median
problem.

Since the p-facility k-centrum problem generalizes both the p-median and
the p-center problems, it is NP-hard on general graphs. The recent papers by
Charikar et al. [36], Jain and Vazirani [110] and Charikar and Guha [35] pro-
vide constant-factor approximation algorithms for the p-median problem. At
this point it is not clear whether the techniques in [36, 110, 35] can be modified
to yield constant-factor algorithms for the p-facility k-centrum problem.

We next show that the problem is polynomially solvable on path and tree
graphs. We note that polynomial algorithms for k-centrum problems on tree
graphs can be used to approximate such problems on general graphs. The ear-
lier papers by Bartal [14] and Charikar et al. [34] presented O(log p log log p)
approximation algorithms for the p-median problem. These algorithms are
based on solving p-median problems on a family of trees (the general net-
work metric is approximated by the tree metrics). The basic approach yields
an O(log M log log M) approximation algorithm for the p-median model. The
same approach can be applied to the p-facility k-centrum model. Therefore,
polynomial time algorithms for the latter model on trees are useful in deriving
O(log M log log M) approximating solutions for k-centrum problems defined
on general graphs (the improved O(log p log log p) bound for the p-median
problem, reported in [14, 34] is derived by using a preprocessing stage to re-
duce the number of nodes to O(p). It is not yet clear whether this preprocessing
stage is also applicable for the p-facility k-centrum model).

To simplify the presentation, we first restrict our discussion to the discrete
models where the facilities must be located at nodes of the graph.

Also, we assume that the problem is nondegenerate. Specifically, if {vi, vj}
and {vs, vt} are two distinct pairs of nodes, then d(vi, vj) �= d(vs, vt) and
wid(vi, vj) �= wsd(vs, vt). We will later show how to resolve degenerate in-
stances.

We add a new parameter, R, to the above problem, and solve a modified
problem for each relevant value of this parameter. We look at the p-facility
k-centrum problem with service distance R, as the problem of minimizing the
sum of the k largest weighted distances, provided the k-th largest weighted
distance is at least R, and the (k + 1)-st weighted distance is smaller than R.
If there is no such solution, the objective value will be regarded as ∞. Note
that if R = 0, to get a finite value we must have k = |V |, and the problem
reduces to the p-median problem. (An O(pM) algorithm for the p-median
problem on a path appears in [99]. O(p2M2) and O(pM2) algorithms solving
the p-median problem on a tree are given in [119] and [185], respectively.)
Thus, we will assume that R > 0. Because of the nondegeneracy assumption,
the solution to the original problem is the best solution to the parameterized
version over all values of the parameter R.
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The Discrete p-Facility k-Centrum Problem on a Path

In the following we develop a dynamic programming approach for the discrete
case on a path.

We represent the path by its sorted set of M nodes V = {v1, ..., vM},
where vi+1 is adjacent to vi, i = 1, ...,M − 1. vi, i = 1, ...,M , is also viewed
as a real point, and thus, vi < vi+1, i = 1, ...,M − 1.

For each pair i < j, a radius R, and an integer q ≤ k, suppose that there are
facilities at vi and vj only, and define rq(i, j) to be the sum of the q largest
weighted distances of the nodes in the subpath [vi, vj ] to their respective
nearest facility. Also, define r′q(i, j, R) = rq(i, j) if the q-th largest weighted
distance is greater than or equal to R and the (q + 1)-st largest weighted
distance is smaller than R, and r′q(i, j, R) = ∞, otherwise. In particular,
with the nondegeneracy assumption, for each R there is a unique value of q,
q(i, j, R), such that r′q(i, j, R) is finite.

For each i, a radius R, an integer q ≤ k, and an integer s ≤ p, define
G(i, q, R, s) to be the minimum of the sum of the q largest weighted distances
of the nodes in the subpath [vi, vM ], to their respective nearest facilities,
provided that there are s facilities in the interval, (vi is one of them), the q-th
largest weighted distance is at least R, and the (q + 1)-st largest weighted
distance is smaller than R. Note that s ≤ p, s ≤ M − i + 1, q ≤ k, and
q ≤ M − i + 1. If there is no such solution with the q-th largest weighted
distance being at least R, and the (q + 1)-st largest distance being smaller
than R, define G(i, q, R, s) = ∞.

Suppose that R is a positive real number. We have the following recursion:

1. Let i = M . Then G(M, 0, R, s) = 0 and G(M, 1, R, s) = ∞.
2. Suppose i < M .
3. Let s = 1. G(i, q, R, 1) is equal to the sum of the q largest weighted

distances from vi, if the q-th largest weighted distance is at least R, and the
(q+1)-st largest weighted distance is less than R. Otherwise, G(i, q, R, 1) =
∞.

4. Let s ≥ 2. Then G(i, q, R, s) is finite only if

G(i, q, R, s) = min
{j:j>i,q(i,j,R)≤q}

{r′q(i, j, q(i, j, R), R)+G(j, q−q(i, j, R), R, s−1)}.

We assume without loss of generality, that an optimal solution to the
problem on a path has a facility at v1, otherwise, we can augment a node v0,
left of v1, with v1 − v0 = ∞, and increase the number of facilities by 1.

From the above recursion it follows that the total effort to solve the discrete
p-facility k-centrum problem with service radius r (i.e., compute G(1, k, R, p)),
is O(kpM2). The parameter R can be restricted to values in the set {wi|vi −
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vj | : i, j = 1, ...,M}. Therefore, assuming that all the terms rq(i, j) are already
available, the complexity of the above scheme to solve the discrete p-facility
k-centrum problem on a path is O(kpM4).

The preprocessing phase of computing the rq(i, j) functions is dominated
by the above bound. For each pair i < j, there are only O(M) distinct values
of rq(i, j) corresponding to the values R = wt(vt − vi) or R = wt(vj − vt)
for some t = i, i + 1, ..., j. Hence, there are only O(M3) distinct values of all
functions r′q(i, j, R).

For each pair i < j, the total time needed to compute the O(M) values
of rq(i, j) is O(M log M). Suppose, as above, that the nodes of the path are
points on the real line with vi < vi+1, for i = 1, ...,M − 1. We first sort the
O(M) elements in the set {min[wt(vt − vi), wt(vj − vt)] : t = i, i + 1, ..., j}. It
then takes O(M) additional time to compute rq(i, j), for all relevant values of
q. Thus, the total preprocessing time is O(M3 log M). In the unweighted case
we can avoid the sorting and the preprocessing phase takes only O(M3) time.

The Discrete p-Facility k-Centrum Problem on a Tree

Without loss of generality suppose that the given tree T = (V,E) is binary
and its root is v1, (see [122]). For each node vi in V , we let Vi denote the
subset of all nodes in V that are descendants of vi, i.e., vi is on the paths
connecting them to the root. In particular, for the root v1, V1 = V . A child of
a node vi is a descendant of vi, which is connected to vi by an edge.

We now describe a recursive algorithm to solve the discrete p-facility k-
centrum problem with service distance R, defined above. The algorithm is
a “bottom-up” scheme which starts at the leaves of the rooted tree, and re-
cursively computes solutions for subproblems corresponding to the subtrees
defined by the sets Vi.

For each set (vi, q, R, s : vj , vk), where vj ∈ Vi, vk ∈ V − Vi, we let
G(vi, q, R, s : vj , vk) be the minimum sum of the q largest weighted distances
of the nodes in Vi to their respective nearest centers, provided there are s
centers in Vi (with the closest to vi being vj), there is already at least one
center at V − Vi, (the closest such center is vk), the q-th largest weighted
distance is at least R, and the (q + 1)-st largest weighted distance is smaller
than R. Note that q ≤ |Vi|, q ≤ k, s ≤ |Vi|, and s ≤ p. (If s = 0, assume
that vj does not exist. By adding a super root, say v0, and connecting it to
the original root by an edge of infinite length, we may assume that there is a
center at v0 and therefore vk always exists.)

If there is no solution satisfying the requirements, we set the value of the
function G to be ∞. If q = 0, then G(vi, q, R, s : vj , vk) is finite (and is equal
to 0) only if there is a feasible solution with s centers such that the service
distances of all nodes in Vi are less than R.

To simplify the recursive equations, for each pair of reals, x, R, define
a(x, R) = 1 if x ≥ R, and a(x, R) = 0, otherwise.

We now define the function G(vi, q, R, s : vj , vk) recursively.
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1. Let vi be a leaf of the rooted tree.
Suppose that s = 0.
If wid(vi, vk) ≥ R, set G(vi, 1, R, 0 : −, vk) = wid(vi, vk), and G(vi, 0, R, 0 :
−, vk) = ∞. Otherwise, set G(vi, 1, R, 0 : −, vk) = ∞, and G(vi, 0, R, 0 :
−, vk) = 0.
Suppose that s = 1, (vj = vi).
Set G(vi, 1, R, 1 : vi,−) = ∞, and G(vi, 0, R, 1 : vi,−) = 0.

2. Let vi be a non leaf node, and let vi1 and vi2 be its two children.
Suppose that s = 0.
Let x = wid(vi, vk). If a(x, R) = 1 set G(vi, 0, R, 0 : −, vk) = ∞. Other-
wise, set

G(vi, 0, R, 0 : −, vk) = G(vi1, 0, R, 0 : −, vk) + G(vi2, 0, R, 0 : −, vk).

For q ≥ 1, set

G(vi, q, R, 0 : −, vk) = a(x, R)x + min
q1+q2=q−a(x,R)

|q1|≤|Vi1|
|q2|≤|Vi2|

{G(vi1, q1, R, 0 : −, vk)

+G(vi2, q2, R, 0 : −, vk)}.
Suppose that s ≥ 1.

3. If vj = vi, set
G(vi, q, R, s : vi,−) = B,

where

B = min
q1+q2=q

s1+s2=s−1
|q1|,|s1|≤|Vi1|
|q2|,|s2|≤|Vi2|

{ min
vt∈Vi1

G(vi1, q1, R, s1 : vt, vi)

+ min
vs∈Vi2

G(vi2, q2, R, s2 : vs, vi)}.

4. If vj �= vi, suppose without loss of generality that vj ∈ Vi2.
5. Suppose that d(vi, vj) < d(vi, vk). Define x = wid(vi, vj). If a(x, R) = 1,

and q = 0, set G(vi, 0, R, s : vj , vk) = ∞. Otherwise, set

G(vi, q, R, s : vj , vk) = a(x, R)x + B,

where

B = min
q1+q2=q−a(x,R)

s1+s2=s

|q1|,|s1|≤|Vi1|
|q2|,|s2|≤|Vi2|

|s2|≥1

{ min
vt∈Vi1

d(vt,vi)>d(vi,vj)

G(vi1, q1, R, s1 : vt, vj)

+G(vi2, q2, R, s2 : vj , vk)}.
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6. Suppose that d(vi, vk) < d(vi, vj).
Define x = wid(vi, vk). If a(x, R) = 1 and q = 0, set G(vi, 0, R, s : vj , vk) =
∞. Otherwise, set

G(vi, q, R, s : vj , vk) = a(x, R)x + B,

where

B = min
q1+q2=q−a(x,R)

s1+s2=s

|q1|,|s1|≤|Vi1|
|q2|,|s2|≤|Vi2|

|s2|≥1

{ min
vt∈Vi1

d(vt,vi)>d(vi,vj)

G(vi1, q1, R, s1 : vt, vk)

+G(vi2, q2, R, s2 : vj , vk)}.

To compute the complexity of the above scheme, note that for a fixed value
of R, the total time needed to (recursively) evaluate G(v1, k, R, p : vj ,−) for all
nodes vj in V = V1, (v1 is assumed to be the root of the tree), is O(k2p2M3).
(The optimal solution value to the respective p-facility k-centrum problem
with service distance R is then given by min{G(v1, k, R, p : vj ,−) : vj ∈ V }.)

A more careful analysis of the above scheme, using the results in Section 3
of [185], reveals that the complexity of computing min{G(v1, k, R, p : vj ,−) :
vj ∈ V } is O(kp2M3) if k ≥ p, and O(k2pM3) if k < p. Thus, the complexity
bound is only O((min(k, p))kpM3).

There are only O(M2) relevant values of the parameter R. These are the
elements of the set {wid(vi, vj) : i, j = 1, ...,M}. Therefore, the discrete p-
facility k-centrum model on a tree can be solved in O((min(k, p))kpM5) time.

We note that the above algorithm can easily be modified to solve the
generalized discrete model, where there are setup costs for the facilities and
the objective is to minimize the sum of the setup costs of the p facilities and
the k largest service distances. The complexity will be the same.

The above complexity is significantly higher than the results known for
some of the special cases. For the p-median problem (k = M), O(p2M2) and
O(pM2) algorithms are given in [119] and [185], respectively. For the p-center
problem (k = 1), an O(M log2 M) algorithm is presented in [134, 43].

Solving the Continuous Multifacility k-Centrum Problems on
Paths and Trees

It is well-known from Kariv and Hakimi [118] that there is an optimal solution
to the multifacility center problem on tree graphs, such that each facility is
located either at a node or at a point which is at equal weighted distances
from a pair of nodes. It can easily be shown that this result extends to the
multifacility k-centrum problem. (Note, however, that unlike the center prob-
lem, in the weighted case, the location point of a k-centrum which is at equal
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weighted distances from a pair of nodes, is not necessarily on the simple path
connecting this pair of nodes.)

Consider first the continuous multifacility k-centrum problem on a path.
In this case, for each pair of nodes with positive weights, there are at most 2
points on the path that are at equal weighted distances from the two nodes.
Therefore, we can discretise the problem and look at O(M2) potential sites
for the facilities.

A similar discretization argument applies to the tree case. For each pair
of nodes {vi, vj}, with wi �= wj , and each edge of a tree, there is at most one
point on the edge which is at equal weighted distances from the two nodes.
(If wi = wj , the pair {vi, vj} contributes only the middle point of the path
connecting them as a potential site for a k-centrum.) Therefore, there are
O(M3) potential sites for the facilities. In the unweighted case this number is
only O(M2).

Solving Degenerate Models

We have assumed above that the problems that we solve satisfy a nondegen-
eracy assumption on the set of distances. This assumption can be removed by
using a standard perturbation on the edge distances. Suppose that the edge
set E is defined by E = {e1, ..., eN}. If ε denotes a small positive infinitesimal,
we add the term εi to the length of edge ei, i = 1, ..., N . For all values of ε,
which are sufficiently small, the perturbed problem satisfies the nondegener-
acy assumption. Therefore, we can apply the above algorithms symbolically
to the perturbed problem, and obtain an optimal solution to the unperturbed
problem, defined by ε = 0.

10.2 The Ordered p-Median Problem with λs-Vector
λs = (a, M−s. . . , a, b, s. . ., b)

In this section we consider the p-facility OMP with a special configuration of
the λ-modeling weights: λs = (a, M−s. . . , a, b, s. . ., b). For this case, Theorem 8.5
shows that there is always an optimal solution so that one of the facilities
(e.g. xp) is a node or an equilibrium point. From the proof of the theorem it
follows that all other solution points are either nodes or pseudo-equilibria with
respect to the range of the equilibrium or one of the ranges of the node(s).
Hence, in order to solve this problem, we first compute the set of equilibria
EQ, then the ranges R and afterwards the r-extreme points for every r ∈ R.
The latter must be saved with a reference to r in a set PEQ[r]. Next, we choose
a candidate xp from the set V ∪ EQ. If xp ∈ EQij is an equilibrium of range
r = di(xp) = dj(xp), then the objective function value fλ(Xp−1 ∪ {xp}) is
determined for all p − 1 subsets Xp−1 = {x1, . . . , xp−1} of V ∪ PEQ[r].

If xp = vi is a node, then the set Rvi
is computed (see proof of The-

orem 8.5). Furthermore, for all subsets Xp−1 = {x1, . . . , xp−1} of V ∪
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{PEQ[r] | r ∈ Rvi
} the objective function value fλ(Xp−1 ∪ {xp}) must be de-

termined.
A summary of the steps required to find an optimal solution of this version

of the ordered p-median problem with λs ∈ RM
0+, 1 ≤ s ≤ M−1 is given below.

Algorithm 10.1: Computation of an optimal solution set X∗
p

Data : Network G = (V, E), distance-matrix D, p ≥ 2 and a vector
λs = (a, . . . , a, b, . . . , b), 1 ≤ s ≤ M − 1

Result : An optimal solution set X∗
p

Initialization1
Let X∗

p := ∅, res := +∞ ;
Compute EQ, then the set of ranges R and based on these sets determine for2
every r ∈ R the r-extreme points and save them with a reference to r in a set
PEQ[r];
for all EQ ∈ EQ do3

Let xp := EQ ∈ EQij and compute the range r of the equilibrium, i.e.
r := di(EQ) = dj(EQ);
for all Xp−1 = {x1, . . . , xp−1} ⊆ V ∪ PEQ[r] do

Compute fλ(Xp), where Xp := Xp−1 ∪ {xp} ;
if fλ(Xp) < res then X∗

p := {Xp}, res := fλ(X∗
p )

end
end
for all vi ∈ V do4

Let xp := vi and compute the set Rvi of all ranges of the node ;
for all Xp−1 = {x1, . . . , xp−1} ⊆ V ∪ {PEQ[r] | r ∈ Rvi} do

Compute fλ(Xp), where Xp := Xp−1 ∪ {xp} ;
if fλ(Xp) < res then X∗

p := {Xp}, res := fλ(X∗
p )

end
end
return X∗

p5

The above algorithm has complexity O(pNp−1Mp log M(K + Mp)). To
show this, observe that the computation of the set of equilibria EQ is possible
in O(N min[(M + K) log M,M2]) steps where K < M2 (see page 203). If we
integrate the computation of the range of an equilibrium and a node in the line-
sweep algorithm, then the complexity for obtaining the set R is O(K + M2),
where it is possible to compute PEQ in O(NM(K +M2)). In Step 3 and Step
4 we have to evaluate the objective function for a node or an equilibrium for
all subsets of size p− 1 of V ∪PEQ[r], respectively V ∪{PEQ[r] : r ∈ Rvi

}. In
the first case we have O(

(
M+MN

p−1

)
) = O((MN)p−1) and in the second case

O(
(

M+(M−1)MN
p−1

)
) = O((M2N)p−1), different subsets (|Rvi

| = M − 1). Since
the evaluation of the objective function takes O(pM log M) time (because it
is no longer possible to compute the ordered vectors d≤(Xp) a priori in the
line-sweep algorithm), we obtain for Step 3 and Step 4 the complexity
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O(pM log M(K(MN)p−1 + M(M2N)p−1)) = O(pNp−1Mp log M(K + Mp)) ,

which is the total complexity of the algorithm. It is clear, that these problems
are NP -hard because the p-median and p-center problems are particular in-
stances. Due to this reason we may have to apply approximation algorithms
in order to solve the problem.

In the next section we show how to solve the ordered p-median problem
with special λ-modeling weights on tree graphs in polynomial time. This devel-
opment is important because it can be applied to approximate such problems
in general graphs. In Bartal [14] and Charikar et al. [34], O(log M log log M)
approximation algorithms are given for the p-median problem. These algo-
rithms are based on solving p-median problems on a family of trees. (The gen-
eral network metric is approximated by the tree metrics.) The same approach
can be applied to the ordered p-median problem with λ-modeling weights.
Therefore, polynomial time algorithms for solving that problem on trees are
useful to derive O(log M log log M) approximating solutions for ordered p-
median problems on general networks.

10.3 A Polynomial Algorithm for the Ordered p-Median
Problem on Tree Networks with λs-Vector,
λs = (a, M−s. . . , a, b, s. . ., b)

In the following we solve the ordered p-median problem with at most two
values of λ-weights (λs = (a, M−s. . . , a, b, s. . ., b)) in polynomial time on a tree.
In order to do that, we follow the presentation in [116]. Assume that we are
given a tree T with |V | = M .

Using the discretization result in Theorem 8.5, it is clear that the optimal
ordered p-median set can be restricted w.l.o.g. to the set Y = PEQ.

Once we restrict to trees, the set Y is of cardinality O(M4) (notice that
|E| = M −1). Computing and augmenting these points into the node set of T
has complexity O(M4) by the procedure in Kim et al. [122]. Let T a denote the
augmented tree with the node set Y . Each point in Y is called a semi-node.
In particular, a node in V is also a semi-node.

Suppose now that the given tree T = (V,E), |V | = M and |E| = M − 1,
is rooted at some distinguished node, say, v1. For each pair of nodes vi, vj ,
recall that we say that vi is a descendant of vj if vj is on the unique path
connecting vi to the root v1. If vi is a descendant of vj and vi is connected to
vj with an edge, then vi is a child of vj and vj is the (unique) father of vi. If
a node has no children, it is called a leaf of the tree.

As shown in [116], we can now assume w.l.o.g. that the original tree is
binary, where each non-leaf node vj has exactly two children, vj(1) and vj(2).
The former is called the left child , and the latter is the right child . For each
node vj , Vj will denote the set of its descendants.
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Once the tree T a has been obtained, a second preprocessing phase is per-
formed. For each node vj we compute and sort the distances from vj to all
semi-nodes in T a. Let this sequence be denoted by Lj = {t1j , ..., tmj }, where
tij ≤ ti+1

j , i = 1, ...,m − 1, and t1j = 0. We can assume w.l.o.g. that there is a
one to one correspondence between the elements in Lj and the semi-nodes in
Y (Tamir et al. [190]). The semi-node corresponding to tij is denoted by yi

j ,
i = 1, ...,m.

We note that the total computational effort of this phase is O(M6) and
can be achieved by using the centroid decomposition approach as in [122], or
the procedure described in [185]. For each node vj , an integer q = 0, 1, ..., p,
tij ∈ Lj , an integer l = 0, 1, . . . , s, and c being a weighted distance from any
node to a semi-node, let G(vj , q, t

i
j , l, c) be the optimal value of the subproblem

defined on the subtree Tj , given that a total of at least one and at most q semi-
nodes (service centers) can be selected in Tj . Moreover, we assume that at least
one of them is located in {y1

j , . . . , yi
j} ∩ Yj , exactly l vertices are associated

to b λ-weights, and that the minimal distance allowed for an element with a
b λ-weight is c (in the above subproblem we implicitly assume no interaction
between the semi-nodes in Tj , and the rest of the semi-nodes in T ). The
function G(vj , q, t, l, c) is computed only for q ≤ |Vj |, where Vj is the node
set of Tj , l ≤ min(s, |Vj |) (notice that a larger l would not be possible) and
if l > 0 then c ≤ max{wkd(vk, y)|vk ∈ Vj and y ∈ Yj}. Also, for each node vj

we define
G(vj , 0, t, 0, c) = +∞.

Analogously, G(vj , q, t, l, c) = +∞ for any combination of parameters that
leads to an infeasible configuration.

Similarly, for each node vj , an integer q = 0, 1, ..., p, tj ∈ Lj , an integer
l = 0, 1, 2 . . . , s, and c being a weighted distance from any node to a semi-
node, we define F (vj , q, tj , l, c) as the optimal value of the subproblem defined
in Tj satisfying the following conditions:

1. a total of q service centers can be located in Tj ;
2. there are already some selected semi-nodes in Y \Yj and the closest among

them to vj is at a distance tj ;
3. there are exactly l ≤ min{|Vj |, s} vertices with b λ-weight in Tj , and
4. c is the minimal weighted distance allowed for a weighted distance with a

b λ-weight.

Obviously, the function F is only computed for those tij that correspond
to yi

j ∈ Y \ Yj .
The algorithm computes the function G and F at all the leaves of T ,

and then recursively, proceeding from the leaves to the root, computes these
functions at all nodes of T . The optimal value of the problem will be given by

min
c

G(v1, p, tm1 , s, c),

where v1 is the root of the tree.
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Define

fj(t, l, c) =

⎧⎨⎩ at if t < c
bt if t ≥ c and l < s

+∞ if t ≥ c and (l = s or l = 0)

and

gj(t, l, c) =

⎧⎨⎩ at if t < c
bt if t ≥ c and l > 0

+∞ if t ≥ c and l = 0.

Let vj be a leaf of T . Then,

G(vj , 0, tij , 0, c) = +∞, i = 1, 2, . . . , m, c �= 0
G(vj , 1, t1j , 0, c) = 0, c �= 0,

G(vj , 1, tij , l, c) = +∞ otherwise.

For each i = 1, . . . , m such that yi
j ∈ Y \ Yj

F (vj , 0, tij , 0, c) =
{

atij if tij < c
+∞ if tij ≥ c

F (vj , 0, tij , 1, c) =
{

btij if tij ≥ c
+∞ if tij < c

F (vj , 1, tij , 0, c) = 0
F (vj , 1, tij , 1, c) = +∞.

Let vj be a non-leaf node in V , and let vj(1) and vj(2) be its left and right
children, respectively. The element t1j corresponds to vj . In addition, it corre-
sponds to a pair of elements say tkj(1) ∈ Lj(1) and thj(2) ∈ Lj(2), respectively.
Then,

G(vj , q, t
1
j , l, c) = min

{
min

q1 + q2 = (q − 1)+

l1 + l2 = l

{F (vj(1), q1, t
k
j(1), l1, c) + F (vj(2), q2, t

h
j(2), l2, c)};

min
q1 + q2 = (q − 2)+

l1 + l2 = l

yi
j(1) ∈ (vj(1), vj)

{F (vj(1), q1, t
i
j(1), l1, c) + F (vj(2), q2, t

h
j(2), l2, c)};

min
q1 + q2 = (q − 2)+

l1 + l2 = l

yi
j(2) ∈ (vj(2), vj)

{F (vj(1), q1, t
k
j(1), l1, c) + F (vj(2), q2, t

i
j(2), l2, c)}

}
,

where for any number a, we denote by a+ = max(0, a).
For i = 2, . . . , m consider tij . If yi

j ∈ Y \ Yj then

G(vj , q, t
i
j , l, c) = G(vj , q, t

i−1
j , l, c).
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If yi
j ∈ Yj(1), then it corresponds to tkj(1) ∈ Lj(1) and to thj(2) ∈ Lj(2). If

yi
j ∈ Yj(1) we can compute G in the following way:

G(vj , q, t
i
j , l, c) = min

{
G(vj , q, t

i−1
j , l, c), gj(tij , l, c)

+ min
q1 + q2 = q

1 ≤ q1 ≤ |Vj(1)|
q2 ≤ |Vj(2)|

l1 + l2 =

{
l if ti

j < c

(l− 1)+ if ti
j ≥ c

li ≤ min{l, |Vj(i)|}, i = 1, 2

{G(vj(1), q1, t
k
j(1), l1, c)

+F (vj(2), q2, t
k
j(2), l2, c)}

}
.

If yi
j ∈ (vj , vj(1)) and yi

j �= vj(1), then

G(vj , q, t
i
j , l, c) = min

{
G(vj , q, t

i−1
j , l, c), gj(tij , l, c)

+ min
q1 + q2 = q − 1
1 ≤ q1 ≤ |Vj(1)|

q2 ≤ |Vj(2)|
l1 + l2 =

{
l if ti

j < c

(l− 1)+ if ti
j ≥ c

li ≤ min{l, |Vj(i)|}, i = 1, 2

{F (vj(1), q1, t
k
j(1), l1, c)

+F (vj(2), q2, t
k
j(2), l2, c)}

}
.

Analogue formulas can be derived for yi
j ∈ Yj(2) with the obvious changes.

Once the function G is obtained, we compute the function F . Let yi
j be a

semi-node in Y \ Yj . Thus, yi
j corresponds to some elements, say tkj(1) ∈ Lj(1)

and thj(2) ∈ Lj(2). Therefore,

F (vj , q, t
i
j , l, c) = min

{
G(vj , q, t

i
j , l, c), fj(tij , l, c)

+ min
q1 + q2 = q
q1 ≤ |Vj(1)|
q2 ≤ |Vj(2)|

l1 + l2 =

{
l if ti

j < c

(l− 1)+ if ti
j ≥ c

li ≤ min{l, |Vj(i)|}, i = 1, 2

{F (vj(1), q1, t
k
j(1), l1, c)

+F (vj(2), q2, t
k
j(2), l2, c)}

}
.

Complexity.
It is clear that the complexity required to evaluate the functions G and F de-
pends on the cardinality of the FDS for this problem. If a ≥ b then V is a FDS
with cardinality O(M), see Theorem 8.4, else if a < b then PEQ is a FDS with
cardinality O(M4). Therefore, it follows directly from the recursive equations
that the effort to compute the function G at a given node vj , for all relevant
values of q, t, l and c is O(p2Ms2M2) in case a ≥ b, and O(p2(M4)s2M(M4))
if a < b. Therefore, the overall complexity of the algorithm is clearly
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O(p2s2M3) if a ≥ b

O(M(psM4)2) if a < b.

However, it is easy to verify that the analysis in [185] can also be applied
to the above model to improve the complexity to{

O(ps2M3) if a ≥ b
O(pM(sM4)2) if a < b.

It is also worth noting that for a < b and s = 1 the algorithm reduces to the one
given in [190] and the complexity is O(pM6). Moreover, if s = 0 the problem
reduces to the p-median problem and the complexity is O(pM2) by the algo-
rithm in [185]. Compared with the complexity O((min(k, p))kpM5) obtained
for the algorithm for the p-facility k-centrum presented in Section 10.1, the
results in this section are similar. Note that for the continuous k-centrum, the
number of possible candidates is O(M3) instead of O(M) and therefore, the
overall complexity is at least O((min(k, p))kpM8).

Since it is already known that the complexity for the p-centdian is O(pM6)
(see [190]), the complexity of the algorithms in this chapter for the more
general ordered p-median problems are competitive.



11

Multicriteria Ordered Median Problems on
Networks

11.1 Introduction

In previous chapters of Part III we have considered location problems on
networks with a single objective function. In this chapter we deal with a
different approach to the ordered median problem. Here, we assume that the
network is multiobjective in the sense that each edge has associated several
lengths or cost functions. These lengths may represent the time needed to
cross the edge, the travel cost, the environmental impact, etc. Moreover, we
allow multiple weights for the nodes, expressing demands with respect to the
different edge lengths or for different products. Our goal is to locate a new
facility that considers simultaneously all these criteria using ordered median
functions. Usually, these cost functions are opposed, so that decreasing one
of them leads to increase some of the others. Therefore, in the multiobjective
problem the sense given to optimize must be reconsidered. Among the different
(alternative) solution concepts for this kind of problem, we concentrate on
finding a particular type of solution set: the set of Pareto optimal or non-
dominated solutions.

Scanning the literature of location analysis one can find several references
of multiobjective problems on networks. There are excellent research papers
dealing with the multiobjective location problem. In particular, [89] and [88]
develop efficient algorithms for multiobjective minisum and minisum-minimax
problems. The reader interested in an exhaustive review is referred to [152].
In the case of tree networks more is known. Oudjit [156] studied the multi-
objective 1-median problem on trees. He proved that the entire set of non-
dominated 1-median points of the problem, in the considered tree, is the sub-
tree spanned by the union of all the minimum paths between all the pairs of
1-median solutions for each objective function. In fact, this property extends
to any problem with convex objective functions. This condition is not true for
general networks, as it was proved by Colebrook [44] who has also developed
an algorithm to obtain the set of efficient points for the multiobjective median
and the multiobjective cent-dian problems in general networks. The OMP on
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networks with multiple objectives was first introduced by Kalcsics [115]. He
showed, how to extend the results in [89] for the classical median problem to
the OMP. However, no detailed algorithmic analysis was given.

In order to describe the problem, we assume that we are given a connected
and non-directed network G = (V,E), where V is the set of vertices and E
is the set of edges. Each edge has associated a vector (l1e , l

2
e , . . . , l

Q
e ) of Q

components that represents Q different distance or cost functions, one per
criterion. We denote by lre the length of edge e under the r-th criterion, and
dr(vi, vj) is the shortest path distance from vi to vj under the r-th criterion
(recall that we denote the set of all the points of the graph G by A(G)).
We will refer to interior points of an edge e through the parameter t ∈ [0, 1]
that gives the point in the parametrization, t × lre, with respect to one of
the extreme points of e. Analogously, we will refer to edges and subedges as
segments defined by the corresponding interval of the parameter t.

In addition, for each node in V we define the following weight functions:

w : V �→ RQ

vi ∈ V �→ w(vi) = wi = (w1
i , w2

i , . . . , wQ
i ).

For each λ, the weight function together with the lengths, induce Q ordered
median functions defined as:

fr
λr (x) =

M∑
i=1

λid
r
(i)(x) r = 1, . . . , Q ,

where
dr
(i)(x) = wr

(i)d
r
(i)(x, vi).

Finally, for a given vector λ = (λ1, . . . , λQ), such that λi = (λi
1, . . . , λ

i
M ),

for i = 1, . . . , Q, let fλ(x) = (f1
λ1(x), f2

λ2(x), . . . , fQ
λQ(x)) ∈ RQ. The problem

that we deal with throughout this chapter is to find the entire set of points
xom ∈ A(G) such that

fλ(xom) ∈ OMmulti(λ) := v − min
x∈A(G)

fλ(x).

This problem must be understood as searching for the Pareto or non-
dominated solutions. For the sake of completeness, we recall the concept of
domination which induces the efficient solutions of a multicriteria problem.
Let g = (g1, g2, . . . , gQ) and h = (h1, h2, . . . , hQ) be two vectors in RQ. g is
said to dominate h, denoted as g ≺ h if and only if gi ≤ hi, ∀i and gj < hj

for at least one j = 1, . . . , Q.
This domination structure is applied to the problem in the following way.

Let U = {(f1
λ(x), f2

λ(x), . . . , fQ
λ (x)) : ∀x ∈ A(G)} be the range of values of

fλ on G. A vector g ∈ U is non-dominated or Pareto-optimal if � ∃h ∈ U such
that h ≺ g. The set of all non-dominated vectors is denoted by OMmulti(λ).
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Based on the set U , we define the set L = {x ∈ A(G) : (f1
λ(x), f2

λ(x), . . . ,
fQ

λ (x)) ∈ OMmulti(λ)}}. A point x ∈ L is called non-dominated or efficient.
Our goal in this chapter is to find the set OMmulti(λ) and thus, the set of
efficient location points L on A(G).

11.2 Examples and Remarks

The structure of the solution set of the multicriteria ordered median problem
(MOMP from now on) can be rather unexpected and of course differs from
the structure of the set of ordered median solutions. In order to gain insights
into the problem, we present several examples of MOMP.

Example 11.1
Consider the network in Figure 11.1, with two lengths per edge and node-
weights equal to one:

v1

v2 v3

(1, 4) (2, 3)

(6, 1)

Fig. 11.1. The graph of Example 11.1

We want to solve the MOMP with λ = ((0, 1, 1), (0, 1, 1)), i.e., the 2-
centrum bicriteria problem. First, we look for the optimal solutions of the 2
single objective problems induced by the two distances defined on the edges.
Applying the results of previous chapters we find the optimal solution sets.

The optimal solutions for the first problem are given by the union of two
subedges: ([v1, v2], (0, 0.5)) ∪ ([v1, v3], (0, 0.5)). For the second problem, the
optimal solution set is again the union of two subedges: ([v1, v3], (0.5, 1)) ∪
([v2, v3], (0.5, 1)).

Let a1 = ([v1, v2], 0.5), a2 = ([v2, v3], 0.5) and a3 = ([v1, v3], 0.5). The
objective values of the vertices v1 and v3 are (3, 7) and (8, 4), respectively;
and the objective values of a1 and a2 are (3, 5) and (7, 4), respectively. In this
example, a3 minimizes both objective functions simultaneously. Hence, this is
the unique non-dominated solution.

The example shows several interesting facts.

1. Some optimal solutions of the single objective problems are not efficient
for the multiobjective problem.
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2. We also observe that the efficient set for the multiobjective problem is
smaller than the optimal solution sets of the single objective problems.
This is somehow surprising since usually the efficient points are large sets.

Example 11.2
Let us now consider the graph depicted in Figure 11.2 with node-weights equal
to one. In this example we want to solve the MOMP for λ = ((0, 0, 0, 1, 1),
(0, 0, 0, 1, 1)). This choice of λ parameters amounts to consider the 2-centrum
bicriteria problem.

The optimal solutions with respect to the single objective problem, us-
ing the first distance induced in the graph, is the entire edge [v4, v5]. The
solution of the second problem is the union of the following two subedges:
([v3, v4], (0.75, 1)) ∪ ([v4, v5], (0, 0.875)).

v1

v5

v4 v3

v2

(3, 5)
(4, 6)

(2, 4)

(1, 2)

(1, 3)

Fig. 11.2. The graph of Example 11.2

In this example, the intersection of the 2 solution sets for the single objec-
tive problems is the segment, ([v4, v5], (0, 0.875)) which is the solution set for
the two-objective problem as it minimizes both criteria simultaneously.

Example 11.3
Consider the network described in Figure 11.3. In this case we present a
different situation.
Take the following node-weight vectors for the 2 criteria: w1 = (1, 2, 1, 2, 2, 1)
and w2 = (2, 1, 2, 2, 2, 1).

We want to solve the 2-centrum bicriteria problem on the network of Fig-
ure 11.3 with λ = ((0, 0, 0, 0, 1, 1), (0, 0, 0, 0, 1, 1)). The optimal solutions for
the first single objective problem are the union of following two subedges:
S1 = ([v4, v6], (0.833, 1)) ∪ ([v5, v6], (0.667, 1)). Analogously, the optimal solu-
tions for the second single objective problem are: S2 = ([v3, v4], (0, 0.333)) ∪
([v3, v5], (0, 0.167)).

In this example the sets of optimal solutions of the single objective prob-
lems have empty intersection, so there are no points minimizing both criteria
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v3

v1

v5

v4

v2

v6

(3,3)

(1,1)

(3,3)

(1,1)

(3,3)

(3,3)

(1,1)

(2,2)(2,2)

Fig. 11.3. The graph of Example 11.3

simultaneously. To identify the set of efficient (non-dominated) solutions, we
use a domination argument.

Let c1 = ([v3, v4], 0.333), c2 = ([v3, v5], 0.167), c3 = ([v5, v6], 0.667) and
c4 = ([v4, v6], 0.833). The points c1 and c2 have objective value (14, 10) and
(13.33, 10), respectively, while the node v3 has an objective value of (12, 10).
Hence, c1 and c2 are dominated by v3. It can be checked that v3 also dominates
all the optimal solutions of the first single objective problem.

On the other hand, c3 and c4 have objective values (10, 14) and (10, 13.33),
respectively; while the node v6 has an objective value of (10,12). The reader
can check that v6 also dominates all the points in the solution set for the
second single objective problem.

If there would exist an efficient point outside of the two sets S1 and S2,
it should have the objective values with respect to both criteria less than or
equal to 12. It is straightforward to check that this situation cannot happen
in any edge of the graph, apart from the above mentioned solution sets of the
single objective problems.

11.3 The Algorithm

This section presents a procedure to find the entire set of efficient points
of the multiobjective ordered median location problem on networks. In our
presentation we extend the approach in [44] which was proven to be valid for
the multicriteria p-median and p-centdian problems.

We first observe that on an edge e ∈ E the ordered median function fq
λ,

for 1 ≤ q ≤ Q is neither concave nor convex. Therefore, to have an useful
representation of these functions, we resort to split them according to their
breakpoints (Bottleneck and equilibrium points.)

Using the linear representation of all the ordered median functions within
the identified subedges, in the Algorithm 11.1, we present the computation of
the set of non-dominated points and non-dominated segments. The algorithm
computes edge by edge all the locally non-dominated points and segments.
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Once these tasks are performed, the locally efficient solutions must be com-
pared to discard those that are globally dominated. These tasks are done using
specific procedures that are described in algorithms 11.2, 11.3 and 11.6.

Algorithm 11.1: Computation of PND and SND for the MOMP

Data : Network N=(V,E), distance-matrix D, parameters Q, λ.
Result: Set of non-dominated points PND and set of non-dominated

segments SND.
Initialization;1

Let P := ∅ be the set of candidate points to be non-dominated;
Let S := ∅ be the set of candidate segments to be non-dominated;
for all edges e := (vs, vt) ∈ E do2

Calculate b1, b2, . . . , bj the breakpoints (equilibrium points) of the
Q ordered median functions;
Sort these points in increasing order with respect to the first length;
Let vs = x0, x1, x2, . . . , xj , xj+1 = vt be the sorted sequence of these
points including the endnodes;
for i := 0 to j do

Let [xi, xi+1] be a segment of edge e ;
for q := 1 to Q do

Compute fr
λ(x);

end
Let fλ(x) = (f1

λ(x), f2
λ(x), . . . fQ

λ (x)) ;
if fλ(xi) ≺ fλ(xi+1), then

P := P ∪ {xi}
else

if fλ(xi+1) ≺ fλ(xi), then
P := P ∪ {xi+1}

else
P := P ∪ {xi} ∪ {xi+1} and S := S ∪ {[xi, xi+1]}

end
end

end
end
Compare the points in P using Algorithm 11.2 and include in PND the3

non-dominated points ;
Compare the segments in S using Algorithm 11.6 and include in SND4

non-dominated segments;
Compare the elements in PND and SND using Algorithm 11.3,5

removing from the corresponding sets the dominated elements ;
return PND and SND.6

On each edge, the complexity of Algorithm 11.1 can be calculated in the
following way. The process of splitting and finding the expression of the Q
ordered median functions according to their breakpoints is done in at most
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O(QM2 log M) steps since there are at most O(M2) breakpoints on each of the
Q functions. The number of segments and points generated for all the edges is
O(NM2Q). Comparing pairwise all these elements takes O(N2M4Q2) steps
and each comparison step takes O(Q) time. Thus, the multicriteria ordered
median algorithm runs in O(N2M4Q3 +QNM3 log M) = O(N2M4Q3) time.

11.4 Point Comparison

Algorithm 11.1 presented above refers to three additional procedures to com-
pare points, segments as well as points and segments. In this section we present
the point-to-point and the point-to-segment comparison. The point compar-
ison is a very intuitive algorithm that consists of just a pairwise comparison
to determine the non-dominated points.

Algorithm 11.2: Point-to-point comparison to compute the non-dominated
points

Data : Set P .
Result : Set of non-dominated points, PND.
Initialization;1
Let {x1, x2, . . . , xp} be the points belonging to P , and PND the set of
non-dominated points ;
PND = ∅;
for i := 1 to p do2

Let xi be a point in P ;
if � ∃xj ∈ PND : xj ≺ xi then

PND := PND ∪ {xi}
end
if ∃xk ∈ PND : xi ≺ xk then

PND := PND\{xk}
end

end
return PND.3

The second task that we describe in this section is the procedure to com-
pare points and segments. Algorithm 11.3 is specifically designed to perform
this comparison. To simplify the presentation of this algorithm we define the
dominance relationship between a point and a segment.

Definition 11.1 Let X = [x0, x1] be an interval. We say that a point z dom-
inates X (at least a part of X) (z ≺ X) if we can find two points x′0 and x′1,
with x0 ≤ x′0, x1 ≥ x′1 and x′0 ≤ x′1 such that, for every x ∈ [x′0, x

′
1] ⊂ X,

z ≺ x.
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Algorithm 11.3: Point-to-segment comparison
Data : Set P , Set S.
Result : Set of non-dominated points, PND, Set of non-dominated segments,

SND.
Initialization;1
PND := P , SND := S;
for all points z ∈ PND do2

for all segments X := [x0, x1] ∈ SND do
if z ≺ X then

Let [xmin, xmax] ⊂ X be the interval dominated by point z;
X := X\[xmin, xmax]

end
if X ≺ z then

PND := PND\{z}
end

end
end
return PND and SND.3

11.5 Segment Comparison

The segment-to-segment comparison is also needed to calculate the set of
efficient points. In order to describe such a process, we recall some important
facts. First, within a segment, the ordered median function may not have
a unique linear representation. To avoid this inconvenience, we break the
segment into smaller subsegments where the objective function is linear.

Let us consider the segment [xi, xi+1]. We divide it in such a way that
each of the Q single objective functions we work with, is linear within its new
subintervals. To do this, we order all the breakpoints of the Q objective func-
tions, bj , bk, . . . , bp, with respect to the first objective to get a collection of
subintervals [xi, bj ] ∪ [bj , bk] ∪ · · · ∪ [bp, xi+1] in which the objective functions
have a linear representation. Notice that this is always possible just consid-
ering consecutive equilibrium and bottleneck points. Let S denote the set of
candidate segments to be non dominated. By construction, each function fr

λ,
for all r = 1, . . . , Q has a unique linear representation within each segment in
S.

To facilitate the description of the algorithm we introduce the dominance
relationship between segments.

Definition 11.2 Let X = [x0, x1], Y = [y0, y1] be two intervals. We say that
X dominates Y (X ≺ Y ) if we can find four points x′0, x

′
1, y

′
0, y

′
1, with x0 ≤ x′0,

x1 ≥ x′1 and x′0 ≤ x′1 and y0 ≤ y′0, y1 ≥ y′1 and y′0 ≤ y′1 such that, for every
x ∈ [x′0, x

′
1] ⊆ X, and every y ∈ [y′0, y

′
1] ⊆ Y we have that x ≺ y.
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Let X = [x0, x1] and Y = [y0, y1] be two segments of the set S. Let x ∈ X
and y ∈ Y be two inner points, then the Q objective functions have the
following expressions:

fr
λ,X(x) = fr

λ,X(x0) + mr
X(x − x0),∀r = 1, . . . Q,

fr
λ,Y (y) = fr

λ,Y (y0) + mr
Y (y − y0),∀r = 1, . . . Q.

Now, if segment X dominates segment Y (X ≺ Y ), then, the following
inequalities have to be satisfied for some x ∈ X and some y ∈ Y :

fr
λ,X(x) ≤ fr

λ,Y (y), r = 1, . . . , Q
⇓

fr
λ,X(x0) + mr

X(x − x0) ≤ fr
λ,Y (y0) + mr

Y (y − y0), for r = 1, . . . , Q.

This implies that

y ≥ fr
λ,X(x0) − fr

λ,Y (y0) − mr
Xx0 + mr

Y y0

mr
Y

+
mr

X

mr
Y

x for some x ∈ X, y ∈ Y.

(11.1)
Now, let

pr =
fr

λ,X(x0) − fr
λ,Y (y0) − mr

Xx0 + mr
Y y0

mr
Y

and qr =
mr

X

mr
Y

, r = 1, . . . , Q.

Then, Equation (11.1) can be rewritten as y ≥ pr + qrx, x ∈ X, y ∈ Y .
Using this representation, we classify the different types of inequalities that
can appear according to the values of mr

X , qr, pr and mr
Y . The classification

gives rise to eight different types of inequalities.

a y ≤ pr + qrx with qr > 0.
b y ≥ pr + qrx with qr > 0.
c y ≤ pr + qrx with qr < 0.
d y ≥ pr + qrx with qr < 0.
e y ≤ pr with mr

X = 0 and then qr = 0.
f y ≥ pr with mr

X = 0 and then qr = 0.

g y ≤ ur with mr
y = 0 and then ur =

fr
λ,X(x0)−fr

λ,Y (y0)−mr
Xx0

mr
X

.

h y ≥ ur with mr
y = 0 and then ur =

fr
λ,X(x0)−fr

λ,Y (y0)−mr
Xx0

mr
X

.

Let us denote by R the region where X ≺ Y , and let T be the set of
inequalities understood in the following way. T can be divided into different
subsets according to the above classification: T = Ta ∪ Tb ∪ · · · ∪ Th. We will
refer to the inequalities by the letter of the type they belong to; for instance,
a ∈ Ta will represent the line defining the corresponding inequality. Also,
a(x) will be the value of the equation at the point x. It is clear that if two
inequalities c ∈ Tc and d ∈ Td can be found so that they satisfy c(x) < d(x)
∀ x ∈ [x0, x1], then R is an empty region, hence X ⊀ Y . This result can be
stated in a more general way through the following lemma:
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a
e

c

g
≤

h

d
f

b

≥
R

X

Y

Fig. 11.4. The eight different types of inequalities with the domination region R

Lemma 11.1 If there are inequalities a ∈ Ta, b ∈ Tb, . . . , h ∈ Th, such that
a(x) < b(x) or c(x) < d(x) or e(x) < f(x) or g(y) < h(y), for all points
x ∈ X and y ∈ Y , then X ⊀ Y .

Proof.
Any of these conditions lead to an empty feasible region R of points x ∈ X
and y ∈ Y satisfying (11.1) and hence X ⊀ Y . �

In fact, the segment-to-segment comparison problem can be reformulated
as a feasibility two-variable linear programming problem, so that it could be
solved applying the simplex algorithm. This approach will be presented in the
last section of this chapter. Here, the segment-to-segment comparison will be
solved in a different way using computational geometry techniques.

In the following we show how to find the points in X that dominate points
in Y , that is, we look for four points, that we denote x′, x′′ ∈ X and ymin,
ymax ∈ Y so that [x′, x′′] ≺ [ymin, ymax], or equivalently, that for every x ∈
[x′, x′′] and for every y ∈ [ymin, ymax] the relationship x ≺ y holds. Moreover,
xmin (xmax) will denote the corresponding x-value in the equation for which
ymin (ymax) is attained.

In the following lemma, ymax is found and later, by means of a similar
analysis ymin will be also found.
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Lemma 11.2 If Ta = ∅ and Tc = ∅ then ymax = y1. When Ta = ∅
then ymax = minc∈Tc

c(x0), with xmax = x0. Likewise, if Tc = ∅, ymax =
mina∈Ta

a(x0), with xmax = x1.

Proof.
The proof is straightforward. �

In the case in which Ta �= ∅ and Tc �= ∅ we can find the value ymax as
the intersection point of the equations defining two inequalities, one of Ta and
one of Tc. In order to find this intersection, we will need to define some other
sets. Let I(a, c) ∈ X be the intersection between a ∈ Ta and c ∈ Tc; and
let I = {I(a, c) : ∀a ∈ Ta,∀c ∈ Tc} be the set of all the intersection points
between inequalities in Ta and in Tc.

We start by assuming that I �= ∅, i.e., we can find at least an intersection
point between an inequality a ∈ Ta and another c ∈ Tc. Otherwise, all the
inequalities in Ta are below the inequalities of Tc or vice versa, and this means
that we can find ymax using the same procedure as in Lemma 11.2.

We will also suppose that the intersection point is below y1, if not, we can
state the value of (ymin, ymax) using the following lemma:

Lemma 11.3 If all the intersections between the inequalities in Ta and Tc

take place above y1, then ymax = y1, being [x0
max, x

1
max] the interval where this

maximum value is achieved, with x0
max = max{x ∈ X : t(x) = y1, t ∈ Ta} and

x1
max = min{x ∈ X : t(x) = y1, t ∈ Tc}.

Proof.
The proof is straightforward. �

Taking into account this latter assumption, there must be a point z ∈ I
such that â(z) = min

x∈I,a∈Ta

a(x). Therefore, xmax = z and ymax = â(z). We

denote by â and ĉ the inequalities attaining the minimum. The next lemma
proves this result:

Lemma 11.4 ymax = â(z) and hence xmax = z.

Proof.
Being R a convex region, the maximal value ymax is attained at the intersec-
tion (extreme point) of two inequalities with opposite sign slope. Any other
intersection point must have its height above â(z), i.e., a(z) ≥ â(z), ∀a ∈ Ta,
and c(z) ≥ ĉ(z) ∀c ∈ Tc. If there is some a∗ ∈ Ta, with a∗ �= â, such that
a∗(z) < â(z), then x∗ = I(a∗, ĉ) and hence, â(x∗) < â(z), which contra-
dicts that â(z) is the minimal value. The same analysis can be done for any
inequality c ∈ Tc, and so the result follows. �

There is an immediate consequence of this lemma:
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Corollary 11.1 Provided that all the intersection points lie inside X ×Y , let
a ∈ Ta and c ∈ Tc, with x = I(a, c) and y = â(x), y′ = ĉ(x). If a(x) < y then
â(I(â, c)) < y, and if ĉ(x) < y′ then ĉ(I(a, ĉ)) < y′.

This result can be used to speed up the computation of (xmax, ymax). Once
we have obtained the value of ymax, we can state that if ymax < y0 then R is
an empty region and that would mean X ⊀ Y .

Searching for ymin is done analogously as for ymax. ymin can be found
applying lemmas 11.2, 11.3 and 11.4 on inequalities Td and Tb, and using that
min(y) = −max(−y). Now, let d̂ and b̂ be the inequalities that determine
xmin = I(d̂, b̂) with ymin = d̂(xmin).

Once ymax and ymin have been obtained, if we have ymin > ymax, then
X ⊀ Y . We have to study now whether these maximal and minimal values can
be improved by searching the intersections between other types of inequalities,
for instance Ta and Tb or Tc and Td.

If it happens that xmin < xmax then we can have one of the two situations
in Figure 11.5.

x0 x′max xmax x1X (a)
y0

y′max

ymax

y1

Y

â

ĉ

b̂d̂

RR

x0 x′minxmin x1X(b)
y0

y′min
ymin

y1

Y

â

ĉ

b̂d̂

R

Fig. 11.5. Two examples where new maximum and minimum values have to be
computed

In these cases, it is necessary to recompute new values for ymin and ymax

that will be denoted y′min and y′max. Before calculating these new values, there
is another case that can be simplified because it leads to X ⊀ Y .

Lemma 11.5 If xmin < xmax and â(xmin) < ymin and b̂(xmax) > ymax, then
X ⊀ Y .

Proof.
The proof follows since â is completely below b̂ and then region R is empty.

�
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In order to search for the values of y′min and y′max, we redefine the set Tb

to a new set T ′b eliminating the useless inequalities. The new set is:

T ′b = Tb\{b ∈ Tb : b(xmax) ≤ ymax}.

If T ′b = ∅, then there is no b ∈ Tb such that b(xmax) > ymax and so, the
maximum point (xmax, ymax) remains unchanged.

Otherwise, we use a similar argument as in Lemma 11.4 to get a new max-
imum point (x′max, y

′
max). Let us define the set I ′ = {I(a, b) : ∀a ∈ Ta,∀b ∈

T ′b, slope(a) < slope(b)}. This set contains all the intersections between in-
equalities in Ta and in T ′b satisfying that the slope of a is smaller than the
slope of b. The condition slope(a) < slope(b) is very important, because we are
interested in those intersections with larger y value. Since we suppose T ′b �= ∅,
there exists z′ ∈ I ′ such that â(z′) = minx∈I′ a(x) and so we can state the
following lemma.

Lemma 11.6 y′max = â(z′) and hence x′max = z′.

Proof.
As T ′b �= ∅, then ∃b∗ ∈ T ′b with x∗ = I(â, b∗) such that â(x∗) < ymax (See
Figure 11.5). Any other inequality b ∈ T ′b verifying b(x∗) > â(x∗), or any
inequality a ∈ Ta with a(x∗) < â(x∗) can improve the value of a(x∗). Then,
∃â′ ∈ Ta and ∃b̂′ ∈ T ′b with slope(â′) < slope(b̂′) and z′ = I(â′, b̂′) such that
y′max = â′(z′) with x′max = z′. �

As in Corollary 11.1, we can improve the search of (x′max, y
′
max) by using

the proof of the preceding lemma.

Corollary 11.2 Assuming that all intersection points fall inside X × Y , let
a ∈ Ta and b ∈ T ′b, with x = I(a, b) and y = â′(x). If â′(x) < y then
â′(I(â′, b)) < y, and if b̂′(x) > y then b̂′(I(a, b̂′)) < y.

Next we proceed to tighten ymin by searching for a new value y′min in the
intersection points between inequalities of Ta and Tb (see Figure 11.5). In
order to do that, we redefine the set Ta by eliminating all useless inequalities

T ′a = Ta\{a ∈ Ta : a(xmin) ≥ ymin}.
In this case, it is not necessary to keep the set Ta because it will not be

used later. If T ′a = ∅, there is no inequality in Ta that can improve ymin.
Otherwise, the new minimum value y′min can be obtained in a similar way to
Lemma 11.6 along with the fact that min(y) = −max(−y).

Finally, when xmin > xmax we obtain analogous situations to those in
Figure 11.5, with the consideration that the new situations take place on the
right-hand side.
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Lemma 11.7 If xmin > xmax and ĉ(xmin) < ymin and d̂(xmax) > ymax, then
X ⊀ Y .

Proof.
The proof follows since ĉ is completely below d̂, and hence the region R is
empty. �

If we are not in the situation of Lemma 11.7, we must obtain the new
maximum value y′max. As before, we remove the useless inequalities below
ymax

T ′d = Td\{d ∈ Td : d(xmax) ≤ ymax}.
Now, if T ′d �= ∅, we look for y′max in the intersection points between inequal-

ities in Tc and T ′d. Once this is done, we eliminate all the useless equations in
Tc

T ′c = Tc\{c ∈ Tc : c(xmin) ≥ ymin}
and continue searching for y′min in the intersection points of T ′d and T ′c.

Algorithm 11.5 performs all the process above described. This algorithm
calls for the procedure ComputeMaximum, which corresponds to Algo-
rithm 11.4. The complexity of Algorithm 11.4 can be stated by the following
theorem.

Theorem 11.1 The algorithm ComputeMaximum runs in O(Q) time.

Proof.
Each set of inequalities has at most Q elements. According to Lemma 11.8,
each iteration of the "while" loop removes at least |P |/2 inequalities from P .
Thus, the number of inequalities processed within this loop is

Q +
Q

2
+

Q

4
+ · · ·+ Q

2l
= Q

(
2l + 2l−1 + · · · + 1

2l

)
=

Q

2l

l∑
i=0

2i =
Q

2l
(2l+1 − 1).

The loop keeps on until only two inequalities remain. Then (Q/2l) = 2 which
implies Q = 2l+1, and hence (Q/2l) · (2l+1 − 1) = 2(Q − 1) < 2Q ∈ O(Q). �

Megiddo [131] and Dyer [67] proposed O(Q) algorithms for calculating
respectively, the minimal and maximal values of a two-variable linear pro-
gramming problem. The time complexity of their methods is bounded by 4Q,
whereas this approach is bounded by 2Q.

We describe in Algorithm 11.4 the procedure ComputeMaximum. In this
algorithm TL and TR denote any inequality set with L, R ∈ {a, b, . . . , h}.
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Algorithm 11.4: ComputeMaximum : maximum dominated value inside R

Data : Set of Inequalities TL, Set of Inequalities TR, Value ylimit.
Result: limit value (xm, ym) and the inequalities lm and rm.
Initialization;1

Choose any lm ∈ TL and rm ∈ TR that intersect inside X × Y . ;
xm := I(lm, rm), ym := F (xm) ;
while TL �= ∅ and TR �= ∅ do2

Let P := {(l, r) : l ∈ TL, r ∈ TR} be a matching between inequalities
in TL and TR such that |P | := max{|TL|, |TR|} ;
for all the pairs (l, r) ∈ P do

x := (l, r), y := F (x)
Check if X ⊀ Y using Lemma 11.1 ;
Try to improve value y by using Corollary 11.1 or 11.2 ;
if F (I(lm, r)) < y then l := lm if F (I(l, rm)) < y then r := rm

if y has been improved then recompute x := (l, r) and
y := F (x) Check if intersection is below lower limit;
if y < ylimit then return X ⊀ Y Store the minimum value
found so far.;
if y < ym then

ym := y, xm := x ;
lm := l, rm := r

end
end
Look for the lower inequalities under ym ;
for all l ∈ TL do

if l is below lm then lm := l
end
for all r ∈ TR do

if r is below rm then rm := r
end
Check if X ⊀ Y using Lemma 11.1 ;
xm := I(lm, rm), ym := F (xm) ;
for all l ∈ TL do

if l is over ym then TL := TL\{l}
end
for all r ∈ TR do

if r is over ym then TR := TR\{r}
end

end
return (xm, ym) and lm, rm.3

Computing the maximal and minimal points inside a region R satisfying
X ≺ Y is based on the comparison of values over the intersection points
among the inequalities.

The set I has been defined as the set of the intersection points. If we
have an inequality for each of the objectives q = 1, . . . , Q, there are at most
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O(Q) inequalities in R. Therefore, |I| ≤ Q2. But it can be proved that both
(xmin, ymin) and (xmax, ymax) can be calculated in O(Q) time.

We can start by analyzing the computation of (xmax, ymax). Let P =
{(a, c) : for some a ∈ Ta, c ∈ Tc} be a set of pairs of inequalities of Ta and Tc

such that |P | = max{|Ta|, |Tc|} with |P | ≤ |I|.

Lemma 11.8 In each iteration m of the search for the maximal (minimal)
point (xmax, ymax) we can remove at least |P |/2 inequalities from P .

Proof.
Assume that at iteration m of the searching process the current set of in-
equalities is P = {(a, c) : for some a ∈ Ta, c ∈ Tc}. Each pair of inequalities
(a, c) ∈ P yields a point x = I(a, c) and a value y = a(x). Let xm ∈ X be a
point verifying that a(xm) = min(a,c)∈P a(I(a, c)). This point xm is a candi-
date to be maximal, with xmax = xm, ymax = ym = F (xm) and am and cm

being the inequalities defining (xmax, ymax). Accordingly, all inequalities in Ta

and Tc will be deleted. Otherwise, there may still be some inequalities below
am and cm.

Let a∗ ∈ Ta such that a∗(xm) = mina∈Ta
a(xm) and c∗ ∈ Tc such that

c∗(xm) = minc∈Tc
c(xm) be the lowest inequalities underneath am(xm). Let

x′m = I(a∗, c∗) and y′m = a∗(xm). This value is the new optimal point. Fur-
thermore, we can now eliminate, in the worst case, one inequality a or c from
each pair in (a, c) ∈ P . Indeed, each pair may have one single inequality under
y′m, that is, either a(xm) < y′m or c(xm) < y′m. Both inequalities cannot be be-
low since it contradicts the fact that (x′m, y′m) is the minimal point. Therefore,
at least |P |/2 = max{|Ta|, |Tc|}/2 inequalities are deleted.

�
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Algorithm 11.5: Checking X ≺ Y

Input: Set of inequalities T , Interval X = [x0, x1], Interval Y = [y0, y1].
Output: [ymin, ymax], the points in Y where X ≺ Y .
Initialization1

Classify all inequalities in T = Ta ∪ Tb ∪ · · · ∪ Th

Bound X and Y
X := [max{x0,maxt∈Th

t},min{x1,maxt∈Tg
t}]

Y := [max{y0,maxt∈Tf
t},min{y1,maxt∈Te

t}]
if x0 > x1 or y0 > y1 then return X ⊀ Y2

ymax := y13

if Ta �= ∅ and Tc �= ∅ then
if there is an intersection point between Ta and Tb below y1 then

if Lemma 11.2 holds then store solution in (xmax, ymax)
else (xmin, ymin) := ComputeMaximum(Ta, Tb, y0)

else apply Lemma 11.3 to get [x0
max, x

1
max]

end
ymin := y04

if Td �= ∅ and Tb �= ∅ then
T ′d := {−d(x) : ∀d ∈ Td}, T ′b := {−b(x) : ∀b ∈ Tb}
if there is an intersection point between T ′d and T ′b below −y0 then

if Lemma 11.2 holds for T ′d and T ′b then store solution in
(xmin, ymin)
else

(xmin, ymin) := ComputeMaximum(T ′d, T
′
b,−y1)

ymin := −ymin

end

else apply Lemma 11.3 on T ′b and T ′d to get [x0
min, x1

min]
end
if ymin > ymax then return X ⊀ Y5

continued next page
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Algorithm 11.5 continued
6 if xmin < xmax then

Check Lemma 11.5
if â(xmin) < ymin and b̂(xmax) > ymax then return X ⊀ Y
else

T ′b = Tb\{b ∈ Tb : b(xmax) ≤ ymax}
if T ′b �= ∅ then (xmax, ymax) = ComputeMaximum(Ta, T ′b)
Ta := Ta\{a ∈ Ta : a(xmin) ≥ ymin}
if Ta �= ∅ then

T ′b := {−b(x) : ∀b ∈ Tb}, T ′a := {−a(x) : ∀a ∈ Ta}
(xmin,−ymin) := ComputeMaximum(T ′b, T

′
a)

end
end

else
if xmin > xmax then

Check Lemma 11.7
if ĉ(xmin) < ymin and d̂(xmax) > ymax then return X ⊀ Y else

T ′d := Td\{d ∈ Td : d(xmax) ≤ ymax}
if T ′d �= ∅ then (xmax, ymax) = ComputeMaximum(Tc, T

′
d)

Tc := Tc\{c ∈ Tc : c(xmin) ≥ ymin}
if Tc �= ∅ then

T ′d := {−d(x) : ∀d ∈ Td}, T ′c := {−c(x) : ∀c ∈ Tc}
(xmin,−ymin) := ComputeMaximum(T ′d, T

′
c)

end
end

end
end

7 return [ymin, ymax].

To conclude this section, we present an algorithm for the comparison be-
tween segments. This procedure finalizes the entire description of all the ingre-
dients needed in Algorithm 11.1. Hence, Algorithm (11.1) is able to compute
the entire set of efficient points of the MOMP.
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Algorithm 11.6: Segment-to-segment comparison
Data : Set S.
Result : Set SND.
Initialization ;1

SND := S;
for all segments X := [x0, x1] ∈ SND do2

for all segments Y := [y0, y1] ∈ SND successors in SND to X do
for r := 1 to q do

Create inequality y(x) ;
T := T ∪ y(x)

end
Apply Algorithm 11.5 a (T, X, Y );
if X ≺ Y then Y := Y \[ymin, ymax] Change inequalities y(x) to
x(y) defining the complementary region R ;
Apply Algorithm 11.5 a (T, Y, X);
if Y ≺ X then X := X\[xmin, xmax]

end
end
return SND.3

11.6 Computing the Set of Efficient Points Using Linear
Programming

The solution method based on the Linear Programming approach consists
of a pairwise comparison of subedges, as in the former case. The idea is to
partition the network into subedges where the objective functions are linear.
The points where the piecewise linear functions change in slope are in fact the
bottleneck and equilibrium points. We then make a pairwise comparison of all
the subedges and delete the dominated parts. The result is the complete set
of efficient solutions OMmulti(λ). In the presentation we follow the approach
in [89] that was developed for median problems.

It is important to note that a partial subedge may be efficient, starting at
a point which is not a node or an edge-breakpoint. For each comparison of
two subedges we will construct a linear program to detect dominated points
(segments), that can be found in linear time by the method in Megiddo [131].

Let zq(t) = fq
λ(xt), for q = 1, . . . , Q; where xt = (e, t). These Q functions

are all piecewise linear and their breakpoints correspond to the equilibrium
and bottleneck points. Assume that, for a given edge, there are P + 1 break-
points including the two nodes. We then have P subedges. Let the breakpoints
on (e, t) be denoted by tj , j = 0, 1, . . . , P (1 ≤ P ≤ (

M
2

)
Q), with t0 = vi,

tP = vj and tj−1 < tj , ∀j = 1, 2, . . . , P. For t ∈ [tj−1, tj ], zq(t), q = 1, . . . , Q,
are linear functions of the form

zq(t) = mq
j t + bq

j , ∀q = 1, 2, . . . , Q.
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Let us now compare the subedge A = (eA, [tj−1, tj ]) on edge eA, with
the subedge B = (eB , [sp−1, sp]) on eB . A point (eA, t) ∈ (eA, [tj−1, tj ]) is
dominated by some point (eB , s) ∈ (eB , [sp−1, sp]) if and only if

mq
ps + bq

p ≤ mq
j t + bq

j , ∀q = 1, 2, . . . , Q, (11.2)

where at least one of those inequalities is strict.
Let us define T as the set of points where the inequalities (11.2) hold (for

these particular subedges):

T = {(s, t)|mq
j t − mq

ps ≥ bq
p − bq

j ,∀q ∈ Q} ∩ ([sp−1, sp] × [tj−1, tj ]).

If T = ∅, (eB , [sp−1, sp]) does not contain any point dominating any point
in (eA, [tj−1, tj ]). Otherwise T �= ∅ is taken as the feasible set of the following
2-variable linear programs:

LB = min{t|(s, t) ∈ T} and UB = max{t|(s, t) ∈ T}.
Using the algorithm in Megiddo [131], LB and UB can be calculated in

O(Q) time. We now check, if we have only weak dominance. This means that
none of the inequalities need to be strict as we require in our definition of
dominance. Note that points with weak dominated objective function may
be efficient. Let sLB and sUB be the optimal values of s corresponding to
LB and UB. These s−values are not necessarily unique. In the case where
sLB (and/or sUB) is not unique (sLB ∈ [sa, sb]), we choose sLB = 1

2 (sa + sb)
to avoid problems with weak dominance in the subedge endnodes. To check
for weak dominance, we examine the subedge endnodes. If mq

psLB + bq
p =

mq
jLB + bq

j ,∀q ∈ Q, then the solution corresponding to LB is only weakly
dominated and can therefore still be efficient. Similarly, if mq

psUB + bq
p =

mq
jUB + bq

j ,∀q ∈ Q, then the solution corresponding to UB is only weakly
dominated. If both the solutions corresponding to LB and UB are only weakly
dominated, the entire subedge (eA, [tj−1, tj ]) is only weakly dominated by
(eB , [sp−1, sp]). This means that all the inequalities in T are in fact equalities.
Otherwise, the dominated part of the subedge is deleted. If both the solutions
corresponding to LB and UB are dominated, then

(eA, [tj−1, tj ]) = (eA, [tj−1, tj ]) \ (eA, [LB, UB])

and if, say, the solution corresponding to LB is only weakly dominated, then

(eA, [tj−1, tj ]) = (eA, [tj−1, tj ]) \ (eA, (LB, UB])

leaving the solution corresponding to LB. This comparison can also be done
in linear time. The approach is simplified if one or both subedges consists
of a single point (eA, t′) (or (eB , s′′)). If (eA, [tj−1, tj ]) = (eA, t′) = x, then
LB = UB = t′ and
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T ′ = {s| − mq
ps ≥ bq

p − fq(x),∀q ∈ Q} ∩ [sp−1, sp].

If (eB , [sp−1, sp]) = (eB , s′′) = y, then

T ′′ = {t|mq
j t ≥ fq(y) − bq

j ,∀q ∈ Q} ∩ [tj−1, tj ]

and
LB = min{t|t ∈ T ′′} UB = max{t|t ∈ T ′′}.

Since we are removing a connected piece of (eA, [tj−1, tj ]), three things
can happen. First, (eA, [tj−1, tj ]) can be completely deleted if tj−1 = LB and
tj = UB are both dominated. Second, a piece of (eA, [tj−1, tj ]) that includes
one of the endpoints tj−1 or tj can be deleted, in which case, one connected
subedge remains, say (eA, [tj−1, LB)) or (eA, [tj−1, LB]). The third case is
when an interior part of (eA, [tj−1, tj ]) is deleted, so we end up with two
new subedges (eA, [tj−1, LB)) and (eA, (UB, tj ]), possibly including one of
the points LB or UB.

In order to complete the comparison, we simply perform an ordered
subedge comparison. First, we compare (e1, [t0, t1]) with all the other subedges,
possibly dividing (e1, [t0, t1]) into new subedges. Then we compare the sec-
ond subedge (e1, [t1, t2]) with all the remaining subedges. If (e1, [t0, t1]) is not
completely dominated, we also compare with this subedge. This comparison
continues until we have compared the last subedge (eN , [sP−1, sP ]) with all
the remaining subedges.

Notice that we can still use the entire subedge (eA, [tj−1, tj ]) to compare
with the other subedges, even though a part of it is dominated. It is only for
the set of efficient points OMmulti(λ), that we have to remember what part of
(eA, [tj−1, tj ]) is efficient. But if the whole subedge (eA, [tj−1, tj ]) is dominated,
we should delete it from further consideration, also in the comparison process.

Assume that edge ei ∈ E is divided into Pi breakpoint subedges. Each of
the N edges may have up to O(QM2) equilibrium plus bottleneck points, giv-
ing at most O(QM2N) subedges. If we make the global pairwise comparison
on the O(QM2N) breakpoint subedges, each taking O(Q) time, we get for
Algorithm 11.7 a complexity bound of O(Q3M4N2) time.
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Algorithm 11.7: Computation of the solution set OMmulti(λ)

Data : Network G = (V,E), distance-matrix D, parameters Q, λ.
Result: OMmulti(λ) the solution set to the multicriteria ordered

median problem.
Initialization ;1

OMmulti(λ) = G(V,E);
for i := 1 to N do2

for x := 1 to Pi do
for j := 1 to N do

for r := 1 to Pj do
compare (ei, [tx−1, tx]) with (ej , [ty−1, ty]);
OMmulti(λ) unchanged if no points are dominated ;
OMmulti(λ) = OMmulti(λ) \ (ei, [LB, UB]) if LB and UB
are dominated;
OMmulti(λ) = OMmulti(λ) \ (ei, (LB, UB]) if only UB is
dominated;
OMmulti(λ) = OMmulti(λ) \ (ei, [LB, UB)) if only LB is
dominated;

end
end

end
end
return OMmulti(λ).3



12

Extensions of the Ordered Median Problem on
Networks

In the previous chapters we consider location problems where the objective
is to locate a specified number of servers optimizing some criterion, which
usually depends on the distances between the demand points and their re-
spective servers (represented by points). In this chapter we study the location
of connected structures, which cannot be represented by isolated points in the
network. These problems are motivated by concrete decision problems related
to routing and network design. For instance, in order to improve the mobility
of the population and reduce traffic congestion, many existing rapid transit
networks are being updated by extending or adding lines. These lines can be
viewed as new facilities. Studies on location of connected structures (which
are called extensive facilities) appeared already in the early eighties ( see [145],
[100], [183], [140], [139], [19]).

Almost all the location problems of extensive facilities that have been dis-
cussed in the literature and shown to be polynomially solvable, are defined
on tree networks (see e.g., [3], [18], [23], [86], [160], [161], [173], [182], [183],
[186], [189], [192], [201], [202], and the references therein). In this chapter,
following the presentation in Puerto and Tamir [173], we study the location of
a tree-shaped facility S on a tree network, using the ordered median function
of the weighted distances to represent the total transportation cost objective.
According to a common classification in logistic models, e.g. [28], two settings
are considered: tactical and strategic. In the tactical model, there is an explicit
bound L on the length of the subtree, and the goal is to select a subtree of
size L, which minimizes the cost function. In the strategic model the length
of the subtree is variable, and the objective is to minimize the sum of the
transportation cost and the length of the subtree. We consider both discrete
and continuous versions of the tactical and the strategic models. If the leaves
of a subtree are restricted to be nodes of the tree, the subtree facility is called
discrete, otherwise it is continuous. We note that the discrete tactical problem
is NP-hard since Knapsack is a special case, and we solve the continuous tac-
tical problem in polynomial time using a Linear Programming (LP) approach.
We also use submodularity properties for the strategic problem. These prop-
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erties allow us to solve the discrete strategic version in strongly polynomial
time. Moreover, the continuous version is also solved via LP. For the special
case of the k-centrum objective we obtain improved algorithmic results using
a Dynamic Programming (DP) algorithm and discretization results.

It is worth noting that there is a fundamental difference between the analy-
sis of problems with the ordered median objective and with other classical
functions in location analysis (median, center, centdian, or even k-centrum).
In spite of its inherent similarity the ordered median objective does not pos-
sess any clear separability properties. Therefore, standard DP approaches,
commonly used to solve location problems with median, center and even k-
centrum objectives [186], [187], [191], [192], are not applicable here. As a result,
we discuss alternative approaches that rely on different tools. We apply sub-
modularity properties and linear programming formulations that turn out to
be instrumental in solving discrete and continuous versions of the problems,
respectively.

In Table 12.1 we present the complexity of the algorithms discussed in the
chapter.

Table 12.1. New results in the chapter

Complexity of Tree-shaped facilities (1)

Tactical Strategic

Discrete Continuous Discrete Continuous
Convex ordered

median
NP-hard O(M7 + M6I) O(M6 log M) O(M7 + M6I)

k-centrum NP-hard O(M3 + M2.5I) (2) O(kM3) (2) O(kM7) (2)

For the sake of readability the chapter is organized as follows. In Sec-
tion 12.1 we define the models that we deal with, and state the notation
used throughout the chapter. Sections 12.2 and 12.3 analyze the tactical and
strategic models of the convex ordered median subtree problem, respectively.
In the next two sections we restrict ourselves to the special case of the sub-
tree k-centrum problem. There we prove nestedness properties and develop a
DP algorithm that solves both the strategic continuous and discrete subtree
k-centrum problems. The chapter ends with some concluding remarks.

12.1 Notation and Model Definitions

We follow the notation already introduced in Section 7.1. Specifically, let
T = (V,E) be an undirected tree network with node set V = {v1, ..., vM} and
1 I denotes the input size of the problem.
2 A nestedness property with respect to the point solution holds.
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edge set E = {e2, ..., eM}. Each edge ej , j = 2, 3, . . . , M , has a positive length
lj , and is assumed to be rectifiable. In particular, an edge ej is identified as
an interval of length lj , so that we can refer to its interior points. We assume
that T is embedded in the Euclidean plane. Let A(T ) denote the continuum
set of points on the edges of T . We view A(T ) as a connected and closed set
which is the union of M − 1 intervals. Let P [vi, vj ] denote the unique simple
path in A(T ) connecting vi and vj . Suppose that the tree T is rooted at some
distinguished node, say v1. For each node vj , j = 2, 3, . . . , M , let p(vj), the
parent of vj , be the node v ∈ V , closest to vj , v �= vj on P [v1, vj ]. vj is a child
of p(vj). ej is the edge connecting vj with its parent p(vj). Sj will denote the
set of all children of vj . A node vi is a descendant of vj if vj is on P [vi, v1].
Vj will denote the set of all descendants of vj . The path P [x, y] is also viewed
as a collection of edges and at most two subedges (partial edges). P (x, y) will
denote the open path obtained from P [x, y], by deleting the points x, y, and
P (x, y] will denote the half open path obtained from P [x, y], by deleting the
point x. A subset Y ⊆ A(T ) is called a subtree if it is closed and connected.
Y is also viewed as a finite (connected) collection of partial edges (closed
subintervals), such that the intersection of any pair of distinct partial edges
is empty or is a point in V . We call a subtree discrete if all its (relative)
boundary points are nodes of T . For each i = 1, . . . , M , we denote by Ti the
subtree induced by Vi. T+

i is the subtree induced by Vi ∪ {p(vi)}. If Y is a
subtree we define the length or size of Y , L(Y ), to be the sum of the lengths
of its partial edges. We also denote by D(Y ) the diameter of Y (the diameter
of a graph is the maximum value of the minimum distance between any two
nodes). In our location model the nodes of the tree are the demand points
(customers), and each node vi ∈ V is associated with a nonnegative weight
wi. The set of potential servers consists of subtrees. There is a transportation
cost function of the customers (assumed to be at the nodes of the tree) to
the serving facility. We use the ordered median objective. Given a real L, the
tactical subtree problem with an ordered median objective is the problem of
finding a subtree (facility) Y of length smaller than or equal to L, minimizing
the ordered median objective. When L = 0, we will refer to the problem as
the point problem instead of the subtree problem, and call its solution a point
solution. Given a positive real α, the strategic subtree model is the problem
of finding a subtree (facility) Y minimizing the sum of the ordered median
objective and the setup cost of the facility (the setup cost will be represented
by αL(Y )). We say that a tactical (strategic) model is discrete when the
endnodes (leaves) of Y must be nodes in V . If the endnodes of Y may be
anywhere in A(T ), we call the model continuous.



314 12 Extensions of the Ordered Median Problem on Networks

12.2 Tactical Subtree with Convex Ordered Median
Objective

In this section we consider the problem of selecting a subtree of a given length
which minimizes the convex ordered median objective. We recall, that the
discrete model is NP-hard even for the median function, since the Knapsack
problem is a special case. Thus, we consider the continuous version. First,
we note that if a continuous subtree does not contain a node it is properly
contained in an edge. Hence, to solve the continuous model, it is sufficient to
solve O(M) continuous subproblems where the subtree is restricted to contain
a distinguished node, and in addition, M − 1 continuous subproblems where
the subtree is restricted to be a subedge of a distinguished edge. We show,
how to find an optimal subedge of a given edge by converting the problem
into a minimization of a single variable, convex and piecewise linear function.
Later, we find an optimal subtree containing a distinguished point (node) with
a different machinery.

12.2.1 Finding an Optimal Tactical Subedge

We show here, how to find an optimal subedge for the tactical model. As men-
tioned above, these are subproblems that we need to consider in the process
of finding optimal continuous subtrees. Consider an arbitrary edge of the tree
ek = (vs, vt). We show that an optimal subedge of ek with respect to the
tactical model can be found in O(M log2 M) time. A point on ek is identi-
fied by its distance, x, from the node vs. A subedge of length L, incident
to x is identified by its two endpoints: x and x + L. Let V s be the set of
nodes in the component of T , obtained by removing ek, which contains vs.
For each node vi ∈ V s, its weighted distance from the subedge is given by
hi(x, L) = wi(d(vi, vs)+x). For each node vi ∈ V −V s, the respective distance
is hi(x, L) = wi(d(vi, vt)+d(vs, vt)− (x+L)). In the tactical model L is fixed,
and the problem of finding an optimal subedge of ek of length L reduces to
minimizing the single variable, x, ordered median function of a collection of
the linear functions {hi(x, L)} (the domain is defined by the constraints x ≥ 0,
and x+L ≤ d(vs, vt) = lk). The latter task can be performed in O(M log2 M)
time, [117].

Remark 12.1 We note in passing that instead of minimizing over each edge
separately, we can use the convexity of the objective and save by using global
minimization. Globally, the problem reduces to finding a continuous subpath
of the tree of length smaller than or equal to L, which minimizes the ordered
median objective. (In this tactical continuous subpath model, the objective
can be expressed in a way that makes it convex over each path of the tree.
Specifically, restricting ourselves to a path of T , and using x as a single variable
point along the path, each function hi(x, L) becomes a single variable, x,
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piecewise linear convex function with three pieces. The respective slopes are
{−wi, 0, wi}.)

12.2.2 Finding an Optimal Tactical Continuous Subtree
Containing a Given Node

We assume that the selected subtree must contain v1, the root of the tree T .
For each edge ej of the rooted tree, connecting vj with its parent, p(vj), assign
a variable xj , 0 ≤ xj ≤ lj . The interpretation of xj is as follows: Suppose that
xj > 0, and let xj(ej) be the point on edge ej , whose distance from p(vj),
the parent of vj , is xj . The only part of ej , included in the selected subtree
rooted at v1 is the subedge P [p(vj), xj(ej)]. In order for the representation of
a subtree by the xj variables to be valid, we also need the following condition
to be satisfied:

xj(li − xi) = 0, if vi = p(vj), vi �= v1, and j = 2, . . . , M. (12.1)

Equation (12.1) ensures the connectivity of the subtree represented by the
variables xj . Unfortunately, these constraints are non-linear. For each node
vt, the weighted distance of vt from a subtree (represented by the variables
xj), is

yt = wt

∑
vk∈P [vt,v1)

(lk − xk).

We call a set X = {x2, ..., xM} admissible if x2, ..., xM , satisfy 0 ≤ xj ≤ lj ,
j = 2, . . . , M , and

M∑
j=2

xj ≤ L. (12.2)

Note that an admissible solution induces a closed subset of A(T ) of length
less than or equal to L, which contains v1.

Proposition 12.1 Let X = {x2, ..., xM} be admissible. For each vt ∈ V

define yt = wt

∑
vk∈P [vt,v1]

(lk − xk). Then, there exists an admissible set X ′ =

{x′2, ..., x′M}, satisfying (12.1), such that for each vt ∈ V

y′t = wt

∑
vk∈P [vt,v1)

(lk − x′k) ≤ yt.

Proof.
The positive components of X induce a collection of connected components
(subtrees) on the rooted tree T . Each such subtree is rooted at a node of
T . One of these components contains v1 (if no positive variable is associated
with an edge incident to v1, then {v1} will be considered as a connected
component). If there is only one component in the collection X itself satisfies
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(12.1). Suppose that there are at least two connected components. A connected
component T ′ is called minimal if there is no other component T ′′, such that
the path from T ′′ to v1 passes through T ′. Let T ′ be a minimal component.
Let vi be the root of T ′, and let xj > 0 induce a leaf edge of T ′. In other
words, vi is the closest node to v1 in T ′, and there is a node vj , possibly in
T ′, such that xt = 0 for each descendant vt of vj . Let T1 be the connected
component containing v1. Consider the point of T1, which is closest to vi. This
point is either v1 or it is a leaf of T1. It is uniquely identified by a node vk on
P [vi, v1], and its associated variable xk. (It is the point on the edge (vk, p(vk))
whose distance from p(vk) is exactly xk.) Let T ∗, be the closest component to
vk, amongst all the components which intersect P [vi, vk] and do not contain
v1. Let vq be the root of T ∗. Set

ε = min[xj , d(vq, vk) + lk − xk].

If ε = d(vq, vk) + lk − xk, define an admissible solution Z = {z2, ..., zM}
by zp = lp for each node vp on P [vq, vk], zj = xj − ε, and zs = xs for
any other node vs, vs �= vj , vs not on P [vq, vk]. It is easy to check that
wt

∑
vk∈P [vt,v1)

(lk − zk) ≤ yt, for each vt ∈ V . Note that the number of
connected components induced by Z is smaller than the number of connected
components induced by X. We can replace X by Z and proceed. Suppose that
ε = xj < d(vq, vk) + lk − xk. We similarly define an admissible solution Z =
{z2, ..., zM}. Specifically, let vm be a node on P [vi, vk] such that d(vm, vk) +
lk − xk > xj ≥ d(vm, vk) − lm + lk − xk. Define zp = lp for each node vp,
vp �= vm, on P [vm, vk], zm = xj + xk + lm − d(vm, vk) − lk, zj = 0, and
zs = xs for any other node vs, vs �= vj , vs not on P [vm, vk]. It is easy to check
that wt

∑
vk∈P [vt,v1)

(lk − zk) ≤ yt, for each vt ∈ V . Note that the number
of leaf edges of minimal connected components in the solution induced by Z
is smaller than the respective number in the solution induced by X. We can
replace X by Z and proceed. To conclude in O(M) steps we will identify X ′

as required. �

The representation of subtrees by the variables xj is not linear. In spite
of that fact, Proposition 12.1 proves that looking for optimal subtrees with
respect to an isotone function of the weighted distances, one obtains connec-
tivity without imposing it explicitly. (A function is isotone if it is monotone
non-decreasing in each one of its variables.) This argument is formalized in
the following corollary.

Corollary 12.1 Consider the problem of selecting a subtree of total length
L, containing v1, and minimizing an isotone function, f(y2, ..., yM ), of the
weighted distances {yt}, vt ∈ V , of the nodes in V from the selected subtree.
Then the following is a valid formulation of the problem:
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min f(y2, ..., yM ),
s.t. yt = wt

∑
vk∈P [vt,v1)

(lk − xk), for each vt ∈ V,

0 ≤ xj ≤ lj , j = 2, . . . , M,∑M
j=2 xj ≤ L.

We can now insert the LP formulations, for the k-centrum and the convex
ordered median objectives, presented in (9.1). (See [154] for more details.)
This will provide a compact LP formulation for finding a continuous subtree
rooted at a distinguished point, whose length is at most L, minimizing a
convex ordered median objective. For convenience we define λn+1 = 0.

min
M∑

k=1

(λk − λk+1)(ktk +
M∑
i=1

d+
i,k)

s.t. d+
i,k ≥ yi − tk, d+

i,k ≥ 0, i = 1, . . . , M, k = 1, . . . , M,

yt = wt

∑
vk∈P [vt,v1)

(lk − xk), for each vt ∈ V,

0 ≤ xj ≤ lj , j = 2, . . . , M,∑M
j=2 xj ≤ L.

(This LP formulation is later used to formulate the continuous strategic model,
when the objective is to minimize the sum of the total length of the selected
subtree and the ordered median function of the weighted distances to the
subtree. Specifically, we add the linear function

∑M
j=2 xj to the objective,

and remove the length constraint
∑M

j=2 xj ≤ L.) The above formulation uses
p = O(M2) variables and q = O(M2) constraints. Assuming integer data, let
I denote the total number of bits needed to represent the input. Then, by
[197], the LP can be solved by using only O(M6 + M5I) arithmetic opera-
tions. We also note that in the unweighted model, where the distances of all
demand points are equally weighted, all the entries of the constraint matrix
can be assumed to be 0, 1 or −1. Therefore, by [193], the number of arithmetic
operations needed to solve the unweighted version is strongly polynomial, i.e.,
it is bounded by a polynomial in M , and is independent of the input size I.

To evaluate the overall time complexity of this algorithm for the continuous
tactical problem, we note that we solve M linear programs, and find M − 1
optimal subedges. Therefore, the total complexity is O(M7 + M6I).

12.3 Strategic Subtree with Convex Ordered Median
Objective

Unlike the tactical model, we will show in this section that the strategic dis-
crete subtree problem is solvable in polynomial time. Specifically, we will
formulate this discrete model as a minimization problem of a submodular
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function over a lattice. But first we consider the continuous version and show,
how to solve it using LP techniques. We assume that the objective function
is the sum of the convex ordered median function and the total length of the
selected subtree. The argument used above for the tactical continuous subtree
problem proves that it is sufficient to consider only two types of (strategic)
subproblems. The first type corresponds to a subproblem where the optimal
subtree is a subedge of a given edge. In the second type the optimal subtree
must contain a distinguished node.

12.3.1 Finding an Optimal Strategic Subedge

We use the same notation as in the subsection on finding the tactical subedge.
In the case of the strategic model L is variable, and the problem of finding an
optimal subedge of ek reduces to minimizing the 2-variable, {x, L}, ordered
median function of a collection of the linear functions {hi(x, L)}. The feasible
set for this problem is defined by the constraints 0 ≤ x, 0 ≤ L, and x +
L ≤ d(vs, vt) = lk. This 2-dimensional minimization can be performed in
O(M log4 M) time, [117].

12.3.2 Finding an Optimal Strategic Continuous Subtree
Containing a Given Node

We use the notation in the above section dealing with the tactical continuous
subtree problem. In particular, we assume that the optimal subtree must
contain v1, the root of the tree T . From the discussion above we conclude that
this restricted version of the strategic continuous problem can be formulated
as the following compact linear program:

min
M∑

k=1

(λk − λk+1)(ktk +
M∑
i=1

d+
i,k) + α

M∑
j=2

xj

s.t. d+
i,k ≥ yi − tk, d+

i,k ≥ 0, i = 1, . . . , M, k = 1, . . . , M,

yt = wt

∑
vk∈P [vt,v1)

(lk − xk), for each vt ∈ V,

0 ≤ xj ≤ lj , j = 2, . . . , M.

By the analysis used above for the tactical model, it is easy to see that the
overall time complexity of the algorithm for the continuous strategic problem
is also O(M7 + M6I).

12.3.3 Submodularity of Convex Ordered Median Functions

To solve the strategic discrete subtree problem we use the Submodularity
Theorem 1.4 proved in Chapter 1. We use the submodularity property to
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claim that the strategic discrete subtree ordered median problem is solvable
in strongly polynomial time. First note that the set of all subtrees containing a
distinguished point of the tree forms a lattice. For each subtree S of T , consider
the vector a(S) = (ai(S)) in RM , where ai(S) = wid(vi, S), i = 1, ...,M .
Define

fλ(S) =
M∑
i=1

λia(i)(S).

(a(i)(S) denotes the i-th largest element in the set {a1(S), ..., aM (S)}.) We
now demonstrate that fλ(S) is submodular over the above lattice. Let S1 and
S2 be a pair of subtrees with nonempty intersection. Then, from [184] we note
that

wid(vi, S1 ∪ S2) = wi min[d(vi, S1), d(vi, S2)],

wid(vi, S1 ∩ S2) = wi max[d(vi, S1), d(vi, S2)].

Then, min[ai(S1), ai(S2)] = wid(vi, S1∪S2) and max[ai(S1), ai(S2)] = wid(vi,
S1 ∩ S2). Applying Theorem 1.4, we conclude that fλ(S), the convex ordered
median objective, defined on this lattice of subtrees, is submodular, i.e.,

fλ(S1 ∪ S2) + fλ(S1 ∩ S2) ≤ fλ(S1) + fλ(S2).

From [184] we note that the length function L(S) is modular and the diameter
function D(S) is submodular. Thus, any linear combination with nonnegative
coefficients of the functions fλ(S), L(S) and D(S) is submodular. Therefore,
we can also add the diameter function to the objective and preserve the sub-
modularity. Specifically, we now extend the objective function of the discrete
strategic model to

fλ(S) + αL(S) + βD(S),

where β is a nonnegative real. In addition to the ellipsoidal algorithms [83],
there are now combinatorial strongly polynomial algorithms to minimize a
submodular function over a lattice [130]. The best complexity for a strongly
polynomial algorithm is O(M4OE) in [83], (quoted from [174]), where OE
is the time to compute the submodular function. It is easy to check that for
the strategic discrete subtree problem with a convex ordered median func-
tion OE = O(M log M). Therefore, minimizing over each lattice family (sub-
trees containing a distinguished node) takes O(M5 log M). Solving the discrete
strategic subtree ordered median problem will then take O(M6 log M)!!! (For
comparison purposes, the special case of the discrete k-centrum objective is
solved in the next section in O(kM3) = O(M4) time.)

The problem above can be generalized by replacing the sum of weighted
distances by the sum of transportation cost functions of the nodes (demand
points) to the subtree (facility). Indeed, let fi, i = 1, . . . , M , be real isotone
functions. We consider S1, S2 two subtrees of the given lattice (subtrees con-
taining a distinguished node). Then, it is clear that
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fi(S1 ∪ S2) := fi(d(vi, S1 ∪ S2)) = fi(d(vi, S1) ∧ d(vi, S2))
= min[fi(d(vi, S1)), fi(d(vi, S2))],

fi(S1 ∩ S2) := fi(d(vi, S1 ∩ S2)) = fi(d(vi, S1) ∨ d(vi, S2))
= max[fi(d(vi, S1)), fi(d(vi, S2))].

These inequalities allow us to apply Theorem 1.4 to the function:

g(S) =
M∑
i=1

λif(i)(S),

where f∗(S) = (fi(S))i=1,...,M , fi(S) = fi(d(vi, S)); i = 1, . . . , M. (f(i)(S)
is the i-th largest element in the set {f1(S), . . . , fM (S)}.) Thus, we conclude
that g(S) is submodular on the considered lattice of subtrees. A special case of
the above extension is the conditional version of this model, defined as follows.
It is assumed that there are already facilities established at some closed subset
Y ′ of A(T ). If we select a subtree S as the new facility to be setup, then each
demand point vi will be served by the closest of S and Y ′. Hence, the respective
transportation cost function is given by fi(S) = wi min[d(vi, S), d(vi, Y

′)]. We
can extend further the result on submodularity to the case where customers
are represented by subtrees instead of nodes. Let us assume that we are given

a family of subtrees T i = (V i, Ei), i = 1, . . . , t, such that
t⋃

i=1

V i = V . For

each subtree S of T consider the vector b(S) = (bi(S)) ∈ Rt, where bi(S) =
wid(T i, S), i = 1, . . . , t (in particular, when each T i = ({vi}, ∅), i = 1, . . . , M ,
we get the customer-node model). Define

g(S) =
t∑

i=1

λib(i)(S).

(b(i)(S) is the i-th largest element in the set {b1(S), . . . , bt(S)}.) If S1, S2 is a
pair of subtrees with non-empty intersection, then we note that

wid(T i, S1 ∪ S2) = wi min[d(T i, S1), d(T i, S2)] = min[bi(S1), bi(S2)],
wid(T i, S1 ∩ S2) = wi max[d(T i, S1), d(T i, S2)] = max[bi(S1), bi(S2)].

Once more, we can apply the submodularity Theorem 1.4 to conclude that
g(S) is submodular over the considered lattice of subtrees.

12.4 The Special Case of the Subtree k-Centrum
Problem

In this section we focus on the special case of the k-centrum objective. Recall
that the k-centrum objective value for a subtree S is given by the sum of the k



12.4 The Special Case of the Subtree k-Centrum Problem 321

largest elements in X(S) = {w1d(v1, S), ..., wMd(vM , S)}, the set of weighted
distances from S. We consider the strategic discrete and continuous subtree k-
centrum problems, and show how to solve them polynomially using dynamic
programming techniques. In [173] it is proven that the discrete version is
solvable in cubic time for any fixed k, and the same recursive approach it is also
extended to the continuous version of the problem. As noted above the tactical
discrete model is NP-hard. The tactical continuous model is polynomially
solvable, as a special case of the convex ordered median problem discussed
above. However, one can do better for the k-centrum objective case. Following
[173], we will show in the next subsections that it is sufficient to solve only
one subproblem where the selected subtree must contain a point k-centrum
of the tree (recall that a point k-centrum is a solution to the tactical model
when the length of the subtree is zero).

12.4.1 Nestedness Property for the Strategic and Tactical Discrete
k-Centrum Problems

We are interested in studying whether there exists a distinguished point, e.g.
an optimal solution to the point k-centrum problem, that must be included in
some optimal solution to the subtree k-centrum problem. We call this property
nestedness. Before we study the nestedness property for the strategic discrete
model, we first observe that the discrete tactical k-centrum problem does not
have the nestedness property with respect to the point solution. Indeed, it can
be seen that even for the regular median objective, M -centrum, the property
fails to be true, as shown by the following example on the line, taken from
[173]: v1 = 0, v2 = 2, v3 = v2 + 1/4, and v4 = v3 + 1. w1 = 2 and wi = 1 for
i = 2, 3, 4. The unique solution for the tactical discrete problem with L = 0 is
v2, and the unique solution for the tactical discrete problem with L = 1 is the
edge (v3, v4). This negative result leads us to investigate the strategic discrete
k-centrum problem. The next theorem the proof of which can be found in
[173] shows that a nestedness property holds for this model.

Theorem 12.1 Let v′ be an optimal solution for the continuous point k-
centrum problem. If v′ is a node, there is an optimal solution to the strategic
discrete subtree k-centrum problem which contains v′. If v′ is not a node,
there is an optimal solution which contains one of the two nodes of the edge
containing v′.

It is easy to verify that the above result also validates the following nest-
edness property of the continuous model.

Theorem 12.2 Let v′ be an optimal solution for the continuous point k-
centrum problem. There is an optimal solution to the strategic continuous
subtree k-centrum problem which contains v′.



322 12 Extensions of the Ordered Median Problem on Networks

Following the above theorems we note that an optimal solution to the con-
tinuous point k-centrum problem can be found in O(M log M) time by the
algorithm in page 274, taken from [117].

We described above that the strategic discrete subtree k-centrum problem
possesses nestedness property which does not extend to the tactical version of
the model. We also include the following result taken from [173] which ensures
that the tactical continuous subtree k-centrum problem has this property.

Theorem 12.3 Let v′ be an optimal solution to the continuous point k-
centrum problem. Then there exists an optimal solution to the tactical contin-
uous subtree k-centrum problem which contains v′.

Remark 12.2 A nestedness property for the continuous tactical model im-
plies the result for the continuous case of the strategic version. Thus, the last
theorem provides an alternative proof of Theorem 12.2.

From the above nestedness result we can assume that an optimal subtree to
the tactical continuous k-centrum problem is rooted at some known point of
the tree. Without loss of generality suppose that this point is the node v1.
Therefore, using the formulation in Section 12.2.2, the problem reduces to a
single linear program. Moreover, since λi = 1 for i = M − k + 1, . . . , M , and
λi = 0 for i = 1, . . . , M − k, the formulation has only O(M) variables and
O(M) constraints:

min ktk +
M∑
i=1

d+
i,k

s.t. d+
i,k ≥ yi − tk, d+

i,k ≥ 0, i = 1, ...,M,

yt = wt

∑
vq∈P [vt,v1)

(lq − xq), for each vt ∈ V,

0 ≤ xj ≤ lj , j = 2, ...,M,∑M
j=2 xj ≤ L.

We conclude that the overall time complexity to solve the continuous tac-
tical k-centrum problem is O(M3 + M2.5I).

12.4.2 A Dynamic Programming Algorithm for the Strategic
Discrete Subtree k-Centrum Problem

In this section we present a dynamic programming bottom-up algorithm to
solve the strategic discrete subtree k-centrum problem when the selected sub-
tree is restricted to contain a distinguished node, say v1. From the nestedness
results proved above, we know that solving at most two such restricted sub-
problems will suffice for the solution of the unrestricted problem. We follow
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the approach in [173], and assume without loss of generality that the tree T
is binary and rooted at v1. (If a node vi is not a leaf, its two children are
denoted by vi(1) and vi(2)). Also, following the arguments in [173], we assume
without loss of generality that all weighted distances between pairs of nodes
are distinct. For the sake of readability, we recall that Vi is the set of descen-
dants of vi, Ti is the subtree induced by Vi, and T+

i is the subtree induced by
Vi ∪ {p(vi)} (see Section 12.1).

• Define Gi(q, r) to be the optimal value of the objective of the subproblem
with a subtree rooted at vi restricted to Ti, (we take the sum of the q
largest weighted distances), when the q-th largest weighted distance is
exactly r (if there is no feasible solution set Gi(q, r) = +∞).

• Define G+
i (q, r) to be the optimal value of the objective of the subproblem

with a subtree rooted at vi restricted to Ti, when the q-th largest weighted
distance is greater than r, and the (q + 1)-th largest weighted distance is
smaller than r (if there is no feasible solution set G+

i (q, r) = +∞).
• Define Ai(q, r) to be the sum of the q largest weighted distances of nodes

in T \ Ti to vi, when the q-th largest is exactly r (in case there is no such
set, let Ai(q, r) = +∞).

• Define A+
i (q, r) as above, with the condition that the q-th largest is greater

than r, and the (q + 1)-th is smaller than r (if there is no feasible solution
set A+

i (q, r) = +∞).
• Define Bi(1, q, r) to be the sum of the q largest weighted distances of nodes

in Vi(1) ∪ {vi} to vi, when the q-th largest is exactly r (in case there is no
such set, let Bi(1, q, r) = +∞).

• Define Bi(2, q, r) to be the sum of the q largest weighted distances of nodes
in Vi(2) ∪ {vi} to vi, when the q-th largest is exactly r (in case there is no
such set, let Bi(2, q, r) = +∞).

• Define B+
i (1, q, r) to be the sum of the q largest weighted distances of nodes

in Vi(1)∪{vi} to vi, with the condition that the q-th largest is greater than
r, and the (q + 1)-th is smaller than r (in case there is no such set, let
B+

i (1, q, r) = +∞).
• Define B+

i (2, q, r) to be the sum of the q largest weighted distances of nodes
in Vi(2)∪{vi} to vi, with the condition that the q-th largest is greater than
r, and the (q + 1)-th is smaller than r (in case there is no such set, let
B+

i (2, q, r) = +∞).
• Remark: For convenience, the 0-th largest weighted distance is +∞, and

for each i, in the definition of Gi, G+
i , Bi and B+

i , for any q > |Vi|, the
(q + 1)-th largest distance is −∞. A similar convention is used for Ai and
A+

i .

In the above definitions the parameter r is restricted to the set R∗ =
{wid(vi, vj)}, vi, vj ∈ V (note that r = 0 is an element of R∗). With the
above notation, the optimal objective value for the strategic discrete subtree
problem, when the subtree is rooted at v1, is
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OV1 = min
r∈R∗

G1(k, r).

It is convenient to consider the case r = 0 separately. G1(k, 0) is the optimal
value when the k-th largest weighted distance is equal to 0. Hence, for any
p ≥ k, the p-th largest weighted distance is equal to 0. Therefore, the problem
reduces to finding a subtree, rooted at v1, which contains at least M + 1 − k
nodes, and minimizes the sum of weighted distances of all nodes to the subtree
and the length of the subtree. This problem can be phrased as a special case
of the model considered in [113] (see also [40, 73, 76]). In particular, using the
algorithm in [113], G1(k, 0) can be computed in O(kM) time.

Recursive Equations for Gi(q, r) and G+
i (q, r) when r > 0

Gi(q, r): Without loss of generality suppose that r > 0 is the weighted distance
of some node vj ∈ Vi(1) from the selected subtree.
If the subtree does not include the edges (vi, vi(1)) and (vi, vi(2)), then the
best value is

Ci = min
1≤q1≤q

{Bi(1, q1, r) + B+
i (2, q − q1, r)}.

If the subtree includes the edge (vi, vi(1)) but not (vi, vi(2)), then the best
value is

Di = αd(vi, vi(1)) + min
1≤q1≤q

{Gi(1)(q1, r) + B+
i (2, q − q1, r)}.

If the subtree includes the edge (vi, vi(2)) but not (vi, vi(1)), then the best
value is

Ei = αd(vi, vi(2)) + min
1≤q1≤q

{Bi(1, q1, r) + G+
i(2)(q − q1, r)}.

If the subtree includes the edges (vi, vi(1)) and (vi, vi(2)), then the best value
is

Fi = α(d(vi, vi(1)) + d(vi, vi(2))) + min
1≤q1≤q

{Gi(1)(q1, r) + G+
i(2)(q − q1, r)}

Gi(q, r) = min{Ci, Di, Ei, Fi}.
G+

i (q, r):

First of all, we define G+
i (0, r) to be the length of the minimum subtree,

T ′i , rooted at vi, ensuring that the weighted distance to each node in Vi is
smaller than r (for each node vj in Vi, define vk(j) to be the node on P [vi, vj ],
closest to vi, satisfying wjd(vj , vk(j)) < r. T ′i is the subtree induced by vi, and
vk(j), vj ∈ Vi).

If the subtree does not include the edges (vi, vi(1)) and (vi, vi(2)), then the
best value is
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C+
i = min

0≤q1≤q
{B+

i (1, q1, r) + B+
i (2, q − q1, r)}.

If the subtree includes the edge (vi, vi(1)) but not (vi, vi(2)), then the best
value is

D+
i = αd(vi, vi(1)) + min

0≤q1≤q
{G+

i(1)(q1, r) + B+
i (2, q − q1, r)}.

If the subtree includes the edge (vi, vi(2)) but not (vi, vi(1)), then the best
value is

E+
i = αd(vi, vi(2)) + min

0≤q1≤q
{B+

i (1, q1, r) + G+
i(2)(q − q1, r)}.

If the subtree includes the edges (vi, vi(1)) and (vi, vi(2)), then the best value
is

F+
i = α(d(vi, vi(1)) + d(vi, vi(2))) + min

0≤q1≤q
{G+

i(1)(q1, r) + G+
i(2)(q − q1, r)}

G+
i (q, r) = min{C+

i , D+
i , E+

i , F+
i }.

Preprocessing:

To compute all the functions Ai, A
+
i , Bi and B+

i , it is actually sufficient to
find and sort the largest k weighted distances in Vi and V \ Vi for all vi. The
latter task will consume only O(M2) time by the methods presented recently
in Tamir [188].
Initialization:

If vi is a leaf, then by the general definitions and conventions above, for
r > 0, G+

i (1, r) = +∞ and G+
i (0, r) = 0. As noted above, the best objective

value attained by a subtree containing v1 is

OV1 = min
r∈R∗

G1(k, r).

To evaluate the total complexity of the algorithm we note that for each node
vi, the functions Gi(q, r) and G+

i (q, r) are computed for k values of q and
O(M2) values of r. Hence, the total complexity, including the preprocessing,
is O(k2M3) (we note in passing that since the parameter q is bounded by
min{k, |Vi|}, the analysis in [185] is applicable also to the above algorithm. In
particular, the actual complexity is only O(kM3)).

12.5 Solving the Strategic Continuous Subtree
k-Centrum Problem

The nestedness result shown above implies that it is sufficient to solve a
restricted model where the continuous selected subtree contains a point k-
centrum of the tree (as noted above the latter can be found in O(M log M)
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by the algorithm presented in page 274 which is taken from [117]). Without
loss of generality suppose that the subtree must contain the root v1. We now
discretize the continuous problem as follows. Let

R = {r ∈ R+ : ∃x ∈ A(T ), vi, vj ∈ V,wi �= wj , wid(vi, x) = wjd(vj , x) = r,
or ∃vi, vj ∈ V, r = wid(vi, vj)}.

For each node vi and r ∈ R, let xi(r) be the point on P [vi, v1] satisfying
wid(vi, xi(r)) = r. (If there is no such point set xi(r) = vi.) Next define

PEQ = {xi(r) ∈ A(T ) : for any r ∈ R and i = 1, 2, . . . , M}.

Theorem 12.4 The set PEQ is a Finite Dominating Set (FDS) for the strate-
gic continuous subtree k-centrum problem.

Proof.
Let Y be a given subtree containing v1, and suppose that no leaf of Y is a node
(the leaves are interior points of the edges). The objective function is the sum
of the function αL(Y ) and the sum of the k-largest weighted distances to the
leaves of Y . Consider the change in the objective, due to small perturbations
of the leaves of Y . Since the change in L(·) is linear in these perturbations, an
FDS for the continuous k-centrum subtree location problem depends only on
the change in the sum of the k-largest weighted distances from Y . It is known
that the k-centrum objective is reduced to the convex ordered median problem
with only two different λ values (namely 0, 1). Moreover, if Y has p leaves then
the subtree problem can now be reduced to a p-facility problem. Indeed, since
the tree can be considered rooted at v1, the distance of each node vj from Y
is the distance between vj and the closest point to vj in Y ∩P [v1, vj ] (if vj is
in Y , then d(vj , Y ) = 0). Thus, the p leaves of Y can be identified with the p
facilities (points) to be located in the p-facility problem. Therefore, an FDS
for the p-facility convex ordered median problem with only two different λ
values is also an FDS for the strategic k-centrum subtree problem. Finally, by
(8.1) the set PEQ is an FDS for this special p-facility location problem. Hence,
it is also an FDS for the strategic continuous k-centrum subtree problem. �

To summarize, we note that the strategic continuous k-centrum subtree
problem can be discretized by introducing O(M3) additional nodes, with zero
weight, and solving the respective discrete model as above. The O(M3) aug-
mented nodes do not contribute to the k-centrum objective, and each one of
them has only one child of the rooted augmented tree. Therefore, it is easy to
check that the implementation of the above algorithm to the problem defined
on the augmented tree consumes only O(kM7) and not O(kM9) time.

Remark 12.3 Notice that the same FDS is also valid for the modified con-
tinuous strategic subtree problem in which the sum of the k-largest weighted
distances from a subtree T ′ is replaced by:
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a
k∑

l=1

d(l)(T ′) + b
M∑

l=k+1

d(l)(T ′); a > b > 0, (12.3)

(d(l)(T ′) is the l-th largest element in the set {w1d(v1, T
′), . . . , wMd(vM , T ′)}).

We note in passing that the DP algorithm of Section 12.4.2 can easily be
adapted to deal with the more general objective function described in (12.3).
Thus, it also solves the corresponding strategic discrete and continuous subtree
problems.

12.6 Concluding Remarks

We have presented above a variety of polynomial algorithms to solve problems
of locating tree-shaped facilities using the convex ordered median objective.
For the special case of the k-centrum objective we proved nestedness results,
which led to improved algorithms. At the moment we do not know whether
these nestedness results extend to the ordered median objective. It is an in-
teresting research question to investigate the case of path-shaped facilities,
using the convex ordered median objective. The goal is to extend the recent
subquadratic algorithms for locating path-shaped facilities with the median
and center objectives reported in [3, 191, 201, 202]. Note that unlike the case
of tree-shaped facilities, there are only O(M2) topologically different path-
shaped facilities on a tree. Therefore, the models with path-shaped facilities
are clearly polynomial. The goal is to determine whether low order algorithms
exist also for the ordered median objective.



Part IV

The Discrete Ordered Median Location Problem



13

Introduction and Problem Statement

In contrast to the previous two parts of the book, we now have the discrete
case and not necessarily a metric environment anymore. On the other hand,
the 1-facility case is quite simple, and we can focus on the multifacility case.

Discrete location problems have been widely studied due to their impor-
tance in practical applications. A number of survey articles and textbooks have
been written on these problems, see e.g. Daskin [49], Drezner & Hamacher [61],
Mirchandani & Francis [142], and references therein. Discrete location models
typically involve a finite set of sites at which facilities can be located, and a
finite set of clients, whose demands have to be satisfied by allocating them
to the facilities. Whilst many problem variations have been considered in the
literature, we will focus on problems in which a fixed number of facilities
must be located at sites chosen from among the given set of candidate sites.
Moreover, a given client can only be supplied from a single facility. For each
client-site pair, there is a given cost for meeting the total demand of the client
from a facility located at the site.

As in the continuous and network case a variety of objective functions
has been considered in the literature. The median objective is to minimize
the sum of the costs of supplying all clients from the facilities at the selected
sites. The center objective is to minimize the maximum cost of supplying a
client, from amongst the sites chosen, over all clients. The centdian objective
is a convex combination of the median and center objectives which aims at
keeping both the total cost and largest cost low. These are the three objectives
most frequently encountered in the literature. It is worth noting that every
problem has its own solution method, including its own algorithmic approach.

In the last part of this monograph we will first give a nonlinear mixed-
integer formulation of the discrete OMP and explain how to linearize this
initial formulation. A chapter is then devoted to exact and heuristic solution
procedures. The last chapter treats related problems and gives an outlook to
further research.

In the following we introduce the discrete version of the OMP and present
some illustrative examples. In addition, we point out many modeling possi-
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bilities to obtain classical as well as new discrete facility location problems
as particular cases of the OMP. Finally, we describe a quadratic integer pro-
gramming formulation originally proposed by Nickel [149].

13.1 Definition of the Problem

Let A denote a given set of M sites, identified with the integers 1, . . . , M , i.e.
A = {1, . . . , M}.

Let C = (ckj)k,j=1,...,M be a given nonnegative M ×M cost matrix, where
ckj denotes the cost of satisfying the total demand of client k from a facility
located at site j. We may also say ckj denotes the cost of allocating client k
to facility j.

As being usual in discrete facility location problems, we assume without
loss of generality that the number of candidate sites is identical to the number
of clients. Let 1 ≤ N ≤ M be the desired number of facilities to be located
at the candidate sites. A solution to the facility location problem is given by
a set X ⊆ A of N sites, i.e. |X| = N . We assume, that each new facility
has unlimited capacity. Therefore, each client k will be allocated to a facility
located at site j of X with lowest cost, i.e.

ck(X) := min
l∈X

ckl = ckj . (13.1)

Ties are broken arbitrarily.
What distinguishes this problem from the classical uncapacitated N -

median problem is its objective function. As in the previous parts, the
entries of the cost vector for allocating the clients to the new facilities
c(A,X) = (c1(X), . . . , cM (X)) are sorted in non-decreasing order and we get
the corresponding sorted cost vector

sortM (c(A,X)) = (c(1)(X), . . . , c(M)(X)) = c≤(A,X) . (13.2)

We call any permutation transforming c(A,X) into sortM (c(A,X)) =
c≤(A,X) a valid permutation for X.

Then, in accordance with Definition 1.1, the objective function applies a
linear cost factor, with coefficient λi ≥ 0, to the ith lowest cost of supplying
a client, c(i)(X), for each i = 1, . . . , M . Let λ = (λ1, . . . , λM ) with λi ≥ 0,
i = 1, . . . , M , be a given vector, which will be essential to model different
discrete facility location problems. The discrete OMP is defined as

min
X⊆A , |X|=N

fλ(X) = 〈λ, sortM (c(A,X))〉 =
M∑
i=1

λi c(i)(X). (13.3)

Next, an example is given to illustrate the calculation of the discrete or-
dered objective function value.
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Example 13.1
Let A = {1, . . . , 5} be the set of sites and assume that we are interested in
building N = 2 new facilities. Let the cost matrix C be as follows:

C =

⎛⎜⎜⎜⎜⎝
0 4 5 3 3
5 0 6 2 2
7 2 0 5 6
7 4 3 0 5
1 3 2 4 0

⎞⎟⎟⎟⎟⎠ .

Choose λ = (0, 0, 1, 1, 0), which leads to the so-called (2, 1)-trimmed mean
problem (see Section 1.3) and evaluate the function at X = {1, 4}. It turns
out, that sites 1 and 5 are allocated to Facility 1, while the remaining sites are
allocated to Facility 4, see Figure 13.1. As a result, the associated cost vector is

Fig. 13.1. Optimal solution of Example 13.1

c(A,X) = (0, 2, 5, 0, 1). Thus, the sorted cost vector is c≤(A,X) = (0, 0, 1, 2, 5)
and the optimal objective function value is equal to:

fλ(X) = 〈λ, sortM (c(A,X))〉 = 0 × 0 + 0 × 0 + 1 × 1 + 1 × 2 + 0 × 5 = 3.

Next, we show that the choice of the objective function has a tremendous
impact on the optimal locations of new facilities.

Example 13.2
Let A = {1, . . . , 5} be the set of sites and assume as before that we are
interested in building N = 2 new facilities. But we consider now the following
cost matrix:

C =

⎛⎜⎜⎜⎜⎝
2 20 2 20 20
20 2 20 2 5
4 20 3 20 20
20 5 20 4 5
6 20 20 11 5

⎞⎟⎟⎟⎟⎠ ,

and assume that it represents distances. Then, depending on the selection of
the λ vector, we obtain different optimal locations for the new facilities and
objective function values. The choice of the objective function to be minimized
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is determined by the purpose of the new facilities to be built. Therefore, if for
example the two new facilities represent schools, then the 2-median problem
should be solved to find the best locations, i.e. those which minimize the total
sum of the distances. In this case, by setting λ = (1, 1, 1, 1, 1) in the OMP,
we get that the optimal solution is formed by the facilities XM = {1, 4},
see Figure 13.2, with an objective function value equal to 18. If the two new

Fig. 13.2. 2-median solution of Example 13.2

facilities represent emergency services, it is more suitable to consider the 2-
center problem to obtain the best locations, i.e. those which minimize the
maximal distance. In this case, we set λ = (0, 0, 0, 0, 1) and observe that
the optimal solution is formed either by the facilities XC = {1, 5} or by
XC = {3, 5}, see Figure 13.3, both with an objective function value equal to
5.

Fig. 13.3. 2-center solution of Example 13.2

Nevertheless, if the purpose of locating two new facilities is to establish
new leisure centers, then the optimal solution can ignore those clients that
are either very far away or too closely located in order to give a better service
to those clients who are at a middle distance. Thus, we may consider the
(1, 1)-trimmed mean problem. By setting λ = (0, 1, 1, 1, 0) in the OMP, the
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optimal solution is formed by the facilities XT = {3, 4}, see Figure 13.4, with
an objective function value equal to 9.

Fig. 13.4. Solution corresponding to the (1, 1)-trimmed mean problem of Exam-
ple 13.2

The above example refers to a case where the (k1, k2)-trimmed mean prob-
lem yields an optimal solution different to the corresponding ones given by
the N -median and the N -center problems.

Before dealing with solution approaches, we quickly discuss the complexity
status of the discrete OMP.

Theorem 13.1 The discrete OMP belongs to the class of NP-hard problems.

Proof.
The discrete N -median problem, which is NP-hard (see Kariv & Hakimi [119]),
is a particular case of the discrete OMP. Hence, clearly the discrete OMP
belongs to the class of NP-hard problems. �

13.2 A Quadratic Formulation for the Discrete OMP

The main issue when dealing with discrete optimization problems is to find a
compact formulation as a mathematical program. These formulations help in
finding solution methods and gaining insights into the structure of the prob-
lems. The goal of this section is to provide a first formulation for the discrete
OMP. The OMP can be seen as a (location) problem containing two types
of subproblems: one corresponds to the sorting of the cost vector, while the
other one corresponds to the location of the new facilities and the allocation
of the clients to each service center. Therefore, the OMP can be formulated
as a combination of an integer linear program which models the sorting sub-
problem, and a mixed-integer linear programming approach which solves the
location-allocation subproblem. Unfortunately, this combination will lead to a
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problem with quadratic constraints and objective function. The presentation
follows the approach originally proposed in [149].

13.2.1 Sorting as an Integer Linear Program (ILP)

In order to develop a formulation for the OMP, it is necessary first to represent
the sorting process (according to a valid permutation) as an ILP. Since any
permutation can be represented by an assignment problem, we only need to
add some additional constraints to obtain the correct permutation as shown
below. The matching model is displayed in Figure 13.5.

� �

� �

�
�

�
�

�
�

Fig. 13.5. Graph to illustrate the integer sorting subproblem (SORT )

In the sorting subproblem, a given set of real numbers r1, . . . , rM must be
sorted in non-decreasing order: rσ(1) ≤ rσ(2) ≤ . . . ≤ rσ(M), σ ∈ P(1...M). To
this aim, we define the following decision variables:

sik =
{

1 if σ(i) = k, i.e. if rk is the ith smallest value
0 otherwise i, k = 1, . . . , M.

(13.4)
Then, any solution of the following integer linear programming formulation
yields an (optimal) solution to the sorting subproblem, i.e. a realization of the
sortM function.

(SORT) min 1

s.t.
M∑
i=1

sik = 1 ∀ k = 1, . . . , M (13.5)

M∑
k=1

sik = 1 ∀ i = 1, . . . , M (13.6)

M∑
k=1

sik rk ≤
M∑

k=1

si+1,k rk ∀ i = 1, . . . , M − 1 (13.7)
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sik ∈ {0, 1} ∀ i, k = 1, . . . , M. (13.8)

The first group of constraints (13.5) ensures that each given real num-
ber is placed at only one position. Analogously, by constraints (13.6) each
position contains only one given real number. Constraints (13.7) guarantee
the non-decreasing order of the sorted real numbers. Finally, the integrality
constraints (13.8) are a natural consequence of the definition of the variables
sik, i, k = 1, . . . , M , given in (13.4).

(SORT) is just a feasibility problem, since the interest of this formulation
lies in the feasible region, i.e. the construction of feasible solutions. Hence, by
setting

rσ(i) :=
M∑

k=1

sik rk, i = 1, . . . , M

we obtain the desired non-decreasing sequence.
Next, we present a small example that illustrates the formulation (SORT).

Example 13.3
Let r1 = 6, r2 = 4, r3 = 5 be given. Then, the unique feasible values for the
variables sik ∈ {0, 1}, i, k = 1, . . . , 3, are obtained by setting s12 = s23 =
s31 = 1 and the remaining variables equal to zero.

Clearly, constraints (13.5) and (13.6) are fulfilled. Furthermore, con-
straints (13.7) are also satisfied:

4 = 6s11 + 4s12 + 5s13 ≤ 6s21 + 4s22 + 5s23 = 5
5 = 6s21 + 4s22 + 5s23 ≤ 6s31 + 4s32 + 5s33 = 6.

Notice that the constraints presented above are fundamental to fix the values
of the variables sik ∈ {0, 1}, i, k = 1, . . . , 3. Therefore,

s12 = 1 ⇒ σ(1) = 2, i.e. r2 = 4 is placed at the 1st position (rσ(1) = r2);
s23 = 1 ⇒ σ(2) = 3, i.e. r3 = 5 is placed at the 2nd position (rσ(2) = r3);
s31 = 1 ⇒ σ(3) = 1, i.e. r1 = 6 is placed at the 3rd position (rσ(3) = r1).

Obviously, if the given real numbers are not pairwise different, then there
exist multiple feasible solutions of (SORT). Thus, as in (13.1) ties are broken
arbitrarily.

Next, a well-known formulation of the location-allocation subproblem will
be introduced.

13.2.2 Formulation of the Location-Allocation Subproblem

Observe that by choosing λ = (1, 1, . . . , 1), the sorting permutation σ has no
effect on the objective function and therefore can be omitted. In this case,
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we obtain the classical discrete N -median problem which coincides with the
location-allocation subproblem (see Daskin [49], Labbé et al. [127] and Mir-
chandani [141]). We use the standard variables

xj =
{

1 if a new facility is built at site j
0 otherwise j = 1, . . . , M, (13.9)

and

ykj =
{

1 if client k is allocated to facility j
0 otherwise k, j = 1, . . . , M. (13.10)

Therefore, the location-allocation subproblem can be formulated using the
following mixed-integer linear program proposed by Revelle & Swain [176]:

(N -MED) min
M∑

k=1

M∑
j=1

ckj ykj

s.t.
M∑

j=1

xj = N (13.11)

M∑
j=1

ykj = 1 ∀ k = 1, . . . , M (13.12)

xj ≥ ykj ∀ j, k = 1, . . . , M (13.13)
xj ∈ {0, 1}, ykj ≥ 0 ∀ j, k = 1, . . . , M. (13.14)

The objective function is to minimize the sum of the costs of satisfying
the total demand of the clients.

By constraint (13.11), N new facilities are built. Constraints (13.12) guar-
antee that each client is allocated to one facility. Constraints (13.13) ensure
that a client i may only be allocated to a facility j if this facility is open.

Observe that the requirement of variable y to be binary (see (13.10)) is
relaxed. Notice that the xj , j = 1, . . . , M , are the strategic variables. There-
fore, once a set of variables xj satisfying the integrality constraints and
(13.11) is specified, it is simple to determine a set of allocation variables
ykj , j, k = 1, . . . , M , that solves the resulting linear program for the fixed
xj , j = 1, . . . , M , since the facilities have unlimited capacity. Therefore, by
dropping the integrality requirement of variable y, an optimal set of ykj is
given by ykj∗ = 1 and ykj = 0, j �= j∗ where ckj∗ = min{ckj : xj = 1}. Thus,
no integrality constraints on the variables ykj are necessary, and we simply
set ykj ≥ 0, see Cornuejols et al. [47].

Next, we present an example of a location-allocation problem.
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Example 13.4
Consider the data presented in Example 13.1, and assume that we are inter-
ested in building N = 2 new facilities in order to minimize the sum of the total
allocation costs. The optimal solution of the 2-median problem is formed by
the facilities X = {1, 2}. Therefore, the non-zero values of the decision vari-
ables xj are x1 = x2 = 1. Moreover, the decision variables ykj are all equal to
zero except for

y11 = 1, i.e. the total demand of client 1 is satisfied by itself;
y22 = 1, i.e. the total demand of client 2 is satisfied by itself;
y32 = 1, i.e. the total demand of client 3 is satisfied by facility 2;
y42 = 1, i.e. the total demand of client 4 is satisfied by facility 2;
y51 = 1, i.e. the total demand of client 5 is satisfied by facility 1.

Hence, the associated cost vector is c(A,X) = (0, 0, 2, 4, 1), see Figure 13.6,
and the optimal objective function value is equal to 7.

Fig. 13.6. Optimal solution corresponding to the 2-median problem of Example 13.4

13.2.3 Quadratic Integer Programming Formulation for OMP

Now, we combine the ILP-formulation of the sorting process, (SORT), pro-
posed in Section 13.2.1, with the formulation (N -MED) introduced in Sec-
tion 13.2.2. The combination of both models is not a difficult task. The ele-
ments rk that have to be sorted are the costs ck(X) which are represented in
the (N -MED) formulation by

rk = ck(X) =
M∑

j=1

ckj ykj , k = 1, . . . , M.

Hence, using the decision variables sik defined in (13.4), the objective function
of the OMP can be written as
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M∑
i=1

λi c(i)(X) =
M∑
i=1

λi

M∑
k=1

sik ck(X) =
M∑
i=1

λi

M∑
k=1

sik

M∑
j=1

ckj ykj .

Furthermore, we consider the decision variables ykj and xj , j, k = 1, . . . , M ,
defined by (13.9) and (13.10), respectively, and add the constraints corre-
sponding to the sorting and the location-allocation subproblems. The OMP
can be formulated as follows:

(OMP) min
M∑
i=1

λi

M∑
k=1

sik

M∑
j=1

ckj ykj (13.15)

s.t.
M∑
i=1

sik = 1 ∀ k = 1, . . . , M

M∑
k=1

sik = 1 ∀ i = 1, . . . , M

M∑
k=1

sik

M∑
j=1

ckj ykj ≤
M∑

k=1

si+1,k

M∑
j=1

ckj ykj ∀ i = 1, . . . , M − 1 (13.16)

M∑
j=1

xj = N

M∑
j=1

ykj = 1 ∀ k = 1, . . . , M

xj ≥ ykj ∀ j, k = 1, . . . , M
sik, xj ∈ {0, 1}, ykj ≥ 0 ∀ i, j, k = 1, . . . , M.

If constraint (13.11) is dropped, and (13.15) is modified in such a way
that fixed costs associated to each facility (fj for all j ∈ A) are part of the
objective function as follows:

min
M∑

j=1

fj xj +
M∑
i=1

λi

M∑
k=1

sik

M∑
j=1

ckj ykj ,

we obtain the Uncapacitated Facility Location (UFL) problem (see Cornue-
jols et al. [47]) with sorted supply costs.

Observe that (OMP ) is a mixed-integer formulation containing a quadratic
objective function and furthermore, a group of quadratic constraints (see con-
straints (13.16)). Consequently, the formulation of the OMP is very hard to be
straightly handled. On the other hand, the presented formulation is a natural
consequence of combining the two ingredients that have to be used in ordered
multifacility discrete location models: ordering and location-allocation.
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Linearizations and Reformulations

In the previous chapter we defined the discrete OMP and proposed a mixed-
integer nonlinear program to model it. This formulation, (OMP), has a
quadratic objective function as well as a quadratic group of constraints. In
this chapter we propose equivalent mixed-integer linear programs to handle
(OMP), see Nickel [149] and Boland et al. [25].

In other words, we look for linear reformulations (linearizations) of (OMP)
which provide the same feasible solutions and the same optimal objective
function value as the original program. In this chapter we propose three lin-
earizations that are motivated on linearizations developed for the Quadratic
Assignment Problem, see Burkard [30] and Rendl [175]. In addition, we show
how properties of optimal solutions can be used to strengthen these models,
and discuss relationships between them. Furthermore, computational results
are presented.

14.1 Linearizations of (OMP)

There are many approaches (linearizations) to avoid the quadratic terms in
the objective function (13.15) and in the constraints (13.16) of (OMP). The
underlying idea of all these approaches is to define a group of new variables
as an expression based on the quadratic terms in order to substitute them
in the complete formulation. Additional constraints corresponding to these
new variables are often included to keep the feasibility of the solutions and
their objective function value. In this section three possible linearizations are
developed.

14.1.1 A First Linearization: (OMP1)

A first mixed-integer linear formulation for the OMP can be derived analo-
gously to the linearizations for the Quadratic Assignment Problem proposed
by Lawler [128]. Hence, we use the following binary variables
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zikj = sik ykj i, j, k = 1, . . . , M. (14.1)

Thus, zikj = 1 if client k is supplied by a facility located at site j and this
allocation corresponds to the ith lowest cost, and zikj = 0, otherwise.

Observe that we do not consider any capacity constraints and therefore,
variable y does not need any integrality requirement, see Section 13.2.2. Hence,
we can also drop the integrality constraint corresponding to variable z.

The first linearization is as follows:

(OMP1’) min
M∑
i=1

λi

M∑
k=1

M∑
j=1

ckj zikj

s.t.
M∑
i=1

sik = 1 ∀ k = 1, . . . , M

M∑
k=1

sik = 1 ∀ i = 1, . . . , M

M∑
k=1

M∑
j=1

ckj zikj ≤
M∑

k=1

M∑
j=1

ckj zi+1,kj ∀ i = 1, . . . , M − 1 (14.2)

M∑
j=1

xj = N

M∑
j=1

ykj = 1 ∀ k = 1, . . . , M

xj ≥ ykj ∀ j, k = 1, . . . , M
M∑
i=1

zikj = ykj ∀ k, j = 1, . . . , M (14.3)

M∑
j=1

zikj = sik ∀ i, k = 1, . . . , M (14.4)

M∑
k=1

M∑
i=1

M∑
j=1

zikj = M (14.5)

sik + ykj − 2zikj ≥ 0 ∀ i, j, k = 1, . . . , M (14.6)
sik, xj ∈ {0, 1}, zikj , ykj ≥ 0 ∀ i, j, k = 1, . . . , M.

This mixed-integer linear program is equivalent to the quadratic formula-
tion of the OMP as shown in the following theorem.
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Theorem 14.1 The formulations (OMP) and (OMP1’) are equivalent, i.e. a
solution (x′, y′, s′) is feasible to (OMP) if and only if (x′, y′, s′, z′) is feasible
to (OMP1’) by setting z′ikj = s′ik y′kj. Moreover, their corresponding objective
function values coincide.

Proof.
Let (x′, y′, s′) be a feasible solution to (OMP). Then, constraints (13.5), (13.6),
(13.11), (13.12) and (13.13) are also satisfied in (OMP1’).

Now, we show that by setting z′ikj := s′ik y′kj , the remaining constraints
also hold.

First, from constraints (13.16) we obtain the validity of constraints (14.2),
since

M∑
k=1

M∑
j=1

ckj z′ikj =
M∑

k=1

M∑
j=1

ckj s′ik y′kj

≤
M∑

k=1

M∑
j=1

ckj s′i+1,k y′kj =
M∑

k=1

M∑
j=1

ckj z′i+1,kj

for every i = 1, . . . , M − 1.
Furthermore, taking into account the definition of z′ikj and summing over

the index i we have

M∑
i=1

z′ikj =
M∑
i=1

s′ik y′kj = y′kj

M∑
i=1

s′ik︸ ︷︷ ︸
=1 by (13.5)

= y′kj

and therefore, constraints (14.3) are also fulfilled.
Analogously, summing over the index j we can show the validity of con-

straints (14.4) as follows

M∑
j=1

z′ikj =
M∑

j=1

s′ik y′kj = s′ik
M∑

j=1

y′kj︸ ︷︷ ︸
=1 by (13.12)

= s′ik.

In addition, computing as before, we get

M∑
k=1

M∑
i=1

M∑
j=1

z′ikj =
M∑

k=1

M∑
i=1

M∑
j=1

s′ik y′kj =
M∑

k=1

M∑
i=1

s′ik︸ ︷︷ ︸
=1 by (13.5)

=1 by (13.12)︷ ︸︸ ︷
M∑

j=1

y′kj = M

and therefore, constraint (14.5) is also satisfied.
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Finally, in order to show that constraints (14.6) are valid, we distinguish
two cases depending on the value of the binary variable s. On the one hand,
if s′ik = 0, we obtain as a consequence that z′ikj = 0 and therefore, s′ik + y′kj −
2z′ikj = y′kj ≥ 0 from constraints (13.14). On the other hand, if s′ik = 1 then
z′ikj = y′kj and hence, s′ik + y′kj − 2z′ikj = 1 + y′kj − 2y′kj = 1 − y′kj ≥ 0 using
constraints (13.13) and (13.14). Therefore, in both cases, constraints (14.6)
hold.

Thus, (x′, y′, s′, z′) is feasible to (OMP1’). Furthermore, by definition of z′,
(x′, y′, s′) provides the same objective function value in (OMP) as (x′, y′, s′, z′)
in (OMP1’).

Now, let (x′, y′, s′, z′) be a feasible solution to (OMP1’). Then, as before,
constraints (13.5), (13.6), (13.11), (13.12) and (13.13) are also valid for (OMP).

If we show that the equivalence z′ikj = s′ik y′kj holds, the implication is
proven.

Variable z is nonnegative. Therefore, using constraints (14.4) and taking
into account that s′ik ∈ {0, 1} (from constraints (13.14)), we obtain that 0 ≤
z′ikj ≤ 1. Hence, we have to consider three cases. If z′ikj = 1 we get from
constraints (14.6) that s′ik + y′kj − 2 ≥ 0 and therefore, s′ik = 1 and y′kj = 1.
In particular, we have z′ikj ≤ s′ik y′kj . If z′ikj = 0 we obtain directly from the
non-negativity constraints of variables s and y that z′ikj ≤ s′ik y′kj also holds.
Finally, we only have to investigate the case when 0 < z′ikj < 1. On the
one hand, by constraints (14.4), we have that 0 < z′ikj ≤ s′ik and, since s is a
binary variable, we obtain s′ik = 1. On the other hand, using constraints (14.3)
and the non-negativity of variable z, we have that z′ikj ≤ y′kj . Therefore, as
s′ik = 1, we have that z′ikj ≤ s′ik y′kj . Thus, in either case, z′ikj ≤ s′ik y′kj .

Now assume that there exist i∗, k∗, j∗ with z′i∗k∗j∗ < s′i∗k∗ y′k∗j∗ . Hence,

M∑
k=1

M∑
i=1

M∑
j=1

z′ikj <

M∑
k=1

M∑
i=1

M∑
j=1

s′ik y′kj =
M∑

k=1

M∑
i=1

s′ik
M∑

j=1

y′kj = M ,

which contradicts constraint (14.5). Therefrom it follows that

z′i∗k∗j∗ = s′i∗k∗ y′k∗j∗ .

Thus, (x′, y′, s′) is feasible to (OMP) and the objective function values for
(x′, y′, s′, z′) in (OMP1’) and for (x′, y′, s′) in (OMP) coincide. �

Constraints (14.3) and (14.4) show a tight link between variables s and z,
and between y and z, respectively. Thus, we can substitute variables s and y
by expressions on variable z, as the next corollary shows.

Corollary 14.1 The formulation (OMP1’) can be simplified and written as
follows:
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(OMP1) min
M∑
i=1

M∑
k=1

M∑
j=1

λi ckj zikj

s.t.
M∑
i=1

M∑
j=1

zikj = 1 ∀ k = 1, . . . , M (14.7)

M∑
k=1

M∑
j=1

zikj = 1 ∀ i = 1, . . . , M (14.8)

M∑
k=1

M∑
j=1

ckjzikj ≤
M∑

k=1

M∑
j=1

ckjzi+1,kj ∀ i = 1, . . . , M − 1

M∑
j=1

xj = N

xj ≥
M∑
i=1

zikj ∀ k, j = 1, . . . , M (14.9)

zikj , xj ∈ {0, 1} ∀ i, j, k = 1, . . . , M.

Before we prove this result, we remark on some aspects of this new formu-
lation, (OMP1).

Remark 14.1

• The constraint (14.5) is redundant, since it is simply an aggregation of
either constraints (14.7) or (14.8).

• To obtain the equivalence between the linearizations (OMP1’) and (OMP1),
the binary character of variable z is necessary.

In the following we proceed by showing the validity of (OMP1).

Proof.
To prove that variable z can be considered as a binary variable, we only have to
show that each feasible solution (x′, y′, s′, z′) to (OMP1’) can be transformed
into a solution with z′′ binary. On the one hand, if z′ takes a Boolean value,
then we just have to consider z′′ = z′. On the other hand, if z′ is not binary,
since z′ikj = s′ik y′kj with s′ik binary, then the behavior of z′ depends only on
y′. As there are no capacity constraints, client k can be allocated to a facility
j such that ckj = min{ckl : l ∈ X} where X = {l ∈ A : x′l = 1} and
therefore, we can consider that y′′kj = 1. Otherwise, if x′j = 0 we obtain that
y′′kj = 0. Therefore, defining z′′ikj = s′ik y′′kj there exists a solution (x′, y′′, s′, z′′)
to (OMP1’) with z′′ binary.
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Then, substituting y′′kj and s′ik by their expressions involving z′′ikj as shown
by constraints (14.3) and (14.4), respectively, we get the validity of con-
straints (14.7), (14.8) and (14.9).

Hence, (x′, z′′) is feasible to (OMP1). Moreover, we also get the same ob-
jective function value in (OMP1’) for (x′, y′, s′, z′) and in (OMP1) for (x′, z′′).

Let (x′, z′) be a feasible solution to (OMP1). As z′ikj ∈ {0, 1}, let i∗, k∗, j∗

be such that z′i∗k∗j∗ = 1. By constraints (14.7) we obtain that z′i∗k∗j = 0,

∀j �= j∗. Therefore, by setting s′ik :=
M∑

j=1

z′ikj ∈ {0, 1} and y′kj :=
M∑
i=1

z′ikj ≥ 0

we have that

s′ik + y′kj − 2z′ikj =
M∑
l=1

z′ikl +
M∑
l=1

z′lkj − 2z′ikj =
M∑

l=1,l �=j

z′ikl +
M∑

l=1,l �=i

z′lkj ≥ 0.

Thus, constraints (14.6) hold and (x′, y′, s′, z′) is feasible to (OMP1’). Further-
more, we obtain the same objective function value for both linearizations.

�

From now on, we will consider (OMP1) instead of (OMP1’) as our first
linearization of (OMP).

Note that (OMP1) has O(M3) variables and O(M2) constraints. In the
next section we present an alternative linearization of the quadratic formula-
tion (OMP).

14.1.2 A Linearization Using Less Variables: (OMP2)

In this section a second linearization for the OMP, which uses O(M2) variables
rather than the O(M3) variables of (OMP1), is developed. This linearization
is inspired in the mixed-integer linear programming formulation proposed by
Kaufman & Broeckx [121] for the Quadratic Assignment Problem. Variables
are introduced which take on values of costs of supply; in a sense they absorb
the objective function, see (14.10).

We define M2 new nonnegative continuous variables wik by

wik = sik

M∑
j=1

ckj ykj i, k = 1, . . . , M, (14.10)

so wik is the cost of supplying client k if k is the ith client in non-decreasing
linear order of supply cost, and zero otherwise.

Therefore, we obtain the following mixed-integer linear problem:
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(OMP2) min
M∑
i=1

M∑
k=1

λiwik

s.t.
M∑
i=1

sik = 1 ∀ k = 1, . . . , M

M∑
k=1

sik = 1 ∀ i = 1, . . . , M

M∑
k=1

wik ≤
M∑

k=1

wi+1,k ∀ i = 1, . . . , M − 1 (14.11)

M∑
j=1

xj = N

M∑
j=1

ykj = 1 ∀ k = 1, . . . , M

xj ≥ ykj ∀ j, k = 1, . . . , M
M∑
i=1

wik =
M∑

j=1

ckj ykj ∀ k = 1, . . . , M (14.12)

wik ≥
M∑

j=1

ckj ykj −
M∑

j=1

ckj (1 − sik) ∀ i, k = 1, . . . , M (14.13)

sik, xj ∈ {0, 1}, ykj , wik ≥ 0 ∀ i, j, k = 1, . . . , M.

The following theorem shows the equivalence between this mixed-integer
linear program and the quadratic formulation of the OMP.

Theorem 14.2 The formulation (OMP2) is a valid linearization of (OMP),
i.e. a solution (x′, y′, s′) is feasible to (OMP) if and only if (x′, y′, s′, w′) is fea-

sible to (OMP2) by setting w′ik = s′ik

M∑
j=1

ckj y′kj. Moreover, their corresponding

objective function values coincide.

Proof.
Let (x′, y′, s′) be a feasible solution to (OMP). Then, constraints (13.5), (13.6),
(13.11), (13.12) and (13.13) are immediately satisfied for (OMP2).

The validity of the remaining constraints will be shown by setting

w′ik := s′ik
M∑

j=1

ckj y′kj .

First, from constraints (13.16) we get
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M∑
k=1

w′ik =
M∑

k=1

s′ik
M∑

j=1

ckj y′kj ≤
M∑

k=1

s′i+1,k

M∑
j=1

ckj y′kj =
M∑

k=1

w′i+1,k,

for every i = 1, . . . , M − 1, and hence, constraints (14.11) hold.
In addition, we obtain

M∑
i=1

w′ik =
M∑
i=1

s′ik︸ ︷︷ ︸
=1 by (13.5)

M∑
j=1

ckj y′kj =
M∑

j=1

ckj y′kj ,

and therefore, constraints (14.12) are also fulfilled.
Finally, we can prove the validity of constraints (14.13) using the binary

character of variable s. Thus, we distinguish two cases. On the one hand, if
s′ik = 0 then w′ik = 0. From constraints (13.13) and (13.14) we obtain that
y′kj ≤ 1 and therefore, since ckj ≥ 0,

ckj y′kj ≤ ckj ⇔
M∑

j=1

ckj y′kj ≤
M∑

j=1

ckj ⇔
M∑

j=1

ckj y′kj −
M∑

j=1

ckj ≤ 0 = w′ik.

(14.14)

On the other hand, if s′ik = 1 then w′ik =
M∑

j=1

ckj y′kj . Hence, in both cases,

constraints (14.13) hold.
Summarizing, we obtain that (x′, y′, s′, w′) is feasible to (OMP2). More-

over, by construction of w′, the objective function of (OMP) for (x′, y′, s′)
provides the same value as the objective function of (OMP2) for (x′, y′, s′, w′).

Now, let (x′, y′, s′, w′) be a feasible solution to (OMP2). Then, con-
straints (13.5), (13.6), (13.11), (13.12) and (13.13) are also fulfilled for (OMP).

To show that the remaining constraints hold, we just need to prove the

validity of the equivalence w′ik = s′ik

M∑
j=1

ckj y′kj .

Variable s is binary from constraints (13.8), so we consider two cases. On
the one hand, if s′ik = 0 we get by constraints (14.13)

M∑
j=1

ckj y′kj −
M∑

j=1

ckj ≤ w′ik ∀ i = 1, . . . , M.

In addition, by the same argument reasoning that in (14.14) we obtain that

M∑
j=1

ckj y′kj −
M∑

j=1

ckj ≤ 0 ≤ w′ik.



14.1 Linearizations of (OMP) 349

On the other hand, if s′ik = 1 we get directly from constraints (14.13) that

w′ik ≥
M∑

j=1

ckj y′kj .

In summary, in both cases we obtain that

w′ik ≥ s′ik
M∑

j=1

ckj y′kj .

Now assume that there exist i∗, k∗ such that

w′i∗k∗ > s′i∗k∗

M∑
j=1

ck∗j y′k∗j .

Hence, summing over the index i, we get

M∑
i=1

w′ik >

M∑
i=1

s′ik︸ ︷︷ ︸
=1 by (13.5)

M∑
j=1

ckj y′kj =
M∑

j=1

ckj y′kj ,

which contradicts constraints (14.12). Thus, it follows that

w′i∗k∗ = s′i∗k∗

M∑
j=1

ck∗j y′k∗j .

Therefore, (x′, y′, s′) is also feasible to (OMP). Furthermore, the objec-
tive function values for (x′, y′, s′, w′) in (OMP2) and for (x′, y′, s′) in (OMP)
coincide. �

In the following section we present a third linearization of (OMP) based
on the variables required by (OMP2) but strongly simplified.

14.1.3 Simplifying Further: (OMP3)

Looking at the variables defined for (OMP2), we see that for every i =

1, . . . , M , w′ik = sik

M∑
j=1

ckj ykj can only take a non-zero value for a unique

k∗ = 1, . . . , M corresponding to sik∗ = 1. (Note that s is a binary variable

and
M∑

k=1

sik = 1 from constraints (13.8) and (13.6), respectively.) Therefore, it

is not necessary to include variables to record the cost of supplying client k. It
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suffices to record the ith cheapest supply cost. Thus, the formulation is simpli-
fied by introducing M new nonnegative continuous variables wi representing
the cost of supplying the client with the ith cheapest supply cost:

wi =
M∑

k=1

w′ik =
M∑

k=1

sik

M∑
j=1

ckj ykj .

Using these variables, we get the following linearization of the formulation
(OMP):

(OMP3) min
M∑
i=1

λiwi

s.t.
M∑
i=1

sik = 1 ∀ k = 1, . . . , M

M∑
k=1

sik = 1 ∀ i = 1, . . . , M

wi ≤ wi+1 ∀ i = 1, . . . , M − 1 (14.15)
M∑

j=1

xj = N

M∑
j=1

ykj = 1 ∀ k = 1, . . . , M

xj ≥ ykj ∀ j, k = 1, . . . , M
M∑
i=1

wi =
M∑

j=1

M∑
k=1

ckj ykj (14.16)

wi ≥
M∑

j=1

ckj ykj −
M∑

j=1

ckj(1 − sik) ∀ i, k = 1, . . . , M (14.17)

sik, xj ∈ {0, 1}, ykj , wi ≥ 0 ∀ i, j, k = 1, . . . , M.

The quadratic formulation of the OMP is equivalent to this mixed-integer
linear program as the following theorem shows.

Theorem 14.3 The formulations (OMP) and (OMP3) are equivalent, i.e. a
solution (x′, y′, s′) is feasible to (OMP) if and only if (x′, y′, s′, w′) is feasible

to (OMP3) by setting w′i =
M∑

k=1

s′ik
M∑

j=1

ckj y′kj. Moreover, their corresponding

objective function values coincide.
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Proof.
Let (x′, y′, s′) be a feasible solution to (OMP). Then, it satisfies immediately
constraints (13.5), (13.6), (13.11), (13.12) and (13.13). Thus, they are also
fulfilled in (OMP3).

By setting w′i :=
M∑

k=1

s′ik
M∑

j=1

ckj y′kj we will see that the remaining con-

straints also hold.
First, we obtain constraints (14.15) using constraints (13.16), since

w′i =
M∑

k=1

s′ik
M∑

j=1

ckj y′kj ≤
M∑

k=1

s′i+1,k

M∑
j=1

ckj y′kj ≤ w′i+1,

for every i = 1, . . . , M − 1.
Furthermore, from the definition of w′ we get

M∑
i=1

w′i =
M∑
i=1

M∑
k=1

s′ik
M∑

j=1

ckj y′kj =
M∑

k=1

M∑
i=1

s′ik︸ ︷︷ ︸
=1 by (13.5)

M∑
j=1

ckj y′kj =
M∑

k=1

M∑
j=1

ckj y′kj ,

and therefore, constraint (14.16) is also fulfilled.
Finally, we will show the validity of constraints (14.17). From the def-

inition of variable s and constraints (13.6), we obtain that for each index
i ∈ {1, . . . , M} there exists an index k∗ = 1, . . . M such that s′ik∗ = 1 and
s′ik = 0, ∀k �= k∗ = 1, . . . , M . Therefore,

w′i =
M∑

k=1

s′ik
M∑

j=1

ckj y′kj = s′ik∗
M∑

j=1

ck∗j y′k∗j

=
M∑

j=1

ck∗j y′k∗j =
M∑

j=1

ck∗j y′k∗j −
M∑

j=1

ck∗j(1 − s′ik∗).

In addition, because x is a binary variable and by constraints (13.13) we get
that y′kj ≤ 1. Hence, since ckj ≥ 0,

ckj y′kj ≤ ckj ⇔
M∑

j=1

ckj y′kj ≤
M∑

j=1

ckj ⇔
M∑

j=1

ckj y′kj −
M∑

j=1

ckj ≤ 0.

Thus, for k �= k∗ we have

M∑
j=1

ckj y′kj −
M∑

j=1

ckj(1 − s′ik) =
M∑

j=1

ckj y′kj −
M∑

j=1

ckj ≤ 0 ≤ w′i.

Therefore, for all i, k = 1, . . . , M , constraints (14.17) are satisfied.
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Summarizing, we obtain that (x′, y′, s′, w′) is feasible to (OMP3). Further-
more, by the definition of w′ we also get the same objective function value in
(OMP) for (x′, y′, s′) as in (OMP3) for (x′, y′, s′, w′).

Now, let (x′, y′, s′, w′) be a feasible solution to (OMP3). Then, con-
straints (13.5), (13.6), (13.11), (13.12) and (13.13) of (OMP) are fulfilled.

We will show that the equivalence w′i =
M∑

k=1

s′ik
M∑

j=1

ckj y′kj holds and there-

fore, the implication is proven.
From the binary character of variable s and constraints (13.6) we know

that for every i = 1, . . . , M there exists k∗ = 1, . . . , M such that s′ik∗ = 1 and
s′ik = 0 for k �= k∗. Then, we obtain by constraints (14.17) that for k∗

w′i ≥
M∑

j=1

ck∗j y′k∗j = s′ik∗
M∑

j=1

ck∗j y′k∗j =
M∑

k=1

s′ik
M∑

j=1

ckj y′kj ∀ i = 1, . . . , M.

Now assume that there exists i∗ with w′i∗ >
M∑

k=1

s′i∗k

M∑
j=1

ckj y′kj . Thus,

M∑
i=1

w′i >
M∑

k=1

M∑
i=1

s′ik︸ ︷︷ ︸
=1 by (13.5)

M∑
j=1

ckj y′kj =
M∑

k=1

M∑
j=1

ckj y′kj ,

which is a contradiction to constraint (14.16). Hence, it follows that

w′i∗ =
M∑

k=1

s′i∗k

M∑
j=1

ckj y′kj .

Therefore, (x′, y′, s′) is feasible to (OMP). Moreover, the objective function
values for (x′, y′, s′, w′) in (OMP3) and for (x′, y′, s′) in (OMP) coincide. �

Since (OMP2) and (OMP3) are tightly related, a theoretical comparison
between their feasible regions is presented in following section.

14.1.4 Comparison Between (OMP2) and (OMP3)

We will show in the following that the feasible region described by (OMP2
LR)

(the linear programming relaxation of (OMP2)) is a subset of the feasible
region of (OMP3

LR) (the linear programming relaxation of (OMP3)). Moreover,
we show that this inclusion is strict. This is somewhat surprising, since (OMP3)
seems to be the more compact formulation.
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Theorem 14.4 Let (x′, y′, s′, w′) be a feasible solution of (OMP2
LR).

Then (x′,y′,s′,w′′) is a feasible solution of (OMP3
LR), by setting w′′i =

M∑
k=1

w′ik

for all i = 1, . . . , M .

Proof.
Since (x′, y′, s′, w′) is feasible to (OMP2

LR), constraints (13.5), (13.6), (13.11),
(13.12) and (13.13) are immediately fulfilled by (x′, y′, s′, w′′) with

w′′i =
M∑

k=1

w′ik ∀ i = 1, . . . , M .

For the remaining constraints we proceed as follows.

Constraints (14.15) are fulfilled using w′′i =
M∑

k=1

w′ik and (14.11):

w′′i =
M∑

k=1

w′ik ≤
M∑

k=1

w′i+1,k = w′′i+1.

From constraints (14.12) and summing over the index k we have

M∑
i=1

w′′i =
M∑
i=1

M∑
k=1

w′ik =
M∑

j=1

M∑
k=1

ckj y′kj

and hence, constraint (14.16) is also satisfied.
Finally, because (x′, y′, s′, w′) fulfills constraints (14.13) and w′ik ≥ 0, we

obtain that (x′, y′, s′, w′′) verifies constraints (14.17) as follows

w′′i =
M∑
l=1

w′il ≥ w′ik ≥
M∑

j=1

ckj y′kj −
M∑

j=1

ckj (1 − s′ik) ∀ k = 1, . . . , M.

Hence, (x′, y′, s′, w′′) is a feasible solution to (OMP3
LR). �

In the following example we present a point that is feasible to (OMP3
LR)

which cannot be transformed into a feasible point to (OMP2
LR). Therefore, the

inclusion shown in Theorem 14.4 is strict.

Example 14.1
Let M = 3 and N = 2, i.e. we have three sites, and we would like to locate two

service facilities. Let C =

⎛⎝ 0 1 3
1 0 3
1 3 0

⎞⎠ be the 3 × 3 cost matrix. Then consider

the point (x′, y′, s′, w′′) defined as follows:
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x′ =

⎛⎝ 0.5
0.75
0.75

⎞⎠ , y′ =

⎛⎝ 0 0.5 0.5
0.25 0 0.75
0.25 0.75 0

⎞⎠ , s′ =

⎛⎝ 0 0.5 0.5
0.5 0 0.5
0.5 0.5 0

⎞⎠ , w′′ =

⎛⎝0.5
3

3.5

⎞⎠ .

It satisfies constraints (13.5), (13.6), (13.11), (13.12), (13.13), (14.15), (14.16)
and (14.17). Thus, this point belongs to the feasible region of (OMP3

LR).
To obtain a feasible point to (OMP2

LR) we only need to find values for w′ik

which satisfy constraints (14.11), (14.12) and (14.13) such that
M∑

k=1

w′ik = w′′i

for all i = 1, 2, 3. However, this is not possible, since on the one hand, by
constraints (14.13), we obtain

w′11 ≥ 0, w′12 ≥ 0.5 and w′13 ≥ 0.5,

but on the other hand,
M∑

k=1

w′1k = 0.5 = w′′1 . Thus, there is no solution to the

above system of equations and therefore, (x′, y′, s′, w′′) cannot be transformed
into a feasible solution of (OMP2

LR).

The improvement of the three presented linearizations of (OMP) is the
focus of the next section. Observe that Theorem 14.4 implies that any im-
provements found for linearization (OMP3) easily carry over to (OMP2), see
Section 14.2.3.

14.2 Reformulations

The goal of this section is to improve the three linearizations (OMP1), (OMP2)
and (OMP3). These improvements are obtained adding constraints, strength-
ened forms of original constraints, and preprocessing steps, such as fixing some
variables to zero, or relaxing integrality requirements on some others. By do-
ing so, we reduce the computing time required to solve the discrete OMP,
either by reducing the gap between the optimal objective function value and
the relaxed linear programming (LP) solution (integrality gap), or by reduc-
ing the number of variables for which integrality must be ensured. For some
of these properties, we will need free self-service, i.e. we assume cii = 0, for
all i ∈ A. For short, we will denote this property by (FSS). Also note that,
for most improvements, λ is required to be nonnegative. However, the initial
formulations are also valid for general λ.

The first strengthening approach is based on any upper bound, zUB, on
the optimal objective function value of the OMP which we assume to be given.
Upper bounds are, of course, easy to come by; any set of N locations yields
one. Since good upper bounds are in general more difficult to obtain, we give
in Section 15.2 different heuristic procedures to be used to get upper bounds.
Consider a client k: Either the cost of allocating k is among the highest M−m
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such costs, or its cost is among the cheapest m costs. In the latter case the
objective value of the problem must be at least

∑M
i=m λi multiplied by the

cost of allocating client k; this value is clearly a lower bound. Obviously we are
only interested in solutions with objective value less than or equal to zUB, i.e.
solutions with either client k’s cost ranked m+1 or higher, or with k allocated
to some location j with ckj ≤ zUB∑M

i=m
λi

. To simplify the presentation, recall

that

fλ(X) :=
M∑
i=1

λic(i)(X)

denotes the total cost of a solution X. We write rk(k) to denote the rank of
client k in the cost ordering, so if c(i)(X) = ck(X) for some i, k = 1, . . . , M

then rk(k) = i. Note that we adopt the convention that if
M∑

i=m

λi = 0 then

zUB∑M
i=m λi

= ∞ for all j, k = 1, . . . , M .

Proposition 14.1 If fλ(X) ≤ zUB for some zUB, then rk(k) ≥ m + 1 for all
k = 1, . . . , M and all ranks m = 1, . . . , M − 1 which fulfill ck(X) >

zUB∑M
i=m λi

.

Proof.
Suppose that there exist k ∈ {1, . . . , M} and m ∈ {1, . . . , M − 1} such that
ck(X) >

zUB∑M
i=m λi

and rk(k) ≤ m. By construction,

c(M)(X) ≥ · · · ≥ c(m)(X) ≥ c(r)(X) = ck(X).

Since C and λ are both nonnegative, we have

fλ(X) =
M∑
i=1

λic(i)(X) ≥
M∑

i=m

λic(i)(X) ≥
M∑

i=m

λick(X) = ck(X)
M∑

i=m

λi > zUB,

which yields a contradiction, and therefore, the result follows. �

The following proposition states a general property which will be used in
the next subsections.

Proposition 14.2 Given X with |X| = N . If (FSS) holds and λ ≥ 0, then
ci(X) = 0 for all i ∈ X. Furthermore, there exists a valid permutation for X,
such that

{(i) : i = 1, . . . , N} = X. (14.18)

Proof.
For each client k = 1, . . . , M there exists an open facility j(k) ∈ argminj∈Xckj ,
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where X = {j ∈ A : xj = 1}, such that client k causes a cost equal to
ck(X) = ckj(k).

Now since cij ≥ 0, for all i, j = 1, . . . , M and by (FSS) ckk = 0, for all
k = 1, . . . , M , in each optimal allocation we have that ck(X) = 0 for all k ∈ X
and ck(X) ≥ 0 for all k ∈ A \ X. Observe that for each k ∈ X, by (FSS), k
itself is a minimizer of min

j∈X
ckj , thus, we can set j(k) = k for all k ∈ X.

Therefore, there exists a valid permutation for X such that the first N
elements are the open facilities. This permutation satisfies

0 = c(1)(X) = · · · = c(N)(X) ≤ c(N+1)(X) ≤ · · · ≤ c(M)(X). (14.19)

Furthermore, if there would exist some h > 0 such that

0 = c(1)(X) = . . . = c(N)(X)
= c(N+1)(X) = · · · = c(N+h)(X) ≤ · · · ≤ c(M)(X),

it is possible to permute zeros without increasing the total cost such that
(14.18) is satisfied, i.e. the first N entries of c≤(X) (see (13.2)) correspond to
ones with ckk = 0, for all k ∈ X.

Thus, in either case, (14.18) is fulfilled. �

In the following subsections we use Proposition 14.2 to get improvements
for the different linearizations of Section 14.1.

All equivalent formulations of the OMP use different variables but induce
the same solution X for the OMP. Instead of writing the solution value fλ(X)
induced by the variables u of a specific reformulation we allow to write fλ(u)
directly. As a consequence, in the following we will not distinguish between
variables and their values in order to simplify the notation.

14.2.1 Improvements for (OMP1)

First, we use an upper bound in order to fix some variables zikj to zero, as
the next lemma shows.

Lemma 14.1 Let zUB be an upper bound on the optimal value of the OMP.
Then any optimal solution (x, z) to (OMP1) must satisfy

zmkj = 0 ∀ m, k, j with ckj >
zUB∑M
i=m λi

. (14.20)

Proof.
Suppose (x, z) is an optimal solution to (OMP1). Assume further that zUB is
an upper bound on the value of the OMP and there exist m, j∗, k∗ such that
ck∗j∗ >

zUB∑M
i=m λi

and zmk∗j∗ = 1.
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By the definition of variable z, see (14.1), it follows from zmk∗j∗ = 1 that
site j∗ is in the solution set X induced by (x, z) (i.e. xj∗ = 1), and moreover,
client k∗ is ranked at position m (i.e. rk(k∗) = m). Furthermore, client k∗ is
allocated to site j∗, thus ck∗(X) = ck∗j∗ >

zUB∑M
i=m λi

.

In addition, fλ(X) is the objective value of (x, z) in (OMP1), and therefore
fλ(X) ≤ zUB.

Summarizing, by Proposition 14.1, we have that rk(k∗) ≥ m + 1. But
rk(k∗) = m. This contradiction completes the proof. �

Assuming that property (FSS) holds, it is possible to strengthen the orig-
inal formulation of (OMP1). Notice that it is natural to consider that the
allocation cost of one client to itself is 0. Therefore, this assumption is often
fulfilled in actual applications. To simplify the presentation, we will assume
in the rest of this section that (FSS) holds.

Lemma 14.2 There exists an optimal solution (x, z) to (OMP1) satisfying

N∑
i=1

zikk = xk, ∀ k = 1, . . . , M. (14.21)

Proof.
Let (x, z) be an optimal solution to (OMP1). Let X be the set of facilities
induced by x, i.e. X = {j ∈ A : xj = 1}. We have |X| = N by con-
straints (13.11).

Consider a valid permutation for X. By (FSS) and Proposition 14.2, we
may assume that this permutation also satisfies (14.18), and thus rk(k) ∈
{1, . . . , N} for each k ∈ X.

For each k ∈ A \ X, let j(k) be a minimizer of min
j∈X

ckj . Observe that by

(FSS) j(k) = k for all k ∈ X.
Then, define z′ by z′ikj = 1 if j = j(k) and k = (i), and z′ikj = 0 other-

wise, for each i, j, k = 1, . . . , M . By Theorem 14.1 and Corollary 14.1, (x, z′)
is an optimal solution to (OMP1). We distinguish two cases to prove con-
straints (14.21).

Case 1: k ∈ X. In this case j(k) = k and rk(k) ∈ {1, . . . , N}, so z′rk(k)kk = 1

and z′ikk = 0 for all i = 1, . . . , N , i �= rk(k). Thus,
N∑

i=1

z′ikk = z′rk(k)kk =

1 = xk as required.
Case 2: k �∈ X. In this case j(k) �= k, since j(k) ∈ X by definition. Therefore,

z′ikk = 0 for all i = 1, . . . , M . Thus,
N∑

i=1

z′ikk = 0 = xk as required.
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In either case, constraints (14.21) are fulfilled by (x, z′), which is an optimal
solution to (OMP1). �

The following corollary unifies the two results presented above.

Corollary 14.2 There exists an optimal solution to (OMP1) satisfying con-
straints (14.20) and (14.21).

Proof.
By Lemma 14.2 there exists an optimal solution (x, z) satisfying constraints
(14.21). By Lemma 14.1, every optimal solution fulfills constraints (14.20),
so (x, z) does. Thus, there exists an optimal solution (x, z) satisfying both
constraints (14.20) and (14.21). �

Finally, the integrality requirement on some variables and the existence of
an optimal solution to (OMP1) which satisfies all the results presented in this
section is shown in the next theorem.

In the next step of our analysis we show that there are optimal solutions
of (OMP1) which satisfy the reinforcements defined by (14.20) and (14.21)
even if some zikj are relaxed. Thus, we get a better polyhedral description of
(OMP1).

Let (OMP1
LR(z)) be the problem that results from (OMP1) after relaxing

the integrality constraints for zikj , i = 1, . . . , N , j, k = 1, . . . , M .

Theorem 14.5 Let (x, z) be an optimal solution of (OMP1
LR(z)) reinforced

with the additional constraints (14.20) and (14.21). Then x induces an optimal
solution to the OMP.

Proof.
Let (x, z) be an optimal solution to (OMP1

LR(z)) satisfying constraints (14.20)
and (14.21).

We will proceed by showing that there exists z′ such that (x, z′) is an
optimal solution to (OMP1). By Theorem 14.1 and Corollary 14.1, we conclude
that x must induce an optimal solution to OMP.

Let X be the set of facilities induced by x. By Proposition 14.2 there exists
a valid permutation (14.18). By (14.18), we have

x(1) = x(2) = · · · = x(N) = 1,

i.e. rk(j) ∈ {1, . . . , N} for all j ∈ X, and xj = 0 for all j = 1, . . . , M with
rk(j) > N . We now define z′ by

z′ikj :=

⎧⎨⎩ zikj , i > N
1, i ≤ N, k = j = (i)
0, otherwise

for each i, k, j = 1, . . . , M .
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In the following we show that z′ is feasible for (OMP1).
First, we prove that z′ satisfies constraints (14.2). On the one hand, for all

i > N , z′ikj = zikj for all j, k ∈ A, so the result follows since z already fulfills
constraints (14.2). On the other hand, for all i ≤ N ,

M∑
k=1

M∑
j=1

ckj z′ikj = c(i)(i) = 0

since (FSS) holds. Therefore, constraints (14.2) are fulfilled.
For the constraints of type (14.7) we distinguish two cases.

Case 1: k ∈ X. Since z satisfies constraints (14.21) and in this case xk = 1,

we have that
N∑

i=1

zikk = 1. Furthermore, z fulfills constraints (14.7), and

therefore,
M∑

i=N+1

M∑
j=1

zikj = 0. Hence, and from the definition of z′, we have

M∑
i=1

M∑
j=1

z′ikj =
N∑

i=1

M∑
j=1

z′ikj +
M∑

i=N+1

M∑
j=1

zikj

= z′rk(k)kk + 0
= 1

as required.
Case 2: k �∈ X. We start by showing that

∑
j∈X

zijj = 1 for all i = 1, . . . , N .

From constraints (14.21) we have
N∑

i=1

zijj = 1 for all j ∈ X. Then, by

constraints (14.8), we know that
∑
j∈X

zijj ≤ 1 for all i = 1, . . . , N . Suppose

that there exists an i ∈ {1, . . . , N} with
∑
j∈X

zijj < 1. Then

N∑
i=1

∑
j∈X

zijj < N =
∑
j∈X

N∑
i=1

zijj

since |X| = N . This is a contradiction and therefore
∑
j∈X

zijj = 1 for all

i = 1, . . . , N .
Using constraints (14.8) again, we obtain that zik∗j = 0 for all i =
1, . . . , N , and all j, k∗ = 1, . . . , M with k∗ �= j or j �∈ X. Thus, applying
constraints (14.7), and since k �∈ X, we have that
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M∑
i=N+1

M∑
j=1

zikj = 1.

To conclude, we observe that by the definition of z′, and since k �∈ X, we
have that z′ikj = 0 for all i = 1, . . . , N and all j = 1, . . . , M , so

M∑
i=1

M∑
j=1

z′ikj =
N∑

i=1

M∑
j=1

z′ikj +
M∑

i=N+1

M∑
j=1

zikj

=
N∑

i=1

M∑
j=1

0 + 1

= 1

as required.

Therefore, in either case z′ fulfills constraints (14.7).
Showing that z′ satisfies constraints (14.8) is easier. On the one hand, for

i > N , z′ikj = zikj for all j, k = 1, . . . , M , so

M∑
k=1

M∑
j=1

z′ikj =
M∑

k=1

M∑
j=1

zikj = 1

since z fulfills constraints (14.8). On the other hand, for i ≤ N , z′ikj = 1 if
k = j = (i), and z′ikj = 0, otherwise. Therefore, z′ fulfills constraints (14.8).

Proving that z′ satisfies constraints (14.9) is similar to showing that z′

verifies constraints (14.7), using the above arguments. Again, we distinguish
the same two cases.

Case 1: k ∈ X. Using the above arguments, we have that
M∑

i=N+1

M∑
j=1

zikj = 0.

Hence,
M∑

i=N+1

zikj = 0 for all j = 1, . . . , M . Now, from the definition of z′,

z′ikj = 1 for i = 1, . . . , N if and only if j = k = (i). Therefore, we have
that if j �= k,

M∑
i=1

z′ikj =
N∑

i=1

z′ikj +
M∑

i=N+1

zikj = 0 + 0 = 0 ≤ xj ,

while if j = k, then xj = 1 since j = k ∈ X, and we obtain

M∑
i=1

z′ikj =
N∑

i=1

z′ikj +
M∑

i=N+1

zikj = z′rk(k)kk + 0 = 1 = xj

as required.
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Case 2: k �∈ X. In this case, it follows from the definition of z′ that z′ikj = 0
for all i = 1, . . . , N and all j = 1, . . . , M . Thus

M∑
i=1

z′ikj =
N∑

i=1

z′ikj +
M∑

i=N+1

zikj = 0 +
M∑

i=N+1

zikj ≤
M∑
i=1

zikj ≤ xj

since z satisfies constraints (14.9), as required.

Therefore, in either case constraints (14.9) hold.
Since z′ is binary we obtain that (x, z′) is feasible for (OMP1).
We now show that the objective value of (x, z′) in (OMP1) is less than or

equal to that of (x, z). Consider the function

ζi(z) =
M∑

k=1

M∑
j=1

ckj zikj

for each i = 1, . . . , M . Then we can write the objective function of (OMP1) as

M∑
i=1

λiζi(z).

On the one hand, for i > N , z′ikj = zikj for all k, j, so

ζi(z′) =
M∑

k=1

M∑
j=1

ckj z′ikj =
M∑

k=1

M∑
j=1

ckj zikj = ζi(z).

On the other hand, for i ≤ N , z′ikj = 1 if and only if j = k = (i), and z′ikj = 0
otherwise, thus

ζi(z′) =
M∑

k=1

M∑
j=1

ckj z′ikj = c(i)(i) = 0

by (FSS). This implies

ζi(z′) = 0 ≤ ζi(z) , i = 1, . . . , M .

Since λ ≥ 0 is assumed, the objective value of (x, z′) in (OMP1) is

fλ(x, z′) =
M∑
i=1

λiζi(z′) ≤
M∑
i=1

λiζi(z) = fλ(x, z), (14.22)

i.e. it is smaller than or equal to the objective value of (x, z).
To conclude, notice that (OMP1) and (OMP1) reinforced by constraints

(14.20) and (14.21) have the same optimal objective value (see Corollary 14.2).
Since (x, z) is an optimal solution to (OMP1

LR(z)), a relaxation of the latter
problem, we have
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fλ(x, z) ≤ val(OMP1) .

(Recall that val(P) denotes the optimal value of Problem P .)
In addition, we have proven that (x, z′) is feasible for (OMP1) and there-

fore,
val(OMP1) ≤ fλ(x, z′) .

Thus, fλ(x, z) ≤ fλ(x, z′). Moreover, by (14.22) they are equal and hence,
(x, z′) is optimal. �

As a consequence of the above results we define (OMP1*) as (OMP1
LR(z)) re-

inforced by constraints (14.20) and (14.21). In Section 14.3 computational ex-
periments will show the advantages of the strengthened formulation (OMP1*).
After dealing with the first linearization we show how to strengthen the other
linearizations in the following.

14.2.2 Improvements for (OMP3)

In the following, we will prove properties which are fulfilled by optimal solu-
tions to (OMP3). These results will help to strengthen the original formula-
tion. Using the results of Section 14.1.4, our findings will easily carry over to
(OMP2).

Lemma 14.3 If (x, y, s, w) is an optimal solution of (OMP3), then

∑
j : ckj≤ zUB∑M

i=m
λi

xj ≥
m∑

i=1

sik (14.23)

is fulfilled for all k, m = 1, . . . , M .

Proof.
Let (x, y, s, w) be an optimal solution to (OMP3), and let zUB be an upper
bound on the optimal objective. Let X be the set of facilities induced by x
and let σ be the permutation of {1, . . . , M} induced by s, i.e. let σ(i) = j if
and only if sij = 1.

Then, by Theorem 14.3, |X| = N , σ is a valid permutation for X and
fλ(X) is the objective value of (x, y, s, w) in (OMP3), so fλ(X) ≤ zUB.

Take any arbitrary k, m ∈ {1, . . . , M}. From constraints (13.5) and the

binary character of variable s,
m∑

i=1

sik ∈ {0, 1}. Since x ≥ 0, (14.23) trivially

holds when
m∑

i=1

sik = 0. Thus, let us assume that
m∑

i=1

sik = 1. Therefore,

srk = 1 for some 1 ≤ r ≤ m, and so σ(r) = k and rk(k) = r ≤ m. Hence,
by Proposition 14.1, we obtain that ck(X) ≤ zUB∑M

i=m λi

. By the definition of
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ck(X), see (13.1), there exists a j ∈ X with ckj = ck(X). Thus, xj = 1 and
ckj ≤ zUB∑M

i=m λi

, and therefore

∑
j : ckj≤ zUB∑M

i=m
λi

xj ≥ 1 =
m∑

i=1

sik

as required. �

In the following, we present a result which strengthens constraints (14.17)
from the original formulation.

Lemma 14.4 Let ck be the N-th largest entry of the cost matrix at row k,
i.e. let ck be the N-th largest element of the set {ckj | j = 1, . . . , M}. Then
the following inequality

wi ≥
M∑

j=1

ckj ykj − ck(1 − sik), ∀i, k = 1, . . . , M (14.24)

is satisfied by any optimal solution (x, y, s, w) to (OMP3).

Proof.
Let (x, y, s, w) be an optimal solution to (OMP3) and X = {j ∈ A : xj = 1}
be the set of facilities induced by x. From the binary character of variable s
we distinguish two cases.

Case 1: sik = 1. By constraints (14.17), wi ≥
M∑

j=1

ckj ykj , as required.

Case 2: sik = 0. We observe that ykj(k) = 1 for some j(k) ∈ X = {j ∈
A : xj = 1}, and in fact since (x, y, s, w) is optimal, it must be that
j(k) ∈ argminj∈Xckj . Since |X| = N , ckj(k) cannot exceed the value of
the N-th largest element in {ckj | j = 1, . . . , M}, denoted by ck. By
constraints (13.12), we have that ykj = 0 for all j �= j(k), thus

M∑
j=1

ckj ykj = ckj(k) ≤ ck,

and therefore

M∑
j=1

ckj ykj − ck(1 − sik) = ckj(k) − ck ≤ 0

in this case. By the non-negativity of variable w we obtain that wi ≥
ckj(k) − ck, as required.
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Hence, in either case, constraints (14.24) hold. �

Constraints (14.24) can even be further strengthened as the next corollary
shows.

Corollary 14.3 Any optimal solution (x, y, s, w) to (OMP3) satisfies

wi ≥
M∑

j=1

ckj ykj − ck

(
1 −

i∑
l=1

slk

)
, ∀ i, k = 1, . . . , M (14.25)

where ck is the N -th largest entry of the cost matrix at row k.

Proof.
Let (x, y, s, w) be an optimal solution or (OMP3) and let i, k = 1, . . . , M .
Then, from constraints (14.15) and applying Lemma 14.4 we have for any
l ∈ {1, . . . , i} that

wi ≥ wl ≥
M∑

j=1

ckj ykj − ck(1 − slk). (14.26)

By (13.5),
∑M

l=1 slk = 1. Since s is binary we get either slk = 0 for all l =
1, . . . , i or there exists 1 ≤ l′ ≤ i such that sl′k = 1 and slk = 0 for all

l �= l′ = 1, . . . , i. In both cases,
i∑

l=1

slk = sl′k for some l′ ∈ {1, . . . , i}, and by

(14.26) taking l = l′ constraints (14.25) are satisfied. �

Note that constraints (14.25) are a strengthening of constraints (14.17),
and so the former can replace the latter in the formulation of (OMP3).

In the following, we define an (OMP3)-feasible point induced by a set of
facilities X ⊆ {1, . . . , M}.

Definition 14.1 Assume that (FSS) holds. We say that (x, y, s, w) is an
(OMP3)-feasible point induced by X ⊆ A if x, y, s and w satisfy the fol-
lowing:

• Let xj := 1 if and only if j ∈ X, for each j = 1, . . . , M and 0 otherwise.
• For each k = 1, . . . , M , let j(k) ∈ arg minj∈X ckj, and set ykj := 1 if and

only if j = j(k), for each j = 1 . . . , M and 0 otherwise.
• Let sik := 1 if and only if c(i)(X) = ck(X) (σ(i) = k), for all i, k =

1, . . . , M and 0 otherwise.
• Set wi := c(i)(X) for all i = 1, . . . , M .

Of course, to apply the definition, we require |X| = N . In this case the
name is justified, and (x, y, s, w) is indeed a feasible point of (OMP3).

The following example illustrates the construction of an (OMP3)-feasible
point induced by X.



14.2 Reformulations 365

Example 14.2
Let A = {1, . . . , 5} be the set of sites and assume that we are interested in
building N = 2 new facilities. We use the same cost matrix as in Example 13.1:

C =

⎛⎜⎜⎜⎜⎝
0 4 5 3 3
5 0 6 2 2
7 2 0 5 6
7 4 3 0 5
1 3 2 4 0

⎞⎟⎟⎟⎟⎠ .

Set λ = (0, 0, 1, 1, 0), which leads to the so-called (2, 1)-trimmed mean
problem. The optimal solution is X = {1, 4} and the associated cost vector is
c(X) = (0, 2, 5, 0, 1). Therefore, by Definition 14.1, X induces a feasible point
to (OMP3) as follows:

• Set x = (1, 0, 0, 1, 0).
• To determine y we have

k = 1 : j(1) = arg min
j=1,4

c1j = 1 ⇒ y11 = 1 and y1j = 0 for all j �= 1;

k = 2 : j(2) = arg min
j=1,4

c2j = 4 ⇒ y24 = 1 and y2j = 0 for all j �= 4;

k = 3 : j(3) = arg min
j=1,4

c3j = 4 ⇒ y34 = 1 and y3j = 0 for all j �= 4;

k = 4 : j(4) = arg min
j=1,4

c4j = 4 ⇒ y44 = 1 and y4j = 0 for all j �= 4;

k = 5 : j(5) = arg min
j=1,4

c5j = 1 ⇒ y51 = 1 and y5j = 0 for all j �= 1 .

• Notice that c≤(X) = (0, 0, 1, 2, 5) and a valid permutation is (1,4,5,2,3).
• Therefore, s is defined by s11 = s24 = s35 = s42 = s53 = 1, and the

remaining values are set to zero.
• Finally, we set w = (0, 0, 1, 2, 5).

Another family of inequalities for (OMP3) is described in our next results.

Lemma 14.5 If (FSS) holds, then there exists an optimal solution (x, y, s, w)
to (OMP3) which satisfies

w1 = w2 = · · · = wN = 0, (14.27)

N∑
i=1

sij = xj , ∀ j = 1, . . . , M, (14.28)

and
wN+1 ≥ cxj∗ + d(1 − xj∗), (14.29)

where c = min
k,j=1,...,M,

k �=j

ckj = ck∗j∗ , and d = min
k,j=1,...,M,
k �=j, j �=j∗

ckj.
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Proof.
Let X be an optimal solution to the OMP and let (x, y, s, w) be an (OMP3)-
feasible point induced by X. By construction, we have

M∑
i=1

λiwi =
M∑
i=1

λic(i)(X) = fλ(X) .

Since X is optimal for the OMP (x, y, s, w) is optimal to (OMP3) as well (see
Theorem 14.3).

From (14.19), and since wi = c(i)(X) for all i = 1, . . . , M , we have that
w1 = w2 = · · · = wN = 0, and therefore, constraint (14.27) holds.

Furthermore, by (14.18), and the definition of s, we have, for each j =
1, . . . , M , that if xj = 1 then sij = 1 for a unique i ∈ {1, . . . , N} (j ∈ X),
whilst if xj = 0, then j �∈ X, and therefore sij = 0 for all i = 1, . . . , N . Hence,
it follows that constraints (14.28) are valid.

Finally, by (14.18), and since |X| = N , the client whose cost is ranked
N + 1 is not an open facility ((N + 1) �∈ X). Now c(N+1)(X) = c(N+1),j for
some j ∈ X and therefore, (N + 1) �= j. Thus, c(N+1)(X) ≥ c, with c being
the minimal off-diagonal entry of the cost matrix C. In addition, wN+1 =
c(N+1)(X), by definition of w, so we have wN+1 ≥ c. Thus, constraint (14.29)
holds in the case xj∗ = 1. Otherwise, if xj∗ = 0, we have j∗ �∈ X, and
c(N+1)(X) = c(N+1),j for some j �= j∗, where of course j �= (N + 1) as well.
Thus, wN+1 = c(N+1)(X) ≥ d, as required. Summarizing, we obtain that
constraint (14.29) is satisfied. �

Finally, the following theorem unifies the results presented throughout this
section and moreover, shows the existence of an optimal solution even if the
integrality of s is relaxed.

Let (OMP3
LR(s)) be the problem that results from (OMP3) after relaxing

the integrality constraints for sik, i = 1, . . . , N , k = 1, . . . , M .

Theorem 14.6 Let (x, y, s, w) be an optimal solution of (OMP3
LR(s)) rein-

forced with the additional constraints (14.27), (14.28) and (14.29). Then x
induces an optimal solution to the OMP.

Proof.
Let (x, y, s, w) be an optimal solution to (OMP3

LR(s)), satisfying (14.27), (14.28)
and (14.29). Let X be the set of facilities induced by x. Also let ŷ, ŝ and ŵ
be such that (x, ŷ, ŝ, ŵ) is an (OMP3)-feasible point induced by X.

Now for i = N + 1, . . . , M , if sik = 1 it follows that k �∈ X, because

otherwise if k ∈ X then xk = 1, then by (14.28),
N∑

i=1

sik = 1, and hence,

M∑
i=N+1

sik = 1 −
N∑

i=1

sik = 0, by constraints (13.5).
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Furthermore, if k �∈ X, then xk = 0, so by (14.28):
N∑

i=1

sik = 0; and hence,

from constraints (13.5),
M∑

i=N+1

sik = 1 −
N∑

i=1

sik = 1, i.e. there exists some

i ∈ {N + 1, . . . , M} such that sik = 1.
Therefore, for any client k �∈ X, sik = 1 if and only if k ≥ N +1. Moreover,

by (14.18), c(i)(X) = ck(X) for all i = 1, . . . , N and k ∈ X.
Thus, setting

s′ik =

⎧⎨⎩ sik, i ≥ N + 1
1, i ≤ N and c(i)(X) = ck(X)
0, otherwise

for each i, k = 1, . . . , M constraints (13.5) and (13.6) hold, and moreover,
s′ ∈ {0, 1}. Let σ be the permutation of {1, . . . , M} induced by s′. Then for
i ∈ {1, . . . , N}, σ(i) ∈ X, and for i ∈ {N + 1, . . . , M}, σ(i) = k if and only if
sik = 1, in which case k �∈ X. Now for each i = N + 1, . . . , M , we have

wi ≥
M∑

j=1

cσ(i)j yσ(i)j (from (14.17) and siσ(i) = 1)

=
∑
j∈X

cσ(i)j yσ(i)j (ykj ≤ xj for all j, k, and xj = 0 if j �∈ X)

≥ cσ(i)(X)
∑
j∈X

yσ(i)j (since cσ(i)(X) ≤ cσ(i)j for all j ∈ X)

= cσ(i)(X) (from (13.12), and yσ(i)j = 0 for all j �∈ X)
= ŵrk(σ(i)) (by the definition of ŵ.)

Also, for each i = 1, . . . , N , we have wi = 0, from constraint (14.27). In
addition, since (FSS) holds and σ(i) ∈ X, i = 1, . . . , N we obtain cσ(i)(X) = 0.
Thus

wi = 0 = cσ(i)(X) = ŵrk(σ(i)),

again by the definition of ŵ. Hence,

wi ≥ ŵrk(σ(i)), ∀ i = 1, . . . , M.

Observe that w and ŵ satisfy the hypothesis of Lemma 1.2. We deduce that

ŵi ≤ wi, ∀ i = 1, . . . , M.

Therefore, (x, ŷ, ŝ, ŵ) is feasible for (OMP3), and its objective value is

fλ(x, ŷ, ŝ, ŵ)) =
M∑
i=1

λiŵi ≤
M∑
i=1

λiwi = fλ(x, y, s, w) . (14.30)

To conclude, notice that (OMP3) and (OMP3) reinforced with the inequalities
(14.27), (14.28) and (14.29) have the same optimal value (by Lemma 14.5).
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Since (x, y, s, w) is an optimal solution to (OMP3
LR(s)), a relaxation of the latter

problem, we have
fλ(x, y, s, w) ≤ val((OMP3)) .

In addition, we have proven that (x, ŷ, ŝ, ŵ) is feasible for (OMP3), which
yields

val((OMP3)) ≤ fλ(x, ŷ, ŝ, ŵ)) .

Thus, by (14.30), (x, ŷ, ŝ, ŵ) induces an optimal solution to OMP. �

From the results presented above, we conclude that if (FSS) holds we
can include constraints (14.23), (14.27), (14.28) and (14.29) to (OMP3), and
replace constraints (14.17) by (14.25). Moreover, we can relax the binary vari-
ables sik ∈ {0, 1}, to 0 ≤ sik ≤ 1, for all i = 1, . . . , N and all k = 1, . . . , M .
We denote this formulation by (OMP3*). Some computational experiments
will be presented in Section 14.3 to compare (OMP3) and (OMP3*).

All these results carry over for (OMP2) as the following section will show.

14.2.3 Improvements for (OMP2)

In this section, we will mainly show how properties shown in the last section
for (OMP3) can be transformed to be also valid for (OMP2). To this aim, the
result given by Theorem 14.4 will be essential throughout this section.

For the sake of readability the results corresponding to (OMP2) are pre-
sented in a similar way as those for (OMP3) in Section 14.2.2.

First, we derive new inequalities for (OMP2) using a given upper bound
zUB of the optimal value of OMP.

Lemma 14.6 If (x, y, s, w) is an optimal solution to (OMP2) then

∑
j : ckj≤ zUB∑M

i=m
λi

xj ≥
m∑

i=1

sik

holds for all k, m = 1, . . . , M .

Proof.
Let (x, y, s, w) be an optimal solution to (OMP2). Applying Theorem 14.4, we

conclude that (x, y, s, w′) is a feasible solution to (OMP3) with w′i =
M∑

k=1

wik

for all i = 1, . . . , M . Furthermore, by Theorems 14.2 and 14.3, we have that
(x, y, s, w′) is also optimal to (OMP3).

Thus, following the proof of Lemma 14.3 we obtain the result. �

The following lemma shows how constraints (14.13) can be strengthened.
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Lemma 14.7 Any optimal solution (x, y, s, w) for (OMP2) satisfies

M∑
l=1

wil ≥
M∑

j=1

ckj ykj − ck(1 −
i∑

l=1

slk), ∀ i, k = 1, . . . , M. (14.31)

where ck is the N -th largest component of the cost matrix at row k.

Proof.
Let (x, y, s, w) be an optimal solution to (OMP2). Hence, as above we can

conclude that (x, y, s, w′) is also optimal to (OMP3) with w′i =
M∑
l=1

wil for all

i = 1, . . . , M . Thus, by applying Lemma 14.4 and Corollary 14.3 we obtain

M∑
l=1

wil = w′i ≥
M∑

j=1

ckj ykj − ck

(
1 −

i∑
l=1

slk

)
, ∀ i, k = 1, . . . , M,

as required. �

Analogously to Definition 14.1 we define an (OMP2)-feasible point induced
by a set of facilities X ⊆ {1, . . . , M}, |X| = N as follows.

Definition 14.2 Assume that (FSS) holds. Then, (x, y, s, w) is an (OMP2)-
feasible point induced by X ⊆ A if x, y, s and w satisfy the following:

• Let xj := 1 if and only if j ∈ X, for each j = 1, . . . , M and 0 otherwise.
• For each k = 1, . . . , M , let j(k) ∈ arg minj∈X ckj, and set ykj := 1 if and

only if j = j(k), for each j = 1 . . . , M and 0 otherwise.
• Let sik := 1 if and only if c(i)(X) = ck(X) (σ(i) = k), for all i, k =

1, . . . , M and 0 otherwise.
• Set wik := c(i)(X) if c(i)(X) = ck(X) and wik = 0 otherwise for all

i, k = 1, . . . , M .

Again, to apply the definition, we require |X| = N . In this case the name
is justified, and (x, y, s, w) is indeed a feasible point of (OMP2).

The following example illustrates the construction of an (OMP2)-feasible
point induced by X.

Example 14.3
Consider the data from Example 14.2, and assume that we are interested in
building N = 2 new facilities in order to minimize the (2, 1)-trimmed mean
problem, i.e. λ = (0, 0, 1, 1, 0). The optimal solution is given by X = {1, 4} and
the associated cost vector is c(X) = (0, 2, 5, 0, 1). Therefore, by Definition 14.2,
X induces a feasible point to (OMP2) as follows:

• Set x = (1, 0, 0, 1, 0).
• Set y11 = y24 = y34 = y44 = y51 = 1, and the remaining values to zero.
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• The sorted cost vector c≤(X) = (0, 0, 1, 2, 5) and therefore, a valid permu-
tation is (1, 4, 5, 2, 3).

• Therefore, s is defined by s11 = s24 = s35 = s42 = s53 = 1, and the
remaining entries are equal to zero.

• Finally, w is defined by w11 = 0, w24 = 0, w35 = 1, w42 = 2, w53 = 5, and
the remaining entries are set equal to zero.

The following lemma constructs an optimal solution to (OMP2) which
fulfills some additional constraints.

Lemma 14.8 If (FSS) holds then there exists an optimal solution (x, y, s, w)
to (OMP2) which satisfies

M∑
k=1

w1k =
M∑

k=1

w2k = · · · =
M∑

k=1

wNk = 0, (14.32)

N∑
i=1

sij = xj , ∀ j = 1, . . . , M,

and
M∑

k=1

wN+1,k ≥ cxj∗ + d(1 − xj∗), (14.33)

where c = min
k,j=1,...,M,

k �=j

ckj = ck∗j∗ , and d = min
k,j=1,...,M,
k �=j, j �=j∗

ckj.

Proof.
Let X be an optimal solution to the OMP and let (x, y, s, w) be an (OMP2)-
feasible point induced by X. By Theorem 14.4, we obtain that (x, y, s, w′) is

also a (OMP3)-feasible point induced by X with w′i =
M∑

k=1

wik. Hence, from

Lemma 14.5 the result follows. �

Finally, we present a result which summarizes the properties presented
above and moreover, shows the existence of an optimal solution to (OMP2)
even after the relaxation of the integrality on sik.

Let (OMP2
LR(s)) be the problem that results from (OMP2) after relaxing

the integrality constraints for sik, i = 1, . . . , N , k = 1, . . . , M .

Theorem 14.7 Let (x, y, s, w) be an optimal solution of (OMP2
LR(s)) rein-

forced with the additional constraints (14.28), (14.32) and (14.33). Then x
induces an optimal solution to the OMP.

The proof is completely analogous to the one of Theorem 14.6 and is
therefore omitted here.
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Again, we conclude if (FSS) holds that we can add constraints (14.23),
(14.28), (14.32), and (14.33) to (OMP2), and replace constraints (14.13) by
(14.31). Moreover, we can relax the binary variables sik ∈ {0, 1}, to 0 ≤ sik ≤
1, for all i = 1, . . . , N and all k = 1, . . . , M . We denote this formulation as
(OMP2*).

In the following section we will investigate the relationship between the
feasible regions of the formulations (OMP2*) and (OMP3*).

14.2.4 Comparison Between (OMP2*) and (OMP3*)

Analogous to Theorem 14.4, we compare now the strengthened linearization
(OMP2*) and (OMP3*).

Theorem 14.8 There exists a surjective function, π, which maps each fea-
sible solution (x, y, s, w) of the linear programming relaxation of (OMP2*),
denoted by (OMP2*

LR), into a feasible solution (x, y, s, w′) of (OMP3*
LR).

Proof.
First, we have to prove that π is well defined. Let (x, y, s, w) be a feasible

solution to (OMP2*
LR). Then, taking w′i =

M∑
k=1

wik for all i = 1, . . . , M , and

following the proof of Theorem 14.4, we obtain that (x, y, s, w′) is a feasible
solution for (OMP3*

LR).
Secondly, we have to show that π is surjective. Given a feasible solution

(x, y, s, w′) to (OMP3*
LR), we have to prove that there exists at least one feasible

solution to (OMP2*
LR) which can be mapped onto (x, y, s, w′).

We directly get that constraints (13.5), (13.6), (13.11), (13.12), (13.13),
(14.23) and (14.28) are fulfilled.

In addition, from constraint (14.27) we have that w′1 = . . . = w′N = 0.
Therefore, by taking wik = 0 for all i = 1, . . . , N and k = 1, . . . , M , we
conclude that constraints (14.32) also hold.

Hence, to obtain constraints (14.11), (14.12), (14.31), and (14.33) we just
have to solve the following system of equations⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

M∑
k=1

wik = w′i ∀ i = N + 1, . . . , M

M∑
i=N+1

wik =
M∑

j=1

ckj ykj ∀ k = 1, . . . , M
. (14.34)

We prove that this system of equations is solvable and furthermore, has
no unique solution in many cases.

To show that (14.34) is solvable, the rank of the matrix of coefficients, Mc,
must be equal to the rank of the augmented matrix, Ma. This rank cannot be
maximal, since by constraints (14.16) and (14.27) we have
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M∑
i=N+1

w′i =
M∑

j=1

M∑
k=1

ckj ykj .

We will see that the matrix of coefficients, Mc, has rank equal to 2M −N −1,
i.e. equal to the number of linearly independent equations, and therefore,
its rank coincides with that of the augmented matrix, Ma. The matrix of
coefficients can be divided into blocks as follows

Mc =
(

B1 B2 . . . BM−N

IM IM . . . IM

)
, (14.35)

where for each i = 1, . . . , M −N , Bi is the (M −N)×M matrix with entries
at ith row equal to one and the rest equal to zero, and IM is the M × M
identity matrix.

One minor of Mc that has rank equal to 2M − N − 1 can be written as
follows (

0(M−N−1)×M IM−N−1

IM B1
c

)
, (14.36)

where B1
c is the M × (M −N − 1) matrix with the first row equal to one and

the remaining entries equal to zero.
In addition, (14.34) has no unique solution when the number of unknowns

wik (M(M −N)) is larger than the number of linearly independent equations
(M + (M − N) − 1 = 2M − N − 1).

Hence, the system of equations presented in (14.34) is solvable and it
provides a feasible solution (x, y, s, w) to (OMP2*

LR). Therefore, the function π
is surjective. �

With this result we can conclude that the feasible region described by
(OMP3*

LR) is a projection of the feasible region described by (OMP2*
LR). Fur-

thermore, both linearizations provide the same integrality gap solving the
OMP, i.e. the same gap between the optimal objective function value and the
relaxed LP solution. Therefore, the computing time required to solve the OMP
directly depends on the number of variables and constraints of the lineariza-
tion. Since (OMP3*) contains less number of variables and constraints from
now on we will only take into account this linearization.

In the next section we show computational comparisons between (OMP1*)
and (OMP3*). For the sake of readability we will simply denote the formu-
lations by (OMP1) and (OMP3). A more detailed analysis can be found in
[55].

14.3 Computational Results

The different linearizations (OMP1) and (OMP3) are both valid for solving
OMP. The results in the previous section show some relationships between
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them. Nevertheless, there is no simple way to asses the two formulations so
that one can conclude the superiority of one formulation over the other. De-
spite this difficulty, it is important to have some ideas about the performance
of these two approaches. A way to get such a comparison is by means of sta-
tistical analysis. In this regard, we consider the experimental design proposed
in [25, 55]. It consists of the following factors and levels:

• Size of the problem: The number of sites, M , determines the dimensions
of the cost matrix (C) and the λ-vector. Moreover, it is an upper bound
of the number of facilities (N) to be located. Therefore, M is considered
as a factor in this design which has four levels: M = 8, 10, 12, 15.

• New facilities: N is the second factor with four levels. To obtain comparable
levels, they are taken as proportions of the M values: �M

4 �, �M
3 �, �M

2 �, and
�M

2 + 1�. Therefore, for M = 8 we consider N = 2, 3, 4, 5, for M = 10,
N = 3, 4, 5, 6, for M = 12, N = 3, 4, 6, 7 and finally, for M = 15, N =
4, 5, 8, 9.

• Type of problem: Each λ-vector is associated with a different objective
function. Also λ is considered as a factor. Its levels are designed depending
on the value of M as follows:
1. T1: λ-vector corresponding to the N -median problem,

i.e. λ = (1, . . . , 1︸ ︷︷ ︸
M

).

2. T2: λ-vector corresponding to the N -center problem,
i.e. λ = (0, . . . , 0︸ ︷︷ ︸

M−1

, 1).

3. T3: λ-vector corresponding to the k-centra problem,
i.e. λ = (0, . . . , 0, 1, . . . , 1︸ ︷︷ ︸

k

), where k =  M
3 !.

4. T4: λ-vector corresponding to the (k1, k2)-trimmed mean problem, i.e.
λ = (0, . . . , 0︸ ︷︷ ︸

k1

, 1, . . . , 1, 0, . . . , 0︸ ︷︷ ︸
k2

), where k1 = N + �M
10 � and k2 = �M

10 �.

5. T5: λ-vector with binary entries alternating both values and finishing
with an entry equal to 1, i.e. λ = (0, 1, 0, 1, . . . , 0, 1, 0, 1) if M is even
and λ = (1, 0, 1, . . . , 0, 1, 0, 1) if M is odd.

6. T6: As T5, but finishing with an entry equal to 0, i.e.
λ = (1, 0, 1, 0, . . . , 1, 0, 1, 0) if M is even and λ = (0, 1, 0, . . . , 1, 0, 1, 0)
if M is odd.

7. T7: λ-vector generated by the repetition of the sequence 0, 1, 1 from
the end to the beginning, i.e. λ = (. . . , 0, 1, 1, 0, 1, 1).

8. T8: λ-vector generated by the repetition of the sequence 0, 0, 1 from
the end to the beginning, i.e. λ = (. . . , 0, 0, 1, 0, 0, 1).

• Linearization: This factor has two levels corresponding to the two lineariza-
tions we would like to test: (OMP1) and (OMP3).
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The above description corresponds to a linear model with four factors (M
with four levels, N with four levels, λ with eight levels and two linearizations)
yielding 256 different combinations. For each combination 15 replications are
evaluated, thus this design leads to 3840 problems to be solved. Two dependent
variables in the model are considered: the integrality gap and the computing
time. All the factors were tested to be simultaneously meaningful performing
a multivariate analysis of the variance applied to the model. Additionally,
principal component analysis was also applied in order to check whether some
factors may be removed from consideration. The conclusion was that none of
them can be neglected.

The computational results for solving the OMP using either (OMP1) or
(OMP3) are given in Tables 14.1–14.9. The OMP was solved with the commer-
cial package ILOG CPLEX 6.6 using the C++ modeling library ILOG Plan-
ner 3.3 (see [109]). These computational results were obtained using a Pen-
tium III 800 Mhz with 1 GB RAM. The upper bounds used were derived by
a heuristic method based on variable neighborhood search (see [56]).

We first comment briefly on the effect of the improvements presented
in Section 14.2 on the linear formulations. Both linearizations (OMP1) and
(OMP3) are greatly affected. Some small examples (M = 8) were tested to
compare the performance of each linearization, with and without the strength-
ening provided by results in Section 14.2. The results are reported in Ta-
ble 14.1. For all types of problems (except type T1, for which the bound was
unaffected) the integrality gap provided by the improved linearizations was
significantly smaller than that given by the original formulation. The effect
was more pronounced for (OMP3), which had weaker bounds to begin with.
The gap for this formulation was reduced by a factor of up to more than twenty
(which was achieved on type T2 problems), with the average reduction being a
factor of around 4.6. For (OMP1) the greatest reduction was observed on type
T4 problems, with the gap given by the improved formulation just over one
eighth of the gap reported by the original formulation, i.e. an improvement
by a factor of almost eight. The average gap reduction for (OMP1) across all
problem types was by a factor of about 2.6. Improvements in computing time
were even more dramatic. Even for problems of type T1, for which no improve-
ment in root node bound was reported, the computing time was decreased by
an order of magnitude for (OMP1) and cut in about four for (OMP3). Indeed,
for every problem type, the computing time for (OMP1) was reduced by at
least one order of magnitude, with a reduction of two orders of magnitude for
two of the eight problem types. For (OMP3), the computing time on all types
of problems except T1 was reduced by at least one order of magnitude, with
two problem types showing reductions of two orders of magnitude, and three
types having computing time around three orders of magnitude less. Thus,
we see that the strengthening provided by results in Section 14.2 are highly
effective in improving both formulations.
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Table 14.1. Gaps and computing times for the (OMP1) and (OMP3) formulations,
with and without the improvements provided by Section 14.2, on problems with
M = 8. Each row of the table represents an average taken over problems with
N = 2, 3, 4 and 5, where for each value of N , fifteen instances of the stated problem
type were solved and the results averaged.

Ratio Computing Ratio
Problem Gap (%) original/ Time (s) original/

Formulation Type original improved improved original improved improved
T1 0.71 0.71 1.00 0.63 0.07 9.00
T2 68.44 39.27 1.74 24.31 0.10 243.10
T3 63.05 13.88 4.54 15.93 0.10 159.30

(OMP1) T4 58.40 7.46 7.83 3.19 0.07 45.57
T5 20.90 15.92 1.31 1.69 0.12 14.08
T6 21.55 13.82 1.56 0.79 0.09 8.78
T7 18.36 9.22 1.99 1.10 0.13 8.46
T8 32.72 26.75 1.22 1.97 0.14 14.07
T1 0.71 0.71 1.00 0.40 0.11 3.64
T2 68.44 3.22 21.25 169.88 0.05 3397.60
T3 63.05 17.89 3.52 125.04 0.08 1563.00

(OMP3) T4 100 38.81 2.58 158.96 0.19 836.63
T5 20.90 12.69 1.65 6.71 0.15 44.73
T6 100 30.71 3.26 73.52 0.17 432.47
T7 18.36 11.65 1.58 2.98 0.15 19.87
T8 32.72 15.79 2.07 14.46 0.12 120.50

The next step is to compare the two linearizations. To this end, the number
of nodes in the branch and bound tree, the gap between the optimal solution
and the linear relaxation objective function value, and the computing time in
seconds are shown. Each row represents the result of 15 replications of each
combination (M,N). For this reason, the average, minimum and maximum of
the number of nodes, integrality gap and computing time are reported. First,
there are detailed results of the experiments with problems having M = 15,
and then describe the results of the analysis for all 3840 test problems.

In Tables 14.2-14.9 we summarize the results of the experiments on prob-
lems with M = 15. We denote as L1 and L2 the results corresponding to the
linearization (OMP1) and (OMP3), respectively.

Finally, the statistical analysis for all 3840 test problems is as follows. The
comparison between (OMP1) and (OMP3) is made in two steps. First, the
results within each type of problem are compared to test whether the inte-
grality gap and/or the computing time show a statistically similar behavior
in (OMP1) and (OMP3). To perform this test, we use the Mann-Whitney U
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Table 14.2. Computational results corresponding to the T1 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 697.53 166 1577 2.39 0.00 18.80 8.40 2.42 18.94

5 311.87 6 894 1.19 0.00 10.81 2.99 0.36 7.19
8 12.53 0 121 0.00 0.00 0.00 0.31 0.19 1.06
9 3.80 0 19 0.14 0.00 2.08 0.22 0.16 0.31

L2 15 4 2210.33 164 9350 2.39 0.00 18.80 25.41 5.03 114.16
5 727.40 92 2570 1.19 0.00 10.81 8.79 2.83 21.41
8 33.07 2 103 0.00 0.00 0.00 0.95 0.28 2.17
9 19.93 0 63 0.14 0.00 2.08 0.63 0.17 1.61

statistic. With respect to the gap, all types of problems but T1 are differ-
ent under (OMP1) and (OMP3) with a confidence level above 90%. For the
computing time, all types of problems are different with a confidence level
above 88%. Secondly, it is checked which linearization performs better in each
problem using robust statistics (trimmed mean) and confidence intervals for
the mean value. The conclusions, calculated using all four levels of M , are the
following.

From Table 14.10 we observe that (OMP1) provides stronger lower bounds
for (OMP), for problem types T3, T4, T6, T7 and (OMP3) bounds are stronger
for T2, T5, T8.

The behavior of the computing time is substantially different. From Ta-
ble 14.11 we can observe that the computing time needed for solving the
problem using (OMP1) is significantly shorter than using (OMP3). Only for
T2 does (OMP3) solve the problem faster.

Table 14.3. Computational results corresponding to the T2 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 5107.20 548 12181 50.55 31.60 66.16 58.85 4.98 117.09

5 2242.07 114 8196 53.26 28.00 73.75 17.81 2.00 74.00
8 42.73 10 129 40.50 26.19 57.14 0.41 0.28 0.70
9 31.53 0 150 39.65 25.00 60.00 0.38 0.22 0.88

L2 15 4 1.20 0 7 16.21 0.00 40.72 1.03 0.61 1.59
5 2.67 0 15 16.61 0.00 59.92 0.84 0.23 1.69
8 0.00 0 0 0.00 0.00 0.00 0.26 0.08 0.41
9 0.40 0 2 12.06 0.00 45.45 0.29 0.09 0.61
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Table 14.4. Computational results corresponding to the T3 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 2026.87 405 7079 32.25 16.86 50.00 22.54 3.72 96.09

5 976.93 138 4620 25.44 16.37 45.90 7.26 1.08 27.08
8 31.13 0 129 12.63 0.00 22.08 0.41 0.19 0.94
9 11.87 0 47 6.21 0.00 13.04 0.28 0.17 0.47

L2 15 4 544.40 91 1091 33.79 26.95 45.26 9.41 4.08 14.25
5 467.27 69 1570 28.90 20.37 43.48 6.51 2.39 14.50
8 100.60 11 358 13.55 4.76 19.19 1.55 0.53 3.86
9 64.73 5 188 8.11 4.44 13.62 0.98 0.33 1.95

Table 14.5. Computational results corresponding to the T4 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 369.00 28 1054 12.47 1.08 17.29 4.37 1.13 10.92

5 108.73 12 385 12.77 5.10 19.20 1.70 0.53 5.17
8 1.67 0 7 10.32 0.00 26.67 0.32 0.20 0.44
9 1.60 0 5 10.83 0.00 33.33 0.30 0.19 0.39

L2 15 4 41956.87 271 178289 82.65 70.83 91.25 578.05 7.36 2168.08
5 4386.73 151 34872 76.62 53.85 87.76 63.86 6.22 472.94
8 34.47 2 209 50.25 25.00 76.92 1.55 0.28 3.72
9 8.53 0 26 34.51 0.00 75.00 0.62 0.19 1.89

The improvement achieved by the reformulations is tremendous. However,
the computational experiments show clearly the limitations of using a stan-
dard solver for solving the OMP. Therefore, we will develop in the next chapter
specifically tailored solution routines for the OMP.
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Table 14.6. Computational results corresponding to the T5 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 2357.20 593 5758 13.26 7.46 26.15 17.35 3.66 45.47

5 1459.87 230 6206 12.15 4.41 26.67 9.04 1.59 37.64
8 36.67 0 125 8.33 0.00 18.18 0.37 0.22 0.94
9 37.73 0 147 12.32 0.00 29.17 0.36 0.17 0.70

L2 15 4 15986.47 166 46286 13.39 7.46 26.15 108.06 4.78 358.00
5 4810.87 85 28586 12.15 4.41 26.67 28.99 2.64 150.23
8 80.13 4 357 8.33 0.00 18.18 1.42 0.42 3.78
9 108.60 3 435 12.19 0.00 27.19 1.29 0.33 3.16

Table 14.7. Computational results corresponding to the T6 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 1097.73 51 3414 11.96 4.41 23.61 10.63 1.45 28.84

5 413.80 68 1727 12.03 4.29 20.97 3.62 0.98 10.20
8 32.73 0 160 12.32 0.00 29.17 0.58 0.25 1.27
9 5.67 0 13 8.06 0.00 21.43 0.26 0.14 0.41

L2 15 4 29733.13 894 93126 82.36 75.00 87.95 266.90 14.45 719.80
5 19748.87 612 115575 78.00 64.29 85.55 201.05 7.20 1304.75
8 261.80 37 785 62.63 25.00 81.25 4.62 1.52 12.42
9 35.47 0 149 44.73 0.00 70.00 1.37 0.08 3.02

Table 14.8. Computational results corresponding to the T7 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 1564.67 320 3960 11.96 7.63 23.61 12.87 2.45 30.77

5 835.73 142 1744 12.15 5.21 20.83 5.04 1.22 9.66
8 36.20 0 108 9.95 0.00 15.48 0.37 0.16 0.72
9 22.13 0 93 9.41 0.00 21.48 0.31 0.19 0.56

L2 15 4 9981.33 225 86922 12.01 8.15 23.81 54.38 4.75 413.48
5 1692.80 205 9298 11.85 5.21 20.83 12.12 3.84 56.42
8 106.80 3 399 9.30 0.00 14.96 1.52 0.30 3.20
9 55.87 0 172 9.33 0.00 21.67 0.90 0.23 2.17



14.3 Computational Results 379

Table 14.9. Computational results corresponding to the T8 type problem.

Example # nodes gap(%) CPU(s)
Lin M N aver min max aver min max aver min max
L1 15 4 5000.20 493 21037 21.81 13.77 32.14 46.95 2.52 162.47

5 1400.93 233 3861 21.13 7.84 34.34 7.75 1.22 30.31
8 66.33 0 263 16.88 0.00 29.17 0.50 0.20 1.22
9 43.40 0 142 19.13 0.00 39.74 0.37 0.22 0.70

L2 15 4 18360.47 235 134087 21.85 14.49 31.91 104.12 4.31 654.41
5 2366.33 131 10157 20.66 7.84 31.31 18.40 3.20 68.56
8 59.87 6 264 15.54 0.00 22.22 1.39 0.42 3.33
9 43.53 0 301 17.50 0.00 39.74 0.76 0.13 2.64

Table 14.10. p-values and trimmed means obtained for the integrality gap.

T1 T2 T3 T4 T5 T6 T7 T8
L1 vs L2 p-value 1.000 0.000 0.001 0.000 0.097 0.000 0.091 0.000

L1 trimmed mean 0.443 43.922 16.736 9.987 13.875 12.743 10.484 23.558
L2 trimmed mean 0.443 1.892 20.700 49.266 12.511 52.763 11.413 18.639

Table 14.11. p-values and trimmed means obtained for the computing time.

T1 T2 T3 T4 T5 T6 T7 T8
L1 vs L2 p-value 0.000 0.000 0.011 0.000 0.000 0.000 0.000 0.115

L1 trimmed mean 0.519 5.481 0.951 0.348 1.020 0.688 0.977 1.461
L2 trimmed mean 1.147 0.223 1.020 6.173 2.453 6.799 1.602 2.092
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Solution Methods

Having seen the limitations of standard solver based solution approaches, we
will present in this chapter specifically designed algorithms in order to be
able to solve larger OMP instances. Since we deal with a NP-hard problem,
it should be clear that also specialized exact solution algorithms will only
be able to solve medium sized problems. Therefore, we will look at heuristic
approaches to tackle large problems. The price we have to pay for using a
heuristic is, that we loose the possibility to measure the deviation from the
optimal solution. But, with computational experiments, we are able to make
empirical comparisons showing the weaknesses and strengths of the investi-
gated heuristics. For the exact method we decided to utilize the most com-
monly used method in integer programming: Branch and Bound (see [147]).
Other exact methods might be successfully applied as well, yielding a better
understanding of the structure of the OMP. For the heuristics, some of the
most promising modern developments have been used (see [82]): Evolution
Program and Variable Neighborhood Search.

15.1 A Branch and Bound Method

The Branch and Bound method (B&B) is the most widely used method for
solving integer and mixed-integer problems. Basically, this method solves a
model by breaking up its feasible region into successively smaller subsets
(branching), calculating bounds on the objective value over each correspond-
ing subproblem (bounding), and using them to discard some of the subprob-
lems from further consideration (fathoming). The bounds are obtained by
replacing the current subproblem by an easier model (relaxation), such that
the solution of the latter yields a bound for the former one. The procedure
ends when each subproblem has either produced an infeasible solution, or has
been shown to contain no better solution than the one already at hand. The
best solution found during the procedure is an optimal solution. In the worst
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case, the Branch and Bound method becomes a complete enumeration proce-
dure. The amount of subproblems which can be eliminated depends heavily on
the quality of the bounds. For more details on the Branch and Bound method
the reader is referred to [147]. We will now explain how the building blocks of
the Branch and Bound Methods are adapted to the discrete OMP following
the presentation in [55, 25].

The driving variables for the OMP are the binary xj variables, indicating
which sites have been selected for facility location. Once these are known, the
objective value is easy to calculate. All the other variables are in the integer
linear programming formulations to enable the costs to be calculated. It thus
makes sense to build a Branch and Bound (B&B) method based entirely on
the xj variables, i.e. on decisions of whether or not a site is selected for facility
location.

In this section, we present a B&B method in which each node represents a
disjoint pair of sets of sites: a set of sites at which facilities will be opened and
a set of sites at which facilities will not be opened. We refer to these as the set
of open and closed sites, respectively (recall that A = {1, . . . , M} denotes the
set of sites). For a given node, we may let F ⊆ A denote the set of open sites
and F ⊆ A \F denote the set of closed sites. We refer to the sites indexed by
A\ (F ∪F ) as undecided. The node in the B&B tree is represented by the pair
(F,F ). Of course, a node is a leaf node if either |F | ≥ N or |F | ≥ M − N .
Otherwise, we calculate a lower bound on the cost function of the problem
defined by (F,F ). The lower bound is relatively simple to calculate; it does
not require solution of any linear program. We discuss the details of this lower
bound in Section 15.1.1.

Because of the nature of the cost function, opening a facility gives us very
little information about its impact on a lower bound. It is only making the
decision not to open a facility which restricts choices and forces the objective
up. We thus use a branching rule which is strong, and which ensures that on
each branch some site is closed. We discuss the branching rule in detail in
Section 15.1.2.

In Section 15.1.3 we present computational experiments to compare the
performance of the B&B method with that of the respective best integer linear
programming formulation from Chapter 14.

15.1.1 Combinatorial Lower Bounds

A node in the B&B tree is represented by the disjoint pair of sets (F,F ) of
sites open and closed, respectively. At each node which is not a leaf node of
the B&B tree, we need to calculate a lower bound on the value of the cost
function. Let F̂ = A \ F denote the set of sites which are either open, or
undecided.

For any set of sites R ⊆ {1, . . . , M} define fλ(R) to be the cost of having
open facilities at precisely those sites. So we define
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ci(R) = min
j∈R

cij (15.1)

to be the minimum assignment cost for a customer at site i to a facility in R.
Then we have

fλ(R) =
M∑
i=1

λi c(i)(R). (15.2)

In the following we present two lower bounds, based on different strategies.
The second one only applies in the case where self-service is cheapest or free.
The other one may be stronger, depending on the problem data. As both
bounds are very easy to calculate, the lower bound used in the B&B method
is the maximum of the two.

In the following proposition we present a lower bound on the objective
function value of any feasible solution having facilities in F ⊆ A closed.

Proposition 15.1 Given a set of closed sites F ⊆ A with |F | < M − N ,
let S be any set of N facilities not in F , i.e. let S ⊆ F̂ and |S| = N , where
F̂ = A \ F . Then

fλ(S) ≥ fλ(F̂ ) =: LB1(F̂ ) .

Proof.

From (15.2) we have that fλ(S) =
M∑
i=1

λi c(i)(S) and fλ(F̂ ) =
M∑
i=1

λi c(i)(F̂ ).

Since we assume λ ≥ 0, we just have to show that c(i)(S) ≥ c(i)(F̂ ) for all
i = 1, . . . , M to conclude that fλ(S) ≥ fλ(F̂ ).

Observe that since S ⊆ F̂ by (15.1), ci(S) ≥ ci(F̂ ) for all i = 1, . . . , M .
Taking r = s = M , pi = ci(S) and qi = ci(F̂ ) for all i = 1, . . . , M , we can
apply Theorem 1.1 to deduce that c(i)(S) ≥ c(i)(F̂ ) for all i = 1, . . . , M , as
required. �

Remark 15.1 LB1(F̂ ) is a lower bound on the objective function value of
any feasible solution having facilities in F closed.

Observe that if the self-service is free (FSS), i.e. cii = 0, for all i ∈ A, this
lower bound is likely to be weak, unless |F̂ | is not too much greater than N ,
i.e. unless a relatively large number of facilities have been closed by branching.
This will not occur unless the algorithm is relatively deep in the B&B tree,
which closes one more site at each level (see Section 15.1.2 for details of the
branching rule). Thus, if (FSS) holds, we should consider another lower bound,
hopefully more effective higher in the tree. In fact, this lower bound applies
more generally to the case that self-service is cheapest, i.e. cii ≤ cij , for all
i, j = 1, . . . , M with j �= i. This condition, which we refer to as cheapest self-
service, or (CSS), can be assumed in most of the facility location problems
without any capacity constraint.
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The idea is that for any feasible set of columns S ⊆ F̂ , the feasible cost
vector will consist of N diagonal elements and M−N off-diagonal row minima,
taken over S. Hence, using the vector consisting of the N smallest diagonal
elements and the M −N smallest off-diagonal row minima, taken over F̂ ⊇ S,
we obtain a sorted cost vector which is in every component no more than the
sorted cost vector given by S, and therefore provides a valid lower bound.

To introduce this lower bound, we define DF̂ to be the vector of diagonal
elements of the cost matrix, taken over columns in F̂ , and let d1, . . . , dN be
the N smallest elements in DF̂ , ordered so that

d1 ≤ · · · ≤ dN . (15.3)

Furthermore, we define the vector H F̂ ∈ RM via

hF̂
i = min

j∈F̂ , j �=i
cij , ∀ i ∈ A, (15.4)

to be the vector of cheapest off-diagonal elements in each row, over the
columns in F̂ , and let h1, . . . , hM−N be the M − N smallest elements in
H F̂ ordered so that

h1 ≤ · · · ≤ hM−N . (15.5)

Finally, we define the vector KF̂ = (d1, . . . , dN , h1, . . . , hM−N ) and let
k1, . . . , kM be the M elements of KF̂ ordered so that

k1 ≤ · · · ≤ kM . (15.6)

Now we define

LB2(F̂ ) =
M∑
i=1

λi ki. (15.7)

Note that if self-service is in fact free, i.e. if (FSS) holds, then d1 = · · · =
dN = 0, ki = 0 for i = 1, . . . , N and ki = hi−N for i = N +1, . . . , M , and thus

LB2(F̂ ) =
M−N∑
i=1

λN+i hi. (15.8)

In the proposition below, we prove that LB2(F̂ ) is a valid lower bound
on the objective value fλ(S) for any feasible set S ⊆ F̂ with |S| = N , if
(CSS) holds. Note that the proof relies on a relatively simple, general result
concerning sorted vectors: a vector of r real numbers that is componentwise
no less than r elements chosen from a vector Q of s real numbers, s ≥ r, is,
when sorted, no less than (componentwise) the vector of the r smallest real
numbers in Q, sorted. This general result is proven in Lemma 1.3.
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Proposition 15.2 Given F ⊆ A a set of closed sites with |F | < M −N , let S
be any set of N facilities in F , i.e. let S ⊆ F̂ and |S| = N , where F̂ = A \F .
Then, if (CSS) holds,

fλ(S) ≥ LB2(F̂ ) .

Proof.

From (15.2) we know that fλ(S) =
M∑
i=1

λi c(i)(S). Thus, since λ ≥ 0, to show

that LB2(F̂ ) is a lower bound on the objective function value of any feasible
solution having facilities in F closed, we only need to show that c(i)(S) ≥ ki,
for all i = 1, . . . , M . To do this, we need to consider diagonal and off-diagonal
costs separately.

Observe that the cost ci(S) is the diagonal cost matrix element in row i
if i ∈ S; otherwise it is an off-diagonal element in a column in S, in row i.
Thus, the vector of all costs ci(S), i = 1, . . . , M , which we denote by c(S),
has N elements which are diagonal cost matrix elements and M −N elements
which are off-diagonal cost matrix elements, and where every element is taken
from a column of the cost matrix which is in S. Let DS ∈ RN be the vector
consisting of the N diagonal cost elements of c(S), sorted in increasing cost
order, i.e. chosen so that

dS
1 ≤ · · · ≤ dS

N .

Since S ⊆ F̂ , for all j = 1, . . . , N there exists a unique i(j) ∈ F̂ such that
dS

j = dF̂
i(j). Then by Lemma 1.3 we have that dS

j ≥ dj for all j = 1, . . . , N .
Similarly, if we let HS ∈ RM−N be the vector consisting of the M − N

off-diagonal cost elements of c(S), sorted in increasing cost order, i.e. chosen
so that

hS
1 ≤ · · · ≤ hS

M−N ,

then for each j = 1, . . . , M − N there must exist a unique i(j) ∈ F̂ such that
hS

j ≥ hF̂
i(j). To see this, we note that for each j = 1, . . . , M − N there must

exist a unique i(j) ∈ A \ S such that hS
j = ci(j)(S), by the definition of HS .

Now since S ⊆ F̂ and i(j) �∈ S we know that ci(j)(S) = mini′∈S ci(j)i′ ≥
mini′∈F̂ , i′ �=i(j) ci(j)i′ = hF̂

i(j) by the definition of H F̂ ; and so hS
j ≥ hF̂

i(j) as
required. Then by Lemma 1.3 we have that hS

j ≥ hj for all j = 1, . . . , M −N .
Now define KS = (dS

1 , . . . , dS
N , hS

1 , . . . , hS
M−N ) and observe that we have

shown that KS
j ≥ KF̂

j for all j = 1, . . . , M . (This is obvious, since if j ≤ N

then KS
j = dS

j and KF̂
j = dj , and we have shown above that dS

j ≥ dj . Similarly
if j > N then KS

j = hS
j−N and KF̂

j = hj−N , and we have shown above that
hS

j−N ≥ hj−N .) Note also that KS is simply a permutation of c(S) and hence,
the ith component of KS when sorted must be c(i)(S). Thus, by Theorem 1.1
we have c(i)(S) ≥ ki for all i = 1, . . . , M , (recall that ki is, by definition, the
ith component of KŜ when sorted), as required.
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Thus, as a consequence, since we assume λ ≥ 0, we have that LB2(F̂ ) is a
lower bound on the cost of any feasible solution having facilities in F closed.

�

Remark 15.2 LB2(F̂ ) is a lower bound on the objective function value of
any feasible solution having facilities in F closed.

The following example illustrates the two lower bounds, and demonstrates
that their relative strength depends not only on how many sites have been
closed by branching, but also on the value of λ.

Example 15.1
Let A = {1, . . . , 5} be the set of sites and assume that we need N = 2 new
facilities. Let the cost matrix be:

C =

⎛⎜⎜⎜⎜⎝
0 4 5 6 4
5 0 6 2 2
7 1 0 5 1
7 4 3 0 5
1 3 5 4 0

⎞⎟⎟⎟⎟⎠ .

Suppose, we are at a node of the Branch and Bound tree represented
by the pair (F,F ) with F = ∅ and F = {1}. So site 1 has been closed by
branching and F̂ = {2, 3, 4, 5}. Observe that (FSS), and hence (CSS), holds
in this example, since cii = 0 for all i ∈ A. Therefore, both LB1(F̂ ) and
LB2(F̂ ) are lower bounds on the value of the (OMP) at this node.

To calculate the bound LB1(F̂ ), we determine the vector of row minima
over columns in F̂ , (ci(F̂ ) for all i ∈ A), to be (4, 0, 0, 0, 0) yielding the sorted
vector (0, 0, 0, 0, 4).

To calculate LB2(F̂ ), we have to determine the off-diagonal cost matrix
row minima over columns in F̂ , i.e. we calculate H F̂ = (4, 2, 1, 3, 3). Thus, the
M − N = 3 smallest off-diagonal row minima are h1 = 1, h2 = 2 and h3 = 3,
and, since the diagonal costs are all zero, we get a lower bound based on the
cost vector k = (0, 0, 1, 2, 3).

Which one of LB1(F̂ ) or LB2(F̂ ) yields the best bound depends on the
value of λ. For instance, λ = (1, 0, 0, 0, 1) means that LB1(F̂ ) = 0 + 4 = 4 is
better than LB2(F̂ ) = 0+3 = 3. However, λ = (0, 0, 1, 1, 1) implies LB2(F̂ ) =
1 + 2 + 3 = 6 which is better than LB1(F̂ ) = 0 + 0 + 4 = 4.

Notice that both lower bounds can easily be computed. Hence, when (CSS)
holds, and in particular when (FSS) holds, we use the lower bound given by

max{LB1(F̂ ), LB2(F̂ )} (15.9)

at a node in the B&B tree identified by sets F and F , with F̂ = A \ F .
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Observe that this lower bound is not trivial at the root node, represented
by the pair (∅, ∅). For F̂ = A, we can write the gap between the optimal
objective function value (z ∗) and max{LB1(A), LB2(A)} at the root node as
follows:

gap at root node =
z ∗ − max{LB1(A), LB2(A)}

z ∗
× 100. (15.10)

In calculating the lower bound, we may have an opportunity to find a
feasible solution of the same value, and so be able to prune the node. In
calculating LB1(F̂ ), the row minimum was found for each row, over columns
in F̂ : let m(i) ∈ F̂ denote the column in which the row minimum for row
i was found. In case of a tie with a row minimum occurring in a column in
F , m(i) is chosen to be in F . Let V (F,F ) = {m(i) : i ∈ A} \ F be the
set of columns in which the selected row minima occur, outside of F . Now if
|V (F,F )| + |F | ≤ N , then any set S ⊆ F̂ with |S| = N and S ⊇ V (F, F ) ∪ F
must be an optimal set for the subproblem at that node, and the lower bound
LB1(F̂ ) will be equal to the upper bound obtained from S. In this case,
either the value of S is better than the current upper bound, which can thus
be updated to the value of S, or the lower bound (equal to the value of S)
is not better than the current upper bound; in either case the node can be
pruned.

Similarly, in calculating LB2(F̂ ) in the case that (CSS) holds, the off-
diagonal row minimum was found for each row, over columns in F̂ : let o(i) ∈ F̂
denote the column in which the off-diagonal row minimum for row i was found.
In case of a tie with a row minimum occurring in a column in F , o(i) is chosen
to be in F . Let V ′(F,F ) = {o(i) : i ∈ A \ F} \ F be the set of columns in
which off-diagonal row minima occur, outside of F , for rows not in F . Now if
|V ′(F,F )|+ |F | ≤ N , then any set S ⊆ F̂ with |S| = N and S ⊇ V ′(F,F )∪F
must be an optimal set for the subproblem at that node, and the lower bound
LB2(F̂ ) will be equal to the upper bound obtained from S, the node can be
pruned, and if the value LB2(F̂ ) is better than the current upper bound, the
upper bound can be set to this value.

15.1.2 Branching

The lower bounds presented in the previous section are based on row minima
of the cost matrix calculated over columns corresponding to open or undecided
sites. Thus, making the decision to open a site will not affect the lower bound.
Closing a site, however, would be likely to increase the lower bound. Hence, we
consider a branching rule so that a (different) site is closed on each branch. We
also ensure that the branching is strong, i.e. it partitions the solution space.

The generic form of the branching rule assumes that the undecided sites
will be closed following a given order.

Consider a node of the Branch and Bound tree, defined by the pair of sets
(F,F ) with |F | < N and |F | < M −N . We may also assume that |V (F, F )| >
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N − |F | and, if (CSS) holds, that |V ′(F,F )| > N − |F |; otherwise the node
would have been pruned, as discussed at the end of the previous section. Set
F̂ = A \ F . Suppose an order is given for the undecided sites, defined to be
U = F̂ \F . Let β : {1, . . . , |U |} → U define the given order, so β(i) is the index
of the ith undecided site in the order. Note that |U | = M −|F |−|F | > N −|F |
since |F | < M −N . The branching rule creates child nodes with the ith child
node having site β(i) closed and sites β(1), . . . , β(i − 1) open. A node with
more than N sites open is infeasible, so at most N − |F | + 1 child nodes
need to be created. Furthermore, |U | > N − |F | and thus, N − |F | + 1 child
nodes can be created. In other words, the child nodes are defined by the
pairs of sets (F i, F

i
) for i = 1, . . . , N − |F | + 1, where F

i
= F ∪ {β(i)} and

F i = F ∪ {β(1), . . . , β(i − 1)}, with F 1 = F .
For the branching we consider two different orders. The first one is simply

the site index order, i.e. we take β so that

β(1) ≤ · · · ≤ β(N − |F | + 1).

We refer to the resulting branching rule as the index-order branching rule.
The second order attempts to maximize the impact of the branching on the
lower bound, and is more sophisticated. Recall |V (F,F )| > N − |F |. In order
to branch having the highest impact on the lower bound, we can eliminate
the column with the greatest impact on a row minimum.

Arguably, this will be a column containing the smallest row minimum.
Thus, we define for each j ∈ V (F,F ) the set of rows which have their row
minimum in column j to be W (j) = {i ∈ A : m(i) = j}, (where m(i)
was defined at the end of the previous section), and define the smallest row
minimum in column j to be

vj = min
i∈W (j)

cij .

Let σV denote a permutation of V (F,F ) which sorts the vector V in increasing
order, i.e. such that

vσV (1) ≤ vσV (2) ≤ · · · ≤ vσV (|V (F,F )|).

Observe, that when the self-service is free, i.e. (FSS) holds, there is little
or nothing to differentiate the v values unless a relatively large number of
facilities have been closed by branching. This will not occur until relatively
deep in the B&B tree. Thus, a secondary key could be used in sorting, such as
the second-smallest row costs. For each row i, let ui denote the second-smallest
cost over columns in F̂ , and let wj denote the largest difference between the
second-smallest and smallest row element in W (j), i.e. set

wj = max
i∈W (j)

(ui − cij)

for each j ∈ V (F, F ). Now we may choose σV so that whenever vσV (j) =
vσV (j′) for j < j′ then wσV (j) ≥ wσV (j′).
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Hence, for the second order we take β(i) = σV (i) for i = 1, . . . , N −|F |+1.
A similarly order can be used if the lower bound was achieved by LB2(F̂ ), pro-
vided that (CSS) holds. The only difference would be that everything should
be based on off-diagonal row minima rather than row minima.

The branching rule resulting from this second order can be viewed as
closing sites in order to decrease the “maximum regret”, i.e. maximizing the
cost impact of the decision. Thus, we refer to it as the max-regret branching
rule. The example below illustrates the use of this rule.

Example 15.2
Consider the data presented in Example 15.1. Assume that the current node
is defined by F = {4} and F = {1}, and so F̂ = {2, 3, 4, 5}. Note that we
expect to have N − |F | + 1 = 2 − 1 + 1 = 2 branches from this node.

On the one hand, if the lower bound is given by LB1(F̂ ), we have to focus
on the row minima. These are achieved in columns m(1) = 2, m(2) = 2,
m(3) = 3, m(4) = 4, m(5) = 5, so V (F,F ) = {2, 3, 5}, W (2) = {1, 2},
W (3) = {3} and W (5) = {5}, with v2 = v3 = v5 = 0. Note that, in this
case, we need the secondary key for sorting. The second-smallest cost over
columns in F̂ , for rows not in F , are u1 = 4, u2 = 2, u3 = 1 and u5 = 3. Then
w2 = max{u1−c12, u2−c22} = max{4−4, 2−0} = 2, w3 = u3−c33 = 1−0 = 1
and w5 = u5 − c55 = 3 − 0 = 3. Therefore σV (1) = 5, σV (2) = 2 and
σV (3) = 3. Thus, the two child nodes are defined by the pairs ({4}, {1, 5})
and ({4, 5}, {1, 2}).

On the other hand, if the lower bound is achieved by LB2(F̂ ), we have to
focus on the off-diagonal row minima. These are achieved in columns o(1) = 2,
o(2) = 4, o(3) = 2, o(4) = 3, o(5) = 2, so V ′(F,F ) = {2, 3}, W (2) = {1, 3, 5}
and W (3) = {4}, with v2 = 1 and v3 = 3. Therefore, σV (1) = 2 and σV (2) = 3
and the secondary key is not required. Thus, the two child nodes are defined
by the pairs ({4}, {1, 2}) and ({4, 2}, {1, 3}).

15.1.3 Numerical Comparison of the Branching Rules

We present computational results of the B&B method based on a implemen-
tation in C++ (see [55, 25]). The upper bound is initialized by a heuristic
algorithm based on variable neighborhood search (see [56]). The experiments
were performed on a Pentium III 800 Mhz with 1 GB RAM. The structure
of the test problem instances is described in Section 14.3. As will be reported
in more detail in Section 15.1.4, the B&B method performed very well, and
was able to solve much larger instances than the standard solver with the for-
mulations presented in Chapter 14. Here we show the results of running the
B&B algorithm using each branching rule on problems with M = 30, aver-
aged over fifteen instances for each value of N = 8, 10, 15, 16. All cost matrices
were randomly generated so that (FSS) holds. The results are presented in
Table 15.1.
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Table 15.1. Numbers of B&B nodes and computing times for the B&B method
using either the index-order or max-regret branching rule on problems with M = 30
and N = 8, 10, 15, 16, for which (FSS) holds. Results are averages taken over 15
problem instances for each value of N .

# of Ratio Computing Ratio
Problem B&B Nodes i.-ord./ Time (s) i.-ord./

Type index-order max-regret max-r. index-order max-regret max-r.
T1 1727594.63 578787.85 2.99 912.34 235.92 3.87
T2 156211.15 17841.50 8.76 82.51 7.44 11.09
T3 772448.15 265769.78 2.91 417.62 107.04 3.90
T4 2774061.28 840401.43 3.30 1640.40 339.68 4.83
T5 1306657.1 428017.95 3.05 704.83 179.73 3.92
T6 2093979.28 633977.18 3.30 1143.49 256.07 4.47
T7 1388014.55 463225.33 3.00 730.87 190.62 3.83
T8 981157.38 310314.05 3.16 517.87 129.53 4.00

Average 1400015.44 442291.88 3.81 768.74 180.75 4.99

As can be seen from the table, using the max-regret branching rule reduces
the number of B&B nodes by a factor of about 3.8 on average and reduces the
computing time by a factor of about 5. The effect was more pronounced for
problems of type T2 (i.e. N -center problems) for which the number of nodes
required by the B&B algorithm with the max-regret rule was less than one
eighth of the number of nodes provided by the algorithm with the index-order
branching rule. Furthermore, for this type of problems the computing time
was decreased by an order of magnitude.

It is clear that the more sophisticated max-regret rule is more effective than
the simple index-order rule. Furthermore, the computing time for solving the
instances with M = 30 is 180.75 seconds on average, and so problems with
even more sites could be expected to be solved. However, after attempting
problems with M = 35, we found that although all problems could be solved
to optimality, the computing times were in most cases around a factor of ten
more than for M = 30. This indicates that the B&B method is not going to
be particularly effective for problems much larger than those with M = 35.

15.1.4 Computational Results

In this section we compare the computational performance of the B&B method
described in Section 15.1, with the max-regret branching rule, with that of the
best linearization (for type T2 problems this is (OMP2) and for all other prob-
lem types it is (OMP1)). The same upper bounds were used, where needed, in
constraints defining the linearizations.
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The performance of the B&B method was consistently better than that
of the best linearization, with the former out-performing the latter by a sig-
nificant margin. To illustrate the type of performance, we give results for
problems with M = 18 and N = 5, as well as N = 10, in Table 15.2. We
report results for these extreme values of N as the performance of the lin-
earizations generally improved as N increased; the performance of the B&B
method was, by contrast, relatively consistent. Results for intermediate values
of N can be simply interpolated.

Table 15.2. Numerical results for problems with M = 18 and the extreme values
of N tested. All results are averages taken over 15 problem instances.

Problem Best Linearization B&B Method
N Type gap(%) # nodes CPU(s) gap(%) # nodes CPU(s)
5 T1 2.8 1999.1 40.77 48.4 2102.5 0.57

T2 24.6 3.8 3.37 54.4 473.0 0.13
T3 34.2 17469.6 370.32 51.7 1477.3 0.40
T4 12.1 3568.2 53.76 39.5 916.4 0.25
T5 11.1 19169.1 187.03 49.0 2054.3 0.56
T6 10.9 12797.7 190.53 44.8 1419.5 0.38
T7 10.5 24350.6 289.50 49.2 1723.7 0.56
T8 16.0 36343.93 408.60 49.0 1723.7 0.47

10 T1 0.0 42.1 0.75 20.4 1395.2 0.33
T2 17.0 0.73 0.95 29.3 222.4 0.05
T3 11.3 90.8 1.16 22.3 1030.3 0.24
T4 9.8 11.1 0.64 14.3 1760.5 0.42
T5 10.2 318.9 1.75 22.7 968.8 0.23
T6 7.8 38.2 0.99 14.3 1124.5 0.27
T7 7.9 63.1 0.81 21.2 1107.0 0.26
T8 17.8 421.1 1.99 23.6 819.5 0.19

We observe that the B&B method always requires less CPU time than
the best linearization, and for some of the problems with N = 5 more than
two orders of magnitude less. The B&B method shows less variation in the
number of nodes needed for the different problem types, and also for different
values of N . We report the average (root node) gap, but note that whilst this
may be indicative of the quality of an integer programming formulation, it is
less meaningful for the B&B method, where the bounds are very weak high
in the tree but improve rapidly deeper in the tree.

To demonstrate that the B&B method can solve larger problems, we also
provide detailed numerical results for problems with M = 30, in Table 15.3.
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As in Sections 14.3 and 15.1.3, each row of the tables contains results averaged
over fifteen instances having the same parameter values.

Table 15.3. Computational results for the B&B method with the max-regret
branching rule for problems with M = 30.

Problem # nodes gap(%) CPU(s)
Type N aver min max aver min max aver min max
T1 8 376661.7 90639 920625 50.8 40.4 58.3 167.19 40.92 408.73

10 698401.1 50974 1678543 43.1 31.8 51.8 303.11 21.75 762.08
15 710577.9 71558 1444065 28.2 15.2 38.2 274.74 28.03 562.25
16 529510.7 107189 1112917 25.0 12.9 36.7 198.65 41.19 417.09

T2 8 30463.8 5043 100375 55.9 36.4 66.7 13.54 2.14 44.19
10 15012.3 2565 38291 47.0 22.2 62.5 6.39 1.06 16.59
15 12473.1 0 37005 37.2 0.0 50.0 4.81 0.00 14.84
16 13416.8 275 35905 35.9 0.0 60.0 5.03 0.09 14.23

T3 8 195498.0 87519 447017 54.1 43.5 65.8 86.44 39.11 197.08
10 275646.3 58988 867397 45.6 28.3 55.6 117.02 25.20 370.39
15 326233.7 38961 630901 32.3 13.8 44.8 125.19 15.36 246.95
16 265701.1 56589 585759 28.7 11.5 42.3 99.51 21.83 217.92

T4 8 124932.5 11396 275910 44.9 30.5 54.3 56.37 5.06 125.25
10 354196.3 5306 1108572 36.7 20.5 47.8 154.46 2.31 476.23
15 1606801.0 52119 3474800 21.3 7.1 33.3 649.56 20.81 1457.81
16 1275675.9 110028 3970039 18.6 6.3 33.3 498.32 42.88 1460.81

T5 8 351434.6 98789 729440 51.8 42.0 60.0 160.75 45.42 332.02
10 550405.8 58142 1364222 43.8 30.6 52.6 242.00 25.72 601.64
15 533272.8 38551 1279337 28.9 14.3 40.9 209.68 15.55 502.16
16 276958.6 47709 606337 26.4 12.5 40.0 106.49 18.88 239.69

T6 8 292640.9 34600 597933 48.3 35.7 54.3 131.82 15.64 272.22
10 582688.3 29094 1265889 40.7 28.1 48.6 253.11 12.58 561.84
15 839755.2 65764 1927705 26.4 12.5 40.0 327.44 26.34 777.64
16 820824.3 50294 2022796 22.0 9.1 35.7 311.89 19.88 792.27

T7 8 380210.3 89852 825887 51.8 41.8 58.3 170.57 40.69 368.23
10 625290.4 36296 1621612 43.1 30.4 53.3 269.65 15.44 712.63
15 466872.1 31681 1160957 28.9 13.0 40.0 179.30 12.47 442.06
16 380528.5 75834 809368 25.8 13.6 38.1 142.95 29.02 313.39

T8 8 337418.9 85926 710147 52.0 41.7 59.0 151.38 38.84 328.09
10 436277.5 26389 1174336 42.5 28.0 51.7 188.97 11.33 503.84
15 263030.8 2277 1139116 28.9 11.1 40.0 101.19 0.91 436.17
16 204529.0 47135 479781 25.8 9.1 36.4 76.59 18.30 173.09
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15.2 Two Heuristic Approaches for the OMP

After having seen the potential, but also the limitations, of an exact B&B
method we continue with two heuristic approaches which enable us to tackle
much larger problems. In our presentation we follow [56].

15.2.1 An Evolution Program for the OMP

The Evolution Program (EP) proposed to solve the OMP is essentially based
on a genetic algorithm developed by Moreno Vega [144] for p-median and p-
center problems. First, it should be noted that both of these problems can
be solved as particular cases of the OMP. Second, the feasible solutions of
these problems and those of the OMP have a similar structure. These are the
reasons to adapt the procedure in [144] to our problem. In addition, evolution
strategies are used to improve the performance of the EP in each iteration.

In the next section we introduce some general concepts of genetic algo-
rithms which are necessary to present the EP.

Genetic Algorithms

Genetic algorithms use a vocabulary taken from natural genetics. We talk
about individuals in a population, in the literature these individuals are
also called chromosomes. A chromosome is divided into units - genes; see
Dawkins [51]. These genes contain information about one or several attributes
of the individual.

The evolution in genetic algorithms can be implemented by two processes
which mimic nature: natural selection and genetic change in the chromosomes
or individuals. Natural selection consists of selecting those individuals that are
better adapted to the environment, i.e. those who survive. Genetic changes
(produced by genetic operators) can occur either when there exists a crossover
between two individuals or when an individual undergoes a kind of mutation.
The crossover transformation creates new individuals by combining parts from
several (two or more) individuals. The mutations are unary transformations
which create new individuals by a small change in a single individual. After
some generations the procedure converges — it is expected that the best
individual represents a near-optimal (reasonable) solution.

In addition, several extensions of genetic algorithms have been developed
(evolutionary algorithms, evolution algorithms and evolutive algorithms).
These extensions mainly consist of using new data structures for representing
the population members and including different types of genetic operators and
natural selection (see Michalewicz [137]).

In the next section we introduce an EP to solve the OMP.
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Evolution Program

Classical genetic algorithms use a binary codification to define the chro-
mosomes. But sometimes this representation is very difficult to handle and
therefore, some authors decided not to use it (see [50] and [137]). Genetic
algorithms, which use codifications different from the binary one and genetic
operators adapted to these particular codifications, are called evolution pro-
grams (see [137]). In the following we will use a non-binary representation
scheme for the individuals of the population.

An EP is a probabilistic algorithm which maintains a population of H in-
dividuals, P (t) = {xt

1, . . . , x
t
H} in each iteration t. Each individual stands for

a potential solution to the problem at hand, and is represented by some data
structure. Some members of the population undergo transformations (alter-
ation step) by means of genetic operators to form new solutions. Each solution
is evaluated to give some measure of its “fitness”. Then, a new population (it-
eration t + 1) is formed by selecting the fittest individuals (selection step).
The program finishes after a fixed number of iterations where the best indi-
vidual of the last population is considered as the approximative solution of
the problem. We present a scheme of an EP as follows:

Algorithm 15.1: Generic evolution program
t ← 0
initialize P (t)
while (not termination-condition) do

modify P (t)
evaluate P (t)
t ← t + 1
generate P (t) from P (t − 1)

end

An EP for a particular problem must have the following six components
(see [137]):

• a genetic representation of potential solutions of the problem,
• a way to create an initial population of potential solutions,
• an evaluation function that plays the role of the environment, rating solu-

tions in terms of their “fitness”,
• genetic operators (crossover and mutation) that alter the composition of

children,
• a selection criterion that determines the survival of every individual, al-

lowing an individual to survive or not in the next iteration,
• values for various parameters that the genetic algorithm uses (population

size, probabilities of applying genetic operators, number of generations,
etc.).



15.2 Two Heuristic Approaches for the OMP 395

All these components will be described in the following sections. First of
all, we introduce a codification in order to have an appropriate representation
of the individuals, that is, of the feasible solutions of the OMP.

Codification of the Individuals

Taking into account that the set of existing facilities is finite, we can assume
that it is indexed. Thus, the feasible solutions of a discrete facility location
problem can be represented by an M -dimensional binary vector with exactly
N entries equal to 1 (see Hosage & Goodchild [105] and Jaramillo et al. [111]).
An i-th entry with value 1 means that facility i is open, the value 0 means
that it is closed. The advantage of this codification is that the classical genetic
operators (see [137]) can be used. The disadvantages are that these operators
do not generate, in general, feasible solutions and that the M − N positions
containing a zero also use memory while not providing any additional infor-
mation.

Obviously, the classical binary codification can be used for the OMP. But
the disadvantage of the inefficiently used memory is especially clear for ex-
amples with N $ M . For this reason, we represent the individuals as N -
dimensional vectors containing the indices of the open facilities, as [143] and
[144] proposed for the p-median and p-center problems, respectively. In addi-
tion, the entries of each vector (individual) are sorted in increasing order. The
sorting is to assure that under the same conditions the crossover operator,
to be defined in Section 15.2.1, always yields the same children solutions; see
[144]. We illustrate this representation of the individuals with a small exam-
ple: if M = 7 and N = 5, the feasible solution X = (0, 1, 0, 1, 1, 1, 1) is codified
as (2, 4, 5, 6, 7).

To start an evolution, an initial population is necessary. The process to
generate this population is described in the following subsection.

Initial Population

Two kinds of initial populations were considered. The first one is completely
randomly generated (denoted by random P (0)). The individuals of the second
one (denoted by greedy P (0)) are all but one randomly generated, while the
last one is a greedy solution of the OMP. The number of individuals of the
population in every generation, denoted by H, is constant. In this way, the
population random P (0) is made up of H randomly generated individuals,
and the greedy P (0) of H − 1 randomly generated and one solution of the
OMP constructed with the Greedy Algorithm.

A greedy solution of the OMP is obtained as follows: the first chosen facility
is the one that minimizes the ordered median objective function assuming that
we are interested in the 1-facility case. After that, at every step we choose
the facility with minimal objective function value, taking into account the
facilities already selected. This procedure ends after exactly N facilities have
been chosen.
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Each individual of the population has an associated “fitness” value. In the
following subsection the evaluation function that defines the “fitness” measure
is described.

Evaluation Function

In order to solve the OMP using an EP, the “fitness” of an individual is deter-
mined by its corresponding ordered median function value. Therefore, an indi-
vidual will be better adapted to the environment than another one if and only
if it yields a smaller ordered median function value. Thus, the best adapted
individual of a population will be one that provides the minimal objective
function value of the OMP among all the individuals of this population.

Genetic Operators

The genetic operators presented in this section are replicas of the classical
crossover and mutation operators (see [105]). These operators are adapted to
the actual codification (see Section 15.2.1), and they always provide feasible
solutions, i.e. vectors of size N in which all entries are different. There are two
of them:

• Crossover Operator
In order to present the crossover operator we define the breaking position
as the component where the two parent individuals break to generate two
children. The crossover operator interchanges the indices placed on the
right-hand side of the breaking position (randomly obtained). When the
breaking position has been generated, the output of this operator depends
only on the two parent individuals, i.e. their crossing always provides the
same children. This is possible because of the sorting in the individual
codification, as we mentioned in Section 15.2.1. Moreover, to ensure feasi-
bility during the crossing procedure, the indices of the parent individuals
that should be interchanged (i.e. those indices which are common for both
parent individuals) are marked. Observe that feasibility of an individual
will be lost if it contains the same index more than once.
The breaking position is randomly chosen. The indices placed to the right-
hand side of the breaking position are called cross positions. Then the
children are obtained as follows:
1. both parents are compared, the indices presented in both vectors are

marked;
2. the non-marked indices are sorted (in increasing order) and moved to

the left;
3. the indices of the transformed parents that lie on the right-hand side

of the breaking position are interchanged;
4. the marks are eliminated and both children codifications are sorted.
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• Mutation Operator
The mutation operator is defined as the classical one derived for the binary
codification but guaranteeing the feasibility of the solution: interchange
one index of the individual with another not presented in the individual.
After the interchange the indices of the new individual are sorted.

These two operators are illustrated in the following example.

Example 15.3
Assume that there are seven sites and five new facilities should be open, i.e.
M = 7 and N = 5. Let us consider two feasible solutions: (2, 3, 4, 6, 7) and
(1, 2, 4, 5, 7).

Assume that the breaking position is 1. Then:

parents marks sorted non-marked interchange children
indices

(2, 3, 4, 6, 7) (2∗, 3, 4∗, 6, 7∗) (3, 6, 2∗, 4∗, 7∗) (3, 5, 2, 4, 7) (2, 3, 4, 5, 7)
(1, 2, 4, 5, 7) (1, 2∗, 4∗, 5, 7∗) (1, 5, 2∗, 4∗, 7∗) (1, 6, 2, 4, 7) (1, 2, 4, 6, 7)

A mutation of the feasible solution (2, 3, 4, 6, 7) can be originated by the
interchange between any index of this individual and an index of the set {1, 5}.
Then, the indices of the new individual are sorted.

A constant probability for all individuals along all iterations is associated
with each genetic operator (crossover and mutation). The determination of
this probability is based on empirical results, as shown in Subsection 15.2.1.

After the generation of the children, a selection criterion is applied to
mimic the natural selection in genetics. This selection depends on the evalua-
tion function (“fitness”) presented in Subsection 15.2.1. Our selection criterion
is described in the following subsection.

Selection Criterion

The algorithm uses evolution strategies in order to ensure a kind of conver-
gence in each generation, i.e. to avoid the new population being worse than the
original one (see Bäck et al. [10] and Schwefel [180]). Hence, we include in the
original population all the children generated by crossover and all the mutated
individuals. Obviously, the number of individuals in the population after these
transformations is normally larger than H. Thus, the selection criterion con-
sists of dropping the worst individuals (i.e. those individuals with the largest
objective function values) until the population contains again exactly H in-
dividuals. Clearly, this selection criterion ensures that the population size is
constant at each iteration.

This method of replacing the population is called incremental replacement,
since the child solutions will replace “less fit” members of the population, see
[111]. Figure 15.1 illustrates one of the advantages of this method. After a
few generations (100), we obtain a population containing a set of different
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good solutions, all of them at most a modest percentage away from the best
solution (1.79%). Figure 15.1 shows the best and the worst solution found at
each generation as well as the optimal solution.
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Fig. 15.1. Evolution of the population

The genetic algorithm depends very much on the tuning of a number of
parameters. This issue is discussed in the next section.

Parameter Values

One of the most difficult tasks when attempting to obtain an efficient genetic
algorithm is the determination of good parameters. In our case, some of them
were chosen a priori such as the population size, H = 25, and the total number
of iterations, 1000.

In the following we describe the experiments performed in order to set
the probabilities of crossover and mutation operators for the individuals. We
distinguish two cases depending on the selected initial population, i.e. consid-
ering or not a greedy solution of the OMP (see Section 15.2.1). To be able to
compare the different values of probabilities, we always used the same seed
for the random number generator. In this way, the solutions of the different
problems depend only on the values of the parameters and not on the random
character.

We considered two instances with M = 30 and N = 10 and solved them
for eight different types of λ (in total 16 examples were tested).



15.2 Two Heuristic Approaches for the OMP 399

• T1: λ = (1, . . . , 1), vector corresponding to the N -median problem.
• T2: λ = (0, . . . , 0, 1), vector corresponding to the N -center problem.
• T3: λ = (0, . . . , 0, 1, . . . , 1︸ ︷︷ ︸

k

), vector corresponding to the k-centra problem,

where k =  M
3 ! = 10.

• T4: λ = (0, . . . , 0︸ ︷︷ ︸
k1

, 1, . . . , 1, 0, . . . , 0︸ ︷︷ ︸
k2

), vector corresponding to the (k1, k2)-

trimmed mean problem, where k1 = N + �M
10 � = 13 and k2 = �M

10 � = 3.
• T5: λ = (0, 1, 0, 1, . . . , 0, 1, 0, 1).
• T6: λ = (1, 0, 1, 0, . . . , 1, 0, 1, 0).
• T7: λ = (0, 1, 1, 0, 1, 1, . . . , 0, 1, 1, 0, 1, 1).
• T8: λ = (0, 0, 1, 0, 0, 1, . . . , 0, 0, 1, 0, 0, 1).

Based on preliminary tests, we decided to select different values for the
probabilities of mutation (0.05, 0.075, 0.1, 0.125) and crossover (0.1, 0.3, 0.5).
Then, we compared the gap between the optimal solution and the one given
by the genetic algorithm, initialized either by random P (0) or greedy P (0):

gap =
zheu − z∗

z∗
× 100, (15.11)

being z∗ the optimal objective function value and zheu the objective function
value of the best solution obtained by the evolution program. The optimal
solutions were determined by the branch-and-bound (B&B) method presented
in Section 15.1. Table 15.4 summarizes the computational results obtained for
the different probabilities.

Based on the results presented in Table 15.4, we decided to fix the probabil-
ity of mutation equal to 0.125 and the crossover probability equal to 0.1 for the
EP initialized by both types of populations (random P (0) and greedy P (0)).
Note that even though the average performance of random P (0), for the se-
lected probability values, is better than that of greedy P (0) (see corresponding
row in Table 15.4), there are cases for which greedy P (0) yields much better
results (as Table 15.5 shows). That is, the behavior of both procedures can be
seen as complementary.

Therefore, from the computational results given in Table 15.5, it seems
advisable to solve the OMP by running the EP twice, once initialized by
random P (0) and once more initialized by greedy P (0), and taking the best
solution found. An extensive numerical study is presented in Section 15.2.3.

15.2.2 A Variable Neighborhood Search for the OMP

The second heuristic procedure we describe to solve the OMP is based on the
Variable Neighborhood Search (VNS) proposed by Hansen & Mladenović [93]
for the N -median problem. As mentioned above N -median is a particular case
of OMP. However, computation of the objective function value is much harder
for OMP than for N -median. Indeed, a major difficulty is to compute the
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Table 15.4. Computational results obtained by using different values for the prob-
abilities of mutation and crossover.

EP random P (0) EP greedy P (0)

probabilities gap(%) gap(%)
mut cross aver min max aver min max
0.05 0.1 5.05 0.00 25.00 4.50 0.00 22.22
0.05 0.3 3.35 0.00 22.00 6.06 0.00 25.00
0.05 0.5 7.98 0.00 66.67 11.63 0.00 100.00
0.075 0.1 1.85 0.00 11.11 3.89 0.00 12.50
0.075 0.3 2.54 0.00 16.89 4.66 0.00 12.50
0.075 0.5 4.27 0.00 25.00 5.14 0.00 22.22
0.1 0.1 1.49 0.00 12.50 3.11 0.00 10.71
0.1 0.3 6.15 0.00 22.22 5.14 0.00 25.00
0.1 0.5 4.28 0.00 22.22 4.36 0.00 12.50

0.125 0.1 1.49 0.00 12.50 2.89 0.00 10.71
0.125 0.3 5.31 0.00 25.00 6.06 0.00 25.00
0.125 0.5 6.32 0.00 25.00 4.33 0.00 12.50

variation between the objective function values when an interchange between
two facilities is performed. We are forced to update and sort the whole cost
vector after this interchange takes place. For the N -median problem updating
the value of the objective function can be done step by step. As a consequence,
the complexity of the procedure applied to OMP is significantly higher.

In the following section we present a modified fast interchange algorithm,
which is essential to describe the VNS developed to solve the OMP.

An Implementation of the Modified Fast Interchange Heuristic

In this section we present an implementation of the basic move of many heuris-
tics, i.e. an interchange (or a change of location for one facility). This proce-
dure is based on the fast interchange heuristic proposed by Whitaker [210] and
implemented, among others, by Hansen & Mladenović [93] for the N -median
problem. Two ingredients are incorporated in the interchange heuristic: move
evaluation, where a best removal of a facility is found when the facility to be
added is known, and updating the first and the second closest facility for each
client.

Moreover, the variation of the ordered objective function value is computed
after each interchange in move.

Thus, using this interchange only from a random initial solution gives a
fairly good heuristic. Results are even better with an initial solution obtained
with the Greedy Algorithm.

In the description of the heuristic we use the following notation:
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Table 15.5. Computational results corresponding to the EP initialized either by
random P (0) or greedy P (0).

EP random P (0) EP greedy P (0)

Problem optimal best gap best gap
Type value found (%) found (%)
T1 81 81 0.00 88 8.64
T2 9 9 0.00 9 0.00
T3 61 61 0.00 61 0.00

example 1 T4 44 44 0.00 47 6.82
T5 43 43 0.00 46 6.98
T6 36 36 0.00 37 2.78
T7 56 56 0.00 62 10.71
T8 29 29 0.00 32 10.34
T1 78 78 0.00 78 0.00
T2 8 9 12.50 8 0.00
T3 54 54 0.00 54 0.00

example 2 T4 46 46 0.00 46 0.00
T5 41 42 2.44 41 0.00
T6 36 36 0.00 36 0.00
T7 55 58 5.45 55 0.00
T8 28 29 3.57 28 0.00

• d1(i): index of the closest facility with respect to client i, for each i =
1, . . . , M ;

• d2(i): index of the second closest facility with respect to client i, for each
i = 1, . . . , M ;

• c(i, j): cost of satisfying the total demand of client i from facility j, for
each i, j = 1, . . . , M ;

• xcur(i) for each i = 1, . . . , N : current solution (new facilities);
• costcur: current cost vector;
• fcur: current objective function value;
• goin: index of facility to be inserted in the current solution;
• goout: index of facility to be deleted from the current solution;
• g∗: change in the objective function value obtained by the best interchange;

In the following four subsections we describe components of our second
heuristic for OMP.

Initial Solution

The heuristic is initialized with a solution constructed with the Greedy Algo-
rithm, as done for the EP in Section 15.2.1.

The move evaluation is presented in the following section.
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Move Evaluation

In the next procedure called Modified Move, the change in the objective func-
tion g∗ is evaluated when the facility that is added (denoted by goin) to the
current solution is known, while the best one to go out (denoted by goout) is
to be found.

Algorithm 15.2: Modified Move (d1, d2, c, λ, xcur, costcur, fcur, goin, M ,
N , g∗, goout∗)

Initialization
Set g∗ ← ∞
Best deletion
for goout = xcur(1) to xcur(N) do

Set costnew ← costcur

for each client i (i = 1, . . . , M) do
if d1(i) = goout then

costnew(i) ← min{c(i, goin), c(i, d2(i))}
else

if c(i, goin) < c(i, d1(i)) then costnew(i) ← c(i, goin)
end

end
Find the corresponding objective function value fnew

g ← fnew − fcur

if g < g∗ then g∗ ← g and goout∗ ← goout
end

Using algorithm Modified Move, each potential facility belonging to the
current solution can be removed, i.e. be the facility goout. Furthermore, for
each site we have to compute the objective function value corresponding to the
new current solution for which facility goout is deleted and goin is inserted.
Therefore, a new cost vector has to be sorted, which leads to a complexity of
O(M log M) for each of the N values of goout. Thus, the number of operations
needed for this algorithm is O(MN log M).

Updating First and Second Closest Facilities

In the Modified Move procedure both the closest (denoted by d1(i)) and the
second closest facility (denoted by d2(i)) for each client i must be known
in advance. Among formal variables in the description of algorithm Modified
Update that follows, arrays d1 and d2 are both input and output variables.
In this way, for each site i, if either d1(i) or d2(i) is removed from the cur-
rent solution, we update their values. Furthermore, the current cost vector
is also updated, being an input and an output variable, too. This is what
distinguishes this procedure from the update approach presented in [93].
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Algorithm 15.3: Modified Update (c, goin, goout, M , N , d1, d2, cost)

for each site i (i = 1, . . . , M) do
(* For clients whose closest facility is deleted, find a new one *)
if d1(i) = goout then

if c(i, goin) ≤ c(i, d2(i)) then
d1(i) ← goin
cost(i) ← c(i, goin)

else
d1(i) ← d2(i)
cost(i) ← c(i, d2(i))
(* Find second closest facility for client i *)
find l∗ where c(i, l) is minimum (for l = 1, . . . , N, l �= d1(i))
d2(i) ← l∗

end
else

if c(i, d1(i)) > c(i, goin) then
d2(i) ← d1(i) and d1(i) ← goin
cost(i) ← c(i, goin)

end
else if c(i, goin) < c(i, d2(i)) then

d2(i) ← goin
end
else if d2(i) = goout then

find l∗ where c(i, l) is minimum (for l = 1, . . . , N, l �= d1(i))
d2(i) ← l∗

end
end

end

The worst case complexity of the procedure Modified Update is O(MN)
as the index d2(i) of the second closest facility must be recomputed without
any additional information if it changes.

Modified Fast Interchange Heuristic

The modified fast interchange algorithm, that uses the procedures Modified
Move and Modified Update described before, is as follows:
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Algorithm 15.4: Fast Interchange
Initialization
Let xopt be an initial solution
find the corresponding cost vector costopt and objective function value
fopt

find closest and second closest facilities for each client i = 1, . . . , M , i.e.
find arrays d1 and d2
Iteration step1

Set g∗ ← ∞
for goin = xopt(N + 1) to xopt(M) do

(* Add facility goin in the solution and find the best deletion *)
Modified Move (d1, d2, c, λ, xopt, costopt, fopt, goin,M,N, g, goout)
(* Algorithm 15.2 *)
(* Keep the best pair of facilities to be interchanged *)
if g < g∗ then g∗ ← g, goin∗ ← goin, goout∗ ← goout

end
Termination
if g∗ ≥ 0 then Stop (* If no improvement in the neighborhood, Stop *)
Updating step
(* Update objective function value *)
fopt ← fopt + g∗

Update xopt: interchange position of xopt(goout∗) with xopt(goin∗)
(* Update closest, second closest facilities and cost vector *)
Modified Update (c, goin∗, goout∗,M,N, d1, d2, costopt)
(* Algorithm 15.3 *)
Return to Iteration step (1)

The complexity of one iteration of this algorithm is O(M2N log M). This
follows from the fact that procedure Modified Move is used M − N times,
its complexity is O(MN log M) and the complexity of Modified Update is
O(MN).

In the following section we describe a heuristic based on VNS that solves
the OMP using the modified fast interchange algorithm.

Variable Neighborhood Search

The basic idea of VNS is to implement a systematic change of neighborhood
within a local search algorithm (see Hansen & Mladenović [94], [96] and [95]).
Exploration of these neighborhoods can be done in two ways. The first one
consists of systematically exploring the smallest neighborhoods, i.e. those clos-
est to the current solution, until a better solution is found. The second one
consists of partially exploring the largest neighborhoods, i.e. those far from the
current solution, by drawing a solution at random from them and beginning
a (variable neighborhood) local search from there. The algorithm remains in
the same solution until a better solution is found and then jumps there. We
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rank the neighborhoods to be explored in such a way that they are increas-
ingly far from the current solution. We may view VNS as a way of escaping
local optima, i.e. a “shaking” process, where movement to a neighborhood fur-
ther from the current solution corresponds to a harder shake. In contrast to
random restart, VNS allows a controlled increase in the level of the shake.

As in [93] let us denote by S = {s : s = set of N potential locations of
the new facilities} a solution space of the problem. We say that the distance
between two potential solutions s1 and s2 (s1, s2 ∈ S) is equal to k, if and only
if they differ in k locations. Since S is a family of sets of equal cardinality, a
(symmetric) distance function ρ can be defined as

ρ(s1, s2) = |s1 \ s2| = |s2 \ s1|, ∀s1, s2 ∈ S. (15.12)

It can easily be checked that ρ is a metric function in S, thus S is a metric
space. As in [93], the neighborhoods’ structures are induced by metric ρ, i.e.
k locations of facilities (k ≤ N) from the current solution are replaced by k
others. We denote by Nk, k = 1, . . . , kmax (kmax ≤ N) the set of such neigh-
borhood structures and by Nk(s) the set of solutions forming neighborhood
Nk of a current solution s. More formally

s1 ∈ Nk(s2) ⇔ ρ(s1, s2) = k. (15.13)

Note that the cardinality of Nk(s) is

|Nk(s)| =
(

N

k

)(
M − N

k

)
(15.14)

since k out of N facilities are dropped and k out of M − N added into the
solution. This number first increases and then decreases with k.

Note also that sets Nk(s) are disjoint, and their union, together with s, is
S.

We now present the VNS algorithm for the OMP as pseudo-code:
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Algorithm 15.5: A VNS for the discrete OMP
Initialization
Find arrays xopt, d1 and d2, costopt and fopt as initialization of
Modified Fast Interchange
the set of neighborhood structures Nk, k = 1, . . . , kmax is induced by
distance function ρ (see (15.12) and (15.13))
copy initial solution into the current one, i.e. copy xopt, d1, d2, costopt

and fopt into xcur, d1cur, d2cur, costcur and fcur, respectively.
Choose stopping condition
Main step
k ← 1
repeat

Shaking operator
(* Generate a solution at random from the kth neighborhood, Nk *)
for j = 1 to k do

Take facility to be inserted goin at random
Find facility to be deleted goout by using procedure
Modified
Move(d1, d2, c, λ, xcur, costcur, fcur, goin,M,N, g, goout)
Find d1cur, d2cur and costcur for such interchange, i.e.
Run Modified
Update(c, goin∗, goout∗,M,N, d1cur, d2cur, costcur)
Update xcur and fcur accordingly

end
Local Search
Apply algorithm Modified Fast Interchange (without Initialization
step), with xcur, fcur, costcur, d1cur and d2cur as input and output
values
Move or not
if fcur < fopt then

(* Save current solution to be incumbent; return to N1 *)
fopt ← fcur; xopt ← xcur

d1 ← d1cur; d2 ← d2cur; costopt ← costcur; and set k ← 1
else

(* Current solution is the incumbent; change neighborhood *)
fcur ← fopt; xcur ← xopt

d1cur ← d1; d2cur ← d2; costcur ← costopt; and set k ← k + 1
end

until (k = kmax) or (stopping condition is met)

In the Shaking operator step the incumbent solution xopt is perturbed in
such a way that ρ(xcur, xopt) = k. Nevertheless, this step does not guarantee
that xcur belongs to Nk(xopt) due to randomization of the choice of goin and
possible reinsertion of the same facility after it has left. Then, xcur is used as
initial solution for Modified Fast Interchange in Local Search step. If a better
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solution than xopt is obtained, we move there and start again with small
perturbations of this new best solution, i.e. k ← 1. Otherwise, we increase
the distance between xopt and the new randomly generated point, i.e. we set
k ← k + 1. If k reaches kmax (this parameter can be chosen equal to N),
we return to Main step, i.e. the main step can be iterated until some other
stopping condition is met (e.g. maximum number of iterations, maximum CPU
time allowed, or maximum number of iterations between two improvements).
Note that the point xcur is generated at random in Shaking operator step in
order to avoid cycling which might occur if any deterministic rule were used.

In the following section computational results are reported which show the
efficiency of these two heuristic approaches.

15.2.3 Computational Results

In order to test the heuristic procedures, we considered two groups of ex-
periments. The instances belonging to the first group have been randomly
generated with different combinations of the number of existing facilities,
the number of new facilities, and the λ-vectors. The second group of experi-
ments consists of N -median problems (whose optimal solutions are provided
by Beasley [16]) and (k1, k2)-trimmed mean problems using the data pub-
licly available electronically from http://mscmga.ms.ic.ac.uk/info.html (see
Beasley [17]). The first group of experiments allows investigating the behav-
ior of these heuristic approaches with different types of λ vectors. The second
one helps in determining their capability to solve large problems.

In the following sections we describe in an exhaustive way these two groups
of experiments and the corresponding computational results. All test problems
were solved using a Pentium III 800 Mhz with 1 GB RAM.

The Experimental Design and Numerical Test

The first group of experimental data was designed considering four different
values for the number of sites, M = 15, 18, 25, 30, four values for the number
of new facilities, N = �M

4 �, �M
3 �, �M

2 �, �M
2 � + 1, and eight different λ-vectors

(see Section 15.2.1). In total, 1920 problems were solved by both heuristic
approaches (4 different values of M × 4 values of N × 8 values of λ × 15
instances randomly generated for each combination of M , N and λ).

As mentioned in Subsection 15.2.1, the evolution program was ran twice
(with random P (0) and greedy P (0)). The solution of the evolution program is
the best obtained by both procedures. Obviously, computation time increases
with size but nevertheless, it is worthwhile due to the difficulty of solving the
problem with a B&B method (see Section 15.1 and the quality of the solution
obtained).

In order to compare the solutions given by the EP and the VNS with the
optimal ones, the instances known from the literature have been used. These
problems are of small size (M = 15, 18, 25, 30). The gap between the optimal
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solution and that one obtained by each heuristic algorithm is computed ac-
cording to (15.11) with z∗ denoting the optimal objective function value and
zheu denoting the objective function value of the best solution provided by the
heuristic procedure.

Tables 15.6 and 15.7 show computational results for instances with M =
30, given by the EP and the VNS, respectively. In each row we present a sum-
mary of the outcomes for 15 replications of each combination (λ,N). Each row
reports information about the frequency that the optimal solution is reached,
the gap between the optimal solution and that provided by the corresponding
heuristic approach and computing time.

Table 15.6. Computational results with M = 30 using EP.

Evolution program B&B
Example #opt. gap (%) CPU(s) CPU(s)
λ N found aver min max aver min max aver min max
T1 8 11 2.45 0.00 21.78 22.57 22.30 22.88 167.19 40.92 408.73

10 10 1.34 0.00 7.04 25.42 25.09 26.41 303.11 21.75 762.08
15 11 0.87 0.00 5.00 32.25 31.97 32.67 274.74 28.03 562.25
16 14 0.25 0.00 3.70 33.71 33.48 34.25 198.65 41.19 417.09

T2 8 10 7.79 0.00 55.56 22.46 22.03 22.73 13.54 2.14 44.19
10 10 7.08 0.00 42.86 25.19 24.91 25.50 6.39 1.06 16.59
15 12 4.44 0.00 25.00 32.16 31.81 32.45 4.81 0.00 14.84
16 12 6.11 0.00 33.33 33.74 33.38 34.08 5.03 0.09 14.23

T3 8 11 1.09 0.00 7.92 22.35 22.16 22.69 86.44 39.11 197.08
10 12 0.33 0.00 1.85 25.06 24.92 25.16 117.02 25.20 370.39
15 11 0.88 0.00 3.70 31.99 31.72 32.27 125.19 15.36 246.95
16 15 0.00 0.00 0.00 33.43 33.13 33.77 99.51 21.83 217.92

T4 8 12 0.37 0.00 2.47 22.36 22.14 22.72 56.37 5.06 125.25
10 11 0.94 0.00 8.11 25.13 24.91 25.33 154.46 2.31 476.23
15 15 0.00 0.00 0.00 32.04 31.80 32.22 649.56 20.81 1457.81
16 15 0.00 0.00 0.00 33.43 33.22 33.78 498.32 42.88 1460.81

T5 8 11 1.00 0.00 5.88 22.41 22.17 22.73 160.75 45.42 332.02
10 9 1.52 0.00 5.26 25.22 24.84 25.75 242.00 25.72 601.64
15 14 0.83 0.00 12.50 32.20 31.63 32.81 209.68 15.55 502.16
16 12 1.66 0.00 10.00 33.60 33.05 34.33 106.49 18.88 239.69

Continued on next page
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Table 15.6 cont.: Computational results with M = 30 using EP.

Evolution program B&B
Example #opt. gap (%) CPU(s) CPU(s)
λ N found aver min max aver min max aver min max
T6 8 10 1.30 0.00 9.52 22.54 22.25 22.83 131.82 15.64 272.22

10 9 1.36 0.00 5.41 25.40 25.09 25.97 253.11 12.58 561.84
15 14 0.39 0.00 5.88 32.38 31.97 32.91 327.44 26.34 777.64
16 14 0.56 0.00 8.33 33.75 33.36 34.28 311.89 19.88 792.27

T7 8 8 1.66 0.00 4.94 22.53 22.33 22.72 170.57 40.69 368.23
10 13 0.26 0.00 1.96 25.38 25.06 25.70 269.65 15.44 712.63
15 12 1.08 0.00 8.00 32.41 32.02 33.41 179.30 12.47 442.06
16 15 0.00 0.00 0.00 33.89 33.59 34.25 142.95 29.02 313.39

T8 8 10 2.83 0.00 21.05 22.60 22.33 23.30 151.38 38.84 328.09
10 9 1.98 0.00 11.54 25.38 25.03 25.80 188.97 11.33 503.84
15 14 0.44 0.00 6.67 32.39 31.98 32.69 101.19 0.91 436.17
16 14 0.61 0.00 9.09 33.87 33.44 34.19 76.59 18.30 173.09

From Table 15.6 we can compute that the average gap over all instances
is 1.61%. Moreover, in many cases, the optimal objective function value is
reached, even for problems of type T2 (for which at least 60% of the 15
instances for each parameter combination were solved optimally). On average,
the optimal solution is reached in 79.17% of the instances with M = 30. In
addition, the required computing time is, in general (except for problems of
type T2), shorter than that needed by the exact procedure. Observe that the
average computing time required by the EP is 28.41 seconds, much shorter
than 180.75 seconds given by the specific B&B method for the same instances.

Table 15.7. Computational results with M = 30 using VNS.

Var. Neigh. Search B&B
Example #opt. gap (%) CPU(s) CPU(s)
λ N found aver min max aver min max aver min max
T1 8 10 2.13 0.00 11.86 0.31 0.20 0.47 167.19 40.92 408.73

10 14 0.08 0.00 1.20 0.44 0.31 0.69 303.11 21.75 762.08
15 13 0.39 0.00 3.13 0.71 0.52 0.86 274.74 28.03 562.25
16 15 0.00 0.00 0.00 0.79 0.64 1.36 198.65 41.19 417.09

Continued on next page
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Table 15.7 cont.: Computational results with M = 30 using VNS.

Var. Neigh. Search B&B
Example #opt. gap (%) CPU(s) CPU(s)
λ N found aver min max aver min max aver min max
T2 8 5 14.74 0.00 55.56 0.30 0.11 0.50 13.54 2.14 44.19

10 10 8.89 0.00 71.43 0.43 0.20 1.00 6.39 1.06 16.59
15 12 5.78 0.00 50.00 0.60 0.38 1.05 4.81 0.00 14.84
16 11 9.44 0.00 50.00 0.56 0.39 0.91 5.03 0.09 14.23

T3 8 9 2.61 0.00 11.29 0.27 0.22 0.41 86.44 39.11 197.08
10 10 1.62 0.00 9.80 0.44 0.31 0.67 117.02 25.20 370.39
15 14 0.19 0.00 2.78 0.76 0.52 1.06 125.19 15.36 246.95
16 15 0.00 0.00 0.00 0.76 0.63 1.11 99.51 21.83 217.92

T4 8 13 0.28 0.00 2.47 0.27 0.19 0.38 56.37 5.06 125.25
10 13 1.07 0.00 8.11 0.40 0.25 0.61 154.46 2.31 476.23
15 15 0.00 0.00 0.00 0.60 0.42 0.78 649.56 20.81 1457.81
16 15 0.00 0.00 0.00 0.62 0.45 0.78 498.32 42.88 1460.81

T5 8 8 2.61 0.00 8.00 0.29 0.20 0.47 160.75 45.42 332.02
10 13 0.50 0.00 5.26 0.46 0.33 0.80 242.00 25.72 601.64
15 15 0.00 0.00 0.00 0.64 0.48 0.73 209.68 15.55 502.16
16 15 0.00 0.00 0.00 0.75 0.64 0.89 106.49 18.88 239.69

T6 8 13 0.60 0.00 6.67 0.32 0.19 0.56 131.82 15.64 272.22
10 13 0.56 0.00 5.26 0.41 0.31 0.69 253.11 12.58 561.84
15 15 0.00 0.00 0.00 0.70 0.47 1.17 327.44 26.34 777.64
16 14 0.56 0.00 8.33 0.70 0.48 1.20 311.89 19.88 792.27

T7 8 9 1.50 0.00 7.46 0.26 0.20 0.41 170.57 40.69 368.23
10 14 0.11 0.00 1.67 0.41 0.31 0.58 269.65 15.44 712.63
15 14 0.32 0.00 4.76 0.73 0.50 1.11 179.30 12.47 442.06
16 15 0.00 0.00 0.00 0.75 0.53 1.14 142.95 29.02 313.39

T8 8 10 1.46 0.00 7.69 0.28 0.19 0.41 151.38 38.84 328.09
10 11 1.27 0.00 7.69 0.44 0.31 0.72 188.97 11.33 503.84
15 15 0.00 0.00 0.00 0.73 0.45 1.06 101.19 0.91 436.17
16 13 1.96 0.00 22.22 0.65 0.44 0.89 76.59 18.30 173.09

From Table 15.7 we can observe that the average gap provided by the
VNS, 1.83%, over all instances is slightly higher than that given by the EP,
1.61%. Nevertheless, the optimal objective function is reached in 83.54% of
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the instances. In addition, the average computing time, 0.52 seconds, is much
shorter than that required by the EP (28.41 seconds), and therefore, shorter
than that given by the B&B algorithm (180.75 seconds).

It should be mentioned that the performance of both procedures on prob-
lems of type T2 (i.e. N -center problems) is rather poor, since the gap obtained
is relatively large. However, the quality of the solution given by the EP for
problems of type T2 is superior to that provided by the VNS. We point out
that the new formulation proposed by Elloumi et al. [71] specifically developed
for the N -center problem yields results considerably better than EP.

To compare both heuristic procedures on examples similar to real-life prob-
lems, instances of larger size (M = 100) have been generated and solved. The
structure of these examples is similar to that presented for instances with
M = 30, i.e. with four different values of N , eight of λ, and 15 replications
for each combination (N, λ). The optimal solutions of these instances are not
available; therefore, we can only compare the results given by both heuristic
approaches. To this aim, we compute the relation between the solution given
by the EP and that provided by the VNS, as follows

ratio =
zEP

zVNS
, (15.15)

with zEP denoting the objective function value of the best solution obtained
by the evolution program, and zVNS denoting the objective function value of
the solution obtained by the variable neighborhood search. Therefore,

ratio

⎧⎨⎩> 1 if VNS provides a solution better than that given by EP
= 1 if VNS and EP provide the same solution
< 1 if VNS provides a solution worse than that given by EP

(15.16)
Figure 15.2 shows a summary of the results obtained among the 480 test

problems.
From Figure 15.2 we can conclude that the quality of the solution provided

by the VNS is usually superior to that given by the EP. Furthermore, the
computing time required by VNS (63.22 seconds, on average) is also shorter
than that required by EP (105.45 seconds, on average).

In the following section we investigate the behavior of both heuristic ap-
proaches for solving large N -median and (k1, k2)-trimmed mean problems.

Additional Tests for Large Problems

The exact procedures presented in Chapter 14 and Section 15.1 are not ap-
propriate for solving large instances of the OMP. Therefore, we call upon the
existing data often used in the literature for N -median (see [17]). In addition,
these data have been used to solve the (k1, k2)-trimmed mean problem. To
this aim we have set k1 = N + �M

10 � and k2 = �M
10 �.

The second group of experiments consists of solving N -median and (k1, k2)-
trimmed mean problems for 40 large instances. We denote these instances by



412 15 Solution Methods

0.7

0.85

1

1.15

1.3

1.45

0 60 120 180 240 300 360 420 480

�	�
���

�

��
�

Fig. 15.2. Comparison between the solutions given by EP and VNS for problems
with M = 100

pmed1,..., pmed40. The data is available at http://mscmga.ms.ic.ac.uk/info.html.
Exhaustive information about how these problems were generated can be
found in [16]. The number of existing facilities, M , in these instances varies
from 100 to 900 in steps of 100, and the number of new facilities, N , takes
values equal to 5, 10, M

10 , M
5 and M

3 or, depending on the case, rounded to
the nearest integer.

The optimal solutions of the N -median problems are given by [16], but
those according to the (k1, k2)-trimmed mean problems are not available.

Therefore, using the first type of problem (N -median problems) we esti-
mate the efficiency of our heuristic approaches comparing their results with
the optimal solutions. The second type of problem allows pointing out the
capability of these approaches to provide solutions for large instances of new
facility location problems (such as the (k1, k2)-trimmed mean problem) in a
reasonable computing time.

Large N -Median Problems

For solving large N -median problems, as before, the EP is run twice (once
initialized with random P (0) and once more with greedy P (0)), and the best
solution obtained by both procedures is taken.

Due to the large increase in computing time required by VNS, a stopping
condition was necessary. After some preliminary tests, the maximum number
of iterations allowed was fixed at 50.
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Figure 15.3 shows the behavior of the VNS against the required computing
time (in seconds) on instance pmed9 when the N -median problem is solved.
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Fig. 15.3. Behavior of the VNS heuristic when solving the pmed9 instance of the
N -median problem

From Figure 15.3 we conclude that convergence of the VNS is very fast.
After 18 seconds (in the first iteration) the solution is much improved (from
2838 to 2754, i.e. reducing the gap from 3.80% to 0.73%). Nevertheless, the
VNS stops after 48 iterations, with a solution equal to 2747 (and a gap equal
to 0.48%) but requiring almost 615 seconds.

We observed similar behavior for other instances, which require much more
time (some of them have been solved after fifty iterations requiring more than
eight hours). For this reason, the maximum number of iterations for solving
large N -median problems was fixed at 5 instead of 50.

Computational results for large N -median problems are shown in Ta-
ble 15.8.
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Table 15.8. Computational results for large N -median problems ([16]).

Evolution Program VNS
Problem optimal best gap CPU best gap CPU
Name M N value found (%) (s) found (%) (s)
pmed1 100 5 5819 5819 0.00 25.42 5819 0.00 1.19
pmed2 10 4093 4093 0.00 37.55 4093 0.00 2.97
pmed3 10 4250 4250 0.00 37.88 4250 0.00 3.00
pmed4 20 3034 3046 0.40 61.48 3046 0.40 5.98
pmed5 33 1355 1361 0.44 93.22 1358 0.22 6.81
pmed6 200 5 7824 7824 0.00 36.25 7824 0.00 7.95
pmed7 10 5631 5645 0.25 55.39 5639 0.14 12.72
pmed8 20 4445 4465 0.45 91.81 4457 0.27 21.05
pmed9 40 2734 2762 1.02 170.25 2753 0.69 41.98
pmed10 67 1255 1277 1.75 290.53 1259 0.32 72.22
pmed11 300 5 7696 7696 0.00 47.98 7696 0.00 12.52
pmed12 10 6634 6634 0.00 75.63 6634 0.00 26.02
pmed13 30 4374 4432 1.33 193.22 4374 0.00 87.92
pmed14 60 2968 2997 0.98 359.58 2969 0.03 241.95
pmed15 100 1729 1749 1.16 580.98 1739 0.58 363.39
pmed16 400 5 8162 8183 0.26 56.89 8162 0.00 24.36
pmed17 10 6999 6999 0.00 95.08 6999 0.00 47.30
pmed18 40 4809 4880 1.48 320.38 4811 0.04 275.69
pmed19 80 2845 2891 1.62 604.36 2864 0.67 469.30
pmed20 133 1789 1832 2.40 963.44 1790 0.06 915.17
pmed21 500 5 9138 9138 0.00 70.14 9138 0.00 27.39
pmed22 10 8579 8669 1.05 116.59 8669 1.05 64.25
pmed23 50 4619 4651 0.69 486.08 4619 0.00 443.23
pmed24 100 2961 3009 1.62 924.66 2967 0.20 1382.84
pmed25 167 1828 1890 3.39 1484.13 1841 0.71 2297.25
pmed26 600 5 9917 9919 0.02 84.34 9917 0.00 48.45
pmed27 10 8307 8330 0.28 136.53 8310 0.04 127.63
pmed28 60 4498 4573 1.67 673.30 4508 0.22 965.48
pmed29 120 3033 3099 2.18 1268.89 3036 0.10 2758.56
pmed30 200 1989 2036 2.36 2043.33 2009 1.01 3002.34

Continued on next page
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Table 15.8 cont.: Computational results for large N -median problems.

Evolution Program VNS
Problem optimal best gap CPU best gap CPU
Name M N value found (%) (s) found (%) (s)

pmed31 700 5 10086 10086 0.00 92.67 10086 0.00 56.02
pmed32 10 9297 9319 0.24 156.50 9301 0.04 165.27
pmed33 70 4700 4781 1.72 894.19 4705 0.11 2311.03
pmed34 140 3013 3100 2.89 1762.69 3024 0.37 5384.19
pmed35 800 5 10400 10400 0.00 109.86 10400 0.00 88.50
pmed36 10 9934 9947 0.13 182.06 9934 0.00 200.97
pmed37 80 5057 5126 1.36 1190.25 5066 0.18 2830.30
pmed38 900 5 11060 11060 0.00 120.14 11060 0.00 150.53
pmed39 10 9423 9423 0.00 207.75 9423 0.00 200.73
pmed40 90 5128 5188 1.17 1492.59 5141 0.25 4774.38

By analyzing this table we conclude that the average gap does not reach
1% for both heuristic procedures, being 0.86% for the EP and only 0.19% for
the VNS. Moreover, the optimal objective function value is obtained 12 and
17 times, among the 40 test problems, for the EP and the VNS, respectively.
Therefore, both approaches perform well on large N -median problems, the
quality of the VNS being better. However, for both methods there is a tradeoff
between quality of the solution and computing time required to obtain this
solution: the average time is equal to 442.35 seconds for the EP and 747.97
seconds for the VNS. Notice that the maximal computing time required by
the EP does not exceed 35 minutes, and that required by the VNS reaches
almost 90 minutes.

Observe that the quality of the solutions provided by the VNS (0.19%, in
average) is comparable with the one (0.18%, in average) given by the method
specifically developed for N -median by Hansen et al. [97]. Nevertheless, as
expected, computing time required by the VNS developed for the OMP is
larger than that provided in [97].

Large (k1, k2)-Trimmed Mean Problems

As above, to solve large (k1, k2)-trimmed mean problems, the best solution
obtained after running twice the EP (once initialized with random P (0) and
once more with greedy P (0)) is taken.

Furthermore, as before, a stopping condition based on fixing a maximum
number of iterations was considered. Again, we observed that the VNS con-
verged very fast when solving (k1, k2)-trimmed mean problems and again,
computing time required for 50 iterations was too long. Therefore, the max-
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imum number of iterations for solving large (k1, k2)-trimmed mean problems
was fixed at 5 instead of 50.

Computational results obtained for such problems are shown in Table 15.9.
Since the optimal solutions are not available, this table reports information
about the relation between both heuristic approaches (see (15.15)).

Table 15.9. Comp. results for large (k1, k2)-trimmed mean problems ([16]).

Evolution Program VNS Ratio
Problem best CPU best CPU EP/
Name M N found (s) found (s) VNS
pmed1 100 5 4523 25.20 4523 1.27 1.000
pmed2 10 2993 36.98 2987 3.80 1.002
pmed3 10 3067 36.91 3074 2.80 0.998
pmed4 20 2153 60.80 2142 6.98 1.005
pmed5 33 829 92.08 818 8.22 1.013
pmed6 200 5 6064 35.52 6079 7.88 0.998
pmed7 10 4225 54.17 4206 13.41 1.005
pmed8 20 3248 91.95 3182 28.30 1.021
pmed9 40 1831 167.61 1816 66.39 1.008
pmed10 67 849 274.09 829 75.91 1.024
pmed11 300 5 5979 47.75 5979 13.30 1.000
pmed12 10 5021 73.83 5021 25.86 1.000
pmed13 30 3175 183.25 3133 97.80 1.013
pmed14 60 2027 346.42 1957 303.64 1.036
pmed15 100 1181 549.67 1133 415.80 1.042
pmed16 400 5 6341 56.06 6341 24.13 1.000
pmed17 10 5440 89.30 5413 43.83 1.005
pmed18 40 3463 309.50 3443 261.86 1.006
pmed19 80 1973 618.88 1933 779.77 1.021
pmed20 133 1191 1000.41 1152 1108.48 1.034
pmed21 500 5 7245 71.69 7245 24.22 1.000
pmed22 10 6749 117.88 6722 58.58 1.004
pmed23 50 3379 461.50 3306 639.95 1.022
pmed24 100 2068 888.27 2005 1455.81 1.031
pmed25 167 1198 1524.86 1151 2552.02 1.041

Continued on next page
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Table 15.9 cont.: Comp. results for large (k1, k2)-trimmed mean problems.

Evolution Program VNS Ratio
Problem best CPU best CPU EP/
Name M N found (s) found (s) VNS

pmed26 600 5 7789 87.30 7787 48.11 1.000
pmed27 10 6481 141.97 6444 141.70 1.006
pmed28 60 3304 687.42 3210 1113.89 1.029
pmed29 120 2087 1249.78 2006 3178.69 1.040
pmed30 200 1359 1976.77 1308 4942.75 1.039
pmed31 700 5 8047 90.81 8046 66.16 1.000
pmed32 10 7318 148.77 7280 162.97 1.005
pmed33 70 3463 857.47 3413 2377.72 1.015
pmed34 140 2083 1624.61 2023 5657.56 1.030
pmed35 800 5 8191 102.58 8191 72.58 1.000
pmed36 10 7840 170.38 7820 201.64 1.003
pmed37 80 3684 1086.13 3604 3170.70 1.022
pmed38 900 5 8768 111.61 8720 140.84 1.006
pmed39 10 7398 189.19 7360 313.03 1.005
pmed40 90 3768 1372.98 3718 5422.73 1.013

From Table 15.9 we can observe that after a reasonable computing time the
EP and the VNS solve large (k1, k2)-trimmed mean problems. The computing
time required by the EP (427.81 seconds, on average) is much shorter than
that needed by the VNS (875.78 seconds, on average). Nevertheless, in all but
two cases the VNS provides a better solution than EP.
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Related Problems and Outlook

16.1 The Discrete OMP with λ ∈ Λ
≤
M

In this section we present a specific formulation for the discrete OMP with
λ-weights in non-decreasing order, denoted by OMP≤. This formulation is
based in a linear programming formulation for the problem of minimiz-
ing the sum of the k-largest linear functions out of M , first proposed by
Ogryczak & Tamir [154]. This formulation allows us to give a compact mixed-
integer linear programming formulation for the discrete OMP≤. In this chapter
we study this reformulation, some of their properties and report some com-
putational results that show its efficiency.

16.1.1 Problem Formulation

Let us first introduce the notation required to derive the formulation. Let
λ = (λ1, . . . , λM ) ∈ Λ≤M be the λ vector with components arranged in non-
decreasing order; and for convenience define λ0 = 0.

As shown in Section 13.1, for a given set of facilities X ⊆ A, we de-
note by c(A,X) = (c1(X), . . . , cM (X)) the cost vector corresponding to
satisfy the total demand of each client k ∈ A. In addition, we denote by
c≥(X) = (c(1)(X), . . . , c(M)(X)) the cost vector whose entries are in non-
increasing order, i.e. c(1)(X) ≥ · · · ≥ c(M)(X).

Finally, let variables xj and ykj be defined as in (13.9) and (13.10), respec-
tively, see Section 13.2.2. Thus, xj is a binary variable which takes the value 1
if a new facility is built at site j and 0, otherwise, for each j = 1, . . . , M . The
variable ykj is also binary and takes the value 1 if the demand of client k is sat-
isfied by a facility located at site j and 0, otherwise, for each j, k = 1, . . . , M .

Observe that the solution of the OMP≤ coincides with that given by

min
X⊆A , |X|=N

M∑
i=1

λM−i+1 c(i)(X). (16.1)
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Denote rk(X) =
k∑

i=1

c(i)(X), the sum of the k largest allocation costs in-

duced by set of facilities X. It is clear that Problem (16.1) can be equivalently
written:

min
X⊆A , |X|=N

M∑
i=1

(λM−i+1 − λM−i)ri(X). (16.2)

Minimizing the function ri(X) can be done, according with [154], solving the
following linear program:

min iti +
M∑

k=1

dki

s.t. dki ≥
M∑

j=1

ckjykj − ti, ∀ i, k = 1, . . . , M,

dki, ykj ≥ 0, ∀ i, j, k = 1, . . . , M,

ti unrestricted.

Combining the latter formulation with (16.2), we get the appropriate re-
formulation of Problem (16.1):

(OMP≤) min
M∑
i=1

(λM−i+1 − λM−i)(i ti +
M∑

k=1

dki)

s.t. dki ≥
M∑

j=1

ckj ykj − ti ∀ i, k = 1, . . . , M

M∑
j=1

xj = N

M∑
j=1

ykj = 1 ∀ k = 1, . . . , M

xj ≥ ykj ∀ j, k = 1, . . . , M
xj ∈ {0, 1}, dki, ykj ≥ 0 ∀ i, j, k = 1, . . . , M

ti unrestricted ∀ i = 1, . . . , M.

Notice that this is a valid formulation as a mixed-integer linear program
for N -median, N -center or N -facility k-centra problems.

Computational results corresponding to (OMP≤) (using standard soft-
ware) obtained for N -median and N -center instances are reported in [55].
In the following section, we compare the computational results provided by
(OMP≤) against those given by the B&B method proposed in Section 15.1 for
the general discrete OMP.
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16.1.2 Computational Results

In this section, we compare the computational performance of (OMP≤) against
that of the B&B method with the max-regret branching rule, developed in
Section 15.1.

As mentioned above, among the problems proposed in Section 14.3 only
N -median, N -center and k-centra problems (problems type T1, T2, T3) can
be solved with the formulation (OMP≤). Table 16.1 shows information about
the computational results obtained by solving these problems. In order to
illustrate the performance of the new model, we report results for problems
with M = 30 (with four values of N and 15 instances for each combination)
in Table 16.1.

Table 16.1. Numerical results for problems with M = 30. All results are averages
taken over 15 problem instances.

Problem B&B Method (OMP≤)
Type N gap(%) # nodes CPU(s) gap(%) # nodes CPU(s)
T1 8 50.8 376661.7 167.19 1.13 1.67 0.37

10 43.1 698401.1 303.11 0.56 0.80 0.31
15 28.2 710577.9 274.74 0.29 0.20 0.25
16 25.0 529510.7 198.65 0.00 0.00 0.19

T2 8 55.9 30463.8 13.54 56.17 988.33 16.63
10 47.0 15012.3 6.39 56.65 593.20 7.80
15 37.2 12473.1 4.81 62.37 94.07 1.64
16 35.9 13416.8 5.03 63.28 96.33 1.51

All examples were solved with the commercial package ILOG CPLEX 6.6
and with a Pentium III 800 Mhz with 1 GB RAM using the C++ modeling
language ILOG Planner 3.3 (see [109]).

In general, computational results for the model (OMP≤) are usually better
than those obtained with the B&B method. We should stress that the B&B
method developed in Section 15.1 is valid for each choice of λ ∈ RM

+ , and
(OMP≤) has been specially developed for those cases with λ ∈ Λ≤M .

From Table 16.1 we observe that for problems of type T1 (N -median
problems), the model (OMP≤) requires almost three orders of magnitude less
computing time than the B&B method. Nevertheless, the differences in the
required computing time are not so significant for problems of type T2 (N -
center problems). Differences regarding the number of nodes are even more
noteworthy, being for the B&B much larger than for (OMP≤). We report the
average root node gap, but note that whilst this may be indicative of the
quality of an integer programming formulation, it is less meaningful for the
B&B method, where the bounds are very weak high in the tree but improve
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rapidly deeper in the tree. However, the gap provided by (OMP≤) is much
better than that given by the B&B method for those instances of type T1. In
contrast, for problems of type T2, the gap provided by the B&B method is
slightly smaller than that given by (OMP≤).

16.2 Conclusions and Further Research

In this chapter we have presented an interesting special case of the discrete
OMP. The model was proposed by Ogryczak & Tamir [154] and can be ap-
plied to all cases for which λ ∈ Λ≤M , i.e. for solving the OMP≤. Computa-
tional results show its efficiency for solving N -median and N -center prob-
lems in contrast to the B&B method. The performance of (OMP≤) for solv-
ing N -median problems is better than that observed for solving N -center
problems. Moreover, additional tests on large N -median and N -center prob-
lems had been conducted, using the data publicly available electronically from
http://mscmga.ms.ic.ac.uk/info.html (see Beasley [17]). However, due to the
poor results obtained, they were not included in Section 16.1.2. On the one
hand, for large N -median problems, only 15 among the 40 instances could
be solved. On the other hand, for large N -center problems, none of the 40
instances could be solved. Thus, we think that further improvements on the
formulation (OMP≤) are needed in order to solve large instances. Further
details on special cases and extensions, as well as extensive computational
results on these models are reported in [55].

To conclude this chapter we would like to outlook some other extensions
of the discrete OMP that are worth to be investigated: 1) new formulations
giving rise to alternative algorithms and solution methods; 2) a polyhedral
description of this family of problems; 3) capacitated versions of the discrete
OMP; and 4) the multicriteria analysis of the discrete OMP. In our opin-
ion these approaches will provide new avenues of research within the field of
discrete location models.
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